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Foreword

Current cameras are poor imitations of the human eye and close descen-
dants in their design of ideas and a technology that are more than a century
old. People in computer vision have traditionally used off-the-shelf cameras
that were not meant for the uses they were intended for by these researchers:
off-the-shelf cameras are designed to capture images to be printed on paper
or looked at on a television screen, not for guiding robots or making 3D
models of the environment or even surveilling a large area where very large
field of views, high geometric and photometric accuracies are necessary.

Quite a significant part of the efforts in computer vision has been targeted
at overcoming algorithmically these problems. The authors of this book
convince us that it is possible to abandon the traditional route of using
standard cameras and to follow the path of designing new cameras explicitly
for solving the tasks at hand in computer vision applications. This leads
to different design concepts and allows to alleviate many of the difficulties
encountered in the processing of the images taken with the “traditional”
cameras.

This book addresses first in great depth the problem of designing new
generations of cameras that output panoramic views of the scene, i.e., im-
ages with very large fields of view. It turns out that the design of such
cameras opens up a great deal of new interesting research areas that are
characterized by an intricate mixture of optics and geometry as exemplified
in the first section of the book.

Once these new panoramic sensors are available it is possible to revisit
one of the oldest problems in machine vision, i.e., the stereo problem. The
combination of several of these new sensors introduces the new exciting
possibility of producing much larger chunks of 3D representations of the
environment much faster and much more easily than what is possible with
standard cameras. This is the subject of the second section of the book.

Despite the fact that many of these new sensors are now becoming avail-
able, there are still quite a few standard cameras around and it is also
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important to explore ways in which algorithms and software can be used
to simulate the new sensors with the old ones. This is the subject of the
third section of the book.

In the final section we return to the original motivation for the design of
the new sensors, i.e., the applications. We discover in four different cases
how a clever use of the ideas and the technology that are featured in the first
three parts of the book make simpler and/or possible exciting applications
in such areas as robotics, 3D modelling, surveillance and video processing.

The book covers in depth a very new, active and promising area of com-
puter vision. It is written by the world’s leading vision researchers that
have pioneered this new area. The presentation is consistent and the parts
fit well together. Anyone who claims to be serious about research and ap-
plications in this domain absolutely must be aware of this work.

INRIA, MIT Olivier Faugeras
June 2000



Preface

Computer vision as a field has come a long way since its humble beginnings
in the 1960’s. A significant amount of research work in computer vision has
been biologically-inspired, using the human eye and visual perception as
the model for binocular vision systems. There are even systems that are
designed to mimic the human foveal and peripheral senses of vision.

The classical stereo system, no doubt influenced by the human visual
system, comprises two narrow-field-of-view cameras placed side by side.
The spatial coverage of this stereo system is obviously limited, and the
resulting 3D data recovery at any given pose alone may be inadequate for
many practical applications.

With the advancement of autocalibration and registration techniques,
reasonably accurate 3D reconstruction of wide views is possible using a
moving camera. This, however, is accomplished at a high computational
cost. In addition, there are still some remaining stability and robustness
issues associated with narrow fields-of-view to contend with.

We subscribe to the notion of simplifying analysis by capturing as widely
as possible the appearance of the surrounding environment at any in-
stant early in the pipeline. This is our primary motivation of this book
on panoramic vision, which has important implications in both robotics
and computer vision. This book features representative work in the design
of panoramic image capturing systems, the theory involved in the imaging
process, software techniques for creating panoramic images, and applica-
tions that use panoramic images. The intended audience is anyone who
wishes to become familiar with panoramic vision and its latest research
work. The contents of this book allow the reader to understand the more
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technical aspects of panoramic vision, such as sensor design and imaging
techniques. Researchers and instructors will especially find this book useful.

University Pierre et Marie Curie Ryad Benosman
Microsoft Corporation Sing Bing Kang
May 2000



Contents

Foreword
Preface
Contributors

1 Introduction
R. Benosman and S.B. Kang
1.1  Omnidirectional Vision in Nature . . ... ... ... ..
1.2 Man-Made Panoramic Vision. . . . . .. ... ... ...
1.3  Organizationof Book . . . ... ... ... ........
1.4  Acknowledgment . ... ... ....... . .......

2 A Brief Historical Perspective on Panorama

R. Benosman and S.B. Kang

2.1  Panorama in the Beginning . . . . . ... ... ... ...

2.2 From Panorama Exhibits to Photography . . . . . . . ..

2.3  Panorama in Europe and the United States . ... ...
2.3.1 Panorama in Britain . . ... ... ... ... ..
2.3.2 Panorama in France . .. ... .. ... ... ..
2.3.3 Panorama in Germany . . . ............
2.3.4 Panorama in the United States . . ... ... ..

2.4  From Panoramic Art to Panoramic Technology . . . . .
2.4.1 Panoramic Cameras. . . . ... ... .......
2.4.2 Omnidirectional Vision Sensors . . ... ... ..

2.5  The Use of Mirrors in Paintings . . . ... ... ... ..
2.5.1 The Evolution of Mirrors . . . .. ... ......
2.5.2  Mirrors in Paintings . . . . ... ... ... ...
2.5.3 Anamorphosis . . . . ... ... ... ...

2.6 Concluding Remarks . .. ... ... ... ........

2.7  Additional Online Resources . . . . .. ... .......

2.8 Acknowledgment . ... ... ... ... ... ... ..



X Contents

Section I: Catadioptric Panoramic Systems

3 Development of Low-Cost Compact Omnidirectional

Vision Sensors

H. Ishiguro

3.1 Imtroduction . . . .. .. .. ... ... L.

32 PreviousWork . . ... ... ... ... ..
3.2.1 Omnidirectional Vision Sensors . . .. ... ...
3.2.2 Omnidirectional Images . . ... ... ......

33 Designsof ODVSs . . . ... ... ... ... . ....
3.3.1 Designs of Mirrors . . . ... ... ........
3.3.2 Design of a Supporting Apparatus. . . . . .. ..

3.4  Trial Production of C-ODVSs . . ... ... .......
3.4.1 Eliminating Internal Reflections . . . . . . . . ..
3.4.2 Making Mirrors from Metal . . ... ... ....
34.3 Focusinginan ODVS. .. ... ... ..., ...
3.4.4 Developed C-ODVSs . . ... ...........

3.5 Applicationsof ODVSs . . . . ... ............
3.5.1 Multimedia Applications . . . . ... ... ....
3.5.2 Monitoring Applications . . . ... ... ... ..
3.5.3 Mobile Robot Navigation . . . . ... ... ....

36 Conclusion . . . .. ... ...

4 Single Viewpoint Catadioptric Cameras
S. Baker and S.K. Nayar
4.1 Introduction . . . . ... ... ... .o oL
4.2  The Fixed Viewpoint Constraint . . . . . .. .. ... ..
4.2.1 Derivation of the Fixed Viewpoint Constraint
Equation . . . . . ... .. ... ... ...
4.2.2 General Solution of the Constraint Equation . . .
4.2.3 Specific Solutions of the Constraint Equation . .
4.2.4 The Orthographic Case: Paraboloidal Mirrors . .
4.3 Resolution of a Catadioptric Camera . . . ... ... ..
4.3.1 The Orthographic Case . . . . ... ........
4.4  Defocus Blur of a Catadioptric Camera . . . . . . .. ..
4.4.1 Analysis of Defocus Blur . . . .. ... ... ...
4.4.2 Defocus Blur in the Orthographic Case . . . . . .
4.4.3 Numerical Results . . . . .. .. ... ... ....
4.5 Case Study: Parabolic Omnidirectional Cameras . . . . .
4.5.1 Selection of the Field of View . . ... ... ...
4.5.2 Implementations of Parabolic Systems . ... ..
46 Conclusion . . . . ... ... ...

21

23

23
24
24
25
26
26
29
30
31
31
32
34
34
34
36
37
38

39

39
41

41
44
45
53
54
57
59
59
62
63
65
67
67
70



Contents

5 Epipolar Geometry of Central Panoramic

Catadioptric Cameras

T. Pajdla, T. Svoboda, and V. Hlavdé

5.1 Imtroduction . .. ... .. .. ... ... ... ...

5.2  Terminology and Notation . . .. ... ... .......

5.3  Overview of Existing Panoramic Cameras . ... .. ..
5.3.1 Stereo and Depth from Panoramic Images . . . .
5.3.2 Classification of Existing Cameras and Comparison

of Their Principles . . . .. ... ... ......

5.4  Central Panoramic Catadioptric Camera . . . . ... ..

55 CameraModel . . . ... ... ... ... ..., .
5.5.1 Hyperbolic Mirror . . . . . . ... ... ......
5.5.2 Parabolic Mirror . . ... .............

5.6 Examples of Real Central Panoramic Catadioptric
Cameras . . . . ... e e e

5.7 Epipolar Geometry . . .. ... ... .. .. .......
5.7.1 Hyperbolic Mirror . . . . . ... ... ... ....
5.7.2 Parabolic Mirror . . . ... ... .. ... ....

5.8  Estimation of Epipolar Geometry . . ... ... ... ..

5.9 Normalization for Estimation of Epipolar Geometry . . .
5.9.1 Normalization for Conventional Cameras . . . . .
5.9.2 Normalization for Omnidirectional Cameras . . .

510 Summary . . . . . . ..o

6 Folded Catadioptric Cameras

S.K. Nayar and V. Peri

6.1 Introduction . .. ... ... ... ... ... ... ...,

6.2  Background: Single Mirror Systems . . . ... ... ...

6.3  Geometry of Folded Systems . . . . . ... ........
6.3.1 The General Problem of Folding . . . . ... ...
6.3.2 The Simpler World of Conics . ... ... .. ..
6.3.3 Equivalent Single Mirror Systems . . . . ... ..

6.4 Optics of Folded Systems . . . . ... ...........
6.4.1 Pertinent optical effects. . . . . .. ... ... ..
6.4.2 Design Parameters . . ... ... ... ......
6.4.3 System Optimization . . . ... ..........

6.5 An Example Implementation . . . . ... .........

Section II: Panoramic Stereo Vision Systems

7 A Real-time Panoramic Stereo Imaging
System and Its Applications
A. Basu and J. Baldwin
7.1 Introduction . ... ... ... ...............
7.2  Previous Applications . . . . . ... ... ... ... ...

xi

73

73
74
75
77

7
79
81
82
85

87
88
92
95
97
98
98
99
102

103

103
104
105
105
106
108
112
113
114
115
115

121

123



xii

Contents

73 StereoDesign . .. ... ........ .. ........
7.3.1 Vertical Extent of Stereo Field of View . . . . . .
7.3.2 Effective Eye Separation . . ... ... ......
7.3.3 Orientation of Eye Separation . . ... ... ...
7.4 Device Calibration . .. .. ... ... ... .......
7.4.1 Analog Approach . . .. ... ...........
7.4.2 Digital Approach . . .. ... ... ........
7.5 Hardware Design and Implementation . . . . . . ... ..
7.6 Results Produced by System . . . ... ... .......
7.7 The Mathematics of Panoramic Stereo . . . . .. .. ..
7.8 Experimental Results . . . . .. ... ... ... ....
7.9  Further Improvements . .. ... .. ...........
7.10 Acknowledgment . . . ... ................

Panoramic Imaging with Horizontal Stereo
S. Peleg, M. Ben-Ezra, and Y. Pritch
81 Introduction .. .. .. ... ... ... ... ... .
8.1.1 PanoramicImages. ... ... .. ... ......
812 VisualStereo . ... ................
8.1.3 CausticCurves . .. ... .............
8.2  Multiple Viewpoint Projections . . . ... ... ... ..
8.3  Stereo Panoramas with Rotating Cameras . . . . .. ..
8.3.1 Stereo Mosaicing with a Slit Camera . . . . . ..
8.3.2 Stereo Mosaicing with a Video Camera . . . . . .
8.4  Stereo Panoramas with a Spiral Mirror . . . . . . .. ..
8.5  Stereo Panoramas with a Spiral Lens . . . . . . ... ..
8.6  Stereo Pairs from Stereo Panoramas . . . . . . . ... ..
8.7 Panoramic Stereo Movies . . . . . .. .. ... ...
8.8  Left-right Panorama Alignment (Vergence) . . . . . . ..
8.9 Concluding Remarks . ... ... .. ... ... ....
8.10 Acknowledgment . . . ... ................

Panoramic Stereovision Sensor

R. Benosman and J. Devars

9.1 RotatingaLinear CCD. .. ................
9.2 System Function. . . .. ... ... ... ... ...,
9.3 Toward a Real-time Sensor? . . ... ...........
9.4  Acknowledgment . ... ........., e e e e e

10 Calibration of the Stereovision Panoramic Sensor

R. Benosman and J. Devars

10.1 Introduction . . . .. ... ... ... ... ...,

10.2 Linear Camera Calibration using Rigid Transformation .
10.2.1 The Pinhole Model . . . . . ... ... ... ...
10.2.2 Applying the Rigid Transformation . . . . . . ..

143

143
143
144
145
145
145
147
148
148
151
157
158
159
160
160

161

161
164
166
167

169



Contents xiii

10.2.3 Computing the Calibration Parameters . . . . . . 171
10.2.4 Reconstruction . ... ... ... ... .. .... 172
10.2.5 Experimental Results . . . . . .. ... ... ... 172
10.3 Calibrating the Panoramic Sensor using Projective
Normalized Vectors . . . . . . . .. .. ... ... .... 173
10.3.1 Mathematical Preliminaries . . . ... ... ... 173
10.3.2 Camera Calibration . . . . . . .. ... ... ... 175
10.4 Handling Lens Distortions . . . . . ... ... ... ... 177
105 Results . . . . . . . . . 178
106 Conclusion . . . . . . . ... ... 180
10.7 Acknowledgment . . . . ... ... ... ... ... ... 180
11 Matching Linear Stereoscopic Images 181
R. Benosman and J. Devars
11.1 Introduction . . . . .. ... ... ... ... ... 181
11.2 Geometrical Properties of the Panoramic Sensor . . . . . 181
11.3 Positioning the Problem . .. .. ... ... ... .... 183
11.4 A Few Notions on Dynamic Programing . . ... .. .. 184
11.4.1 Principle . . . . . .. ..o 184
11.4.2 The Family of Dynamic Programming Used . .. 184
11.5 Matching Linear Lines . . . . . ... .. ... ... ... 185
11.5.1 Principle . . . . . .. ... oL 185
11.5.2 Cost Function . . . . . ... ... ... .. .... 186
11.5.3 Optimal Path Retrieval and Results . . . . . . . . 186
11.5.4 Matching Constraints . . . . . . ... ... .... 187
11.6 Region Matching . . . .. ... ... ... ... ..... 193
11.6.1 Introduction . . . . . ... ... ... ... .... 193
11.6.2 Principle of Method . . . . . . . ... .. ... .. 193
11.6.3 Computing Similarity between Two Intervals. . . 194
11.6.4 Matching Modulus . . . . ... ... ... .... 195
11.6.5 Matching Algorithm . . .. ... ... ... ... 196
11.6.6 Adding Constraints . . . . . .. ... .. ..... 196
11.6.7 Experimental Results . . . . . .. ... ... ... 198

Section III: Techniques for Generating Panoramic Images 201

12 Characterization of Errors in Compositing

Cylindrical Panoramic Images 205

S.B. Kang and R. Weiss

12.1 Introduction . . . .. ... .. ... ... ... ..., 205
12.1.1 Analyzing the Error in Compositing Length . . . 206
12.1.2 Camera Calibration . . . . . . . ... ... .... 206
12.1.3 Motivation and Outline . . . . . . ... ... ... 207

12.2 Generating a Panoramic Image . . .. ... .. ... .. 208



xiv Contents

12.3 Compositing Errors due to Misestimation of

Focal Length . . . . . .. ... ... ... ......... 209

12.3.1 Derivation . . . . . . ... ... L. 210

12.3.2 Image Compositing Approach to Camera

Calibration . . ... ... ... ... ....... 215

12.4 Compositing Errors due to Misestimation of Radial

Distortion Coefficient . . . . . ... ... ... ... ... 218
12.5 Effect of Error in Focal Length and Radial Distortion

Coefficient on 3D Data . . . . ... ... ... ... ... 222
12.6 An Example using Images of a Real Scene . . . . .. .. 223
12.7 Summary . . . . . . . . .. 226

13 Construction of Panoramic Image Mosaics with Global

and Local Alignment 227
H.-Y. Shum and R. Szeliski
13.1 Imtroduction . . . . .. ... .. ... ... ... ... 227
13.2 Cylindrical and Spherical Panoramas . . . ... ... .. 230
13.3 Alignment Framework and Motion Models . . . . . . .. 233
13.3.1 8-parameter Perspective Transformations . . . . . 234
13.3.2 3D Rotations and Zooms . . . . . ... ... ... 237
13.3.3 Other Motion Models . . . . . ... ... ..... 239
13.4 Patch-based Alignment Algorithm . . . . . ... ... .. 240
13.4.1 Patch-based Alignment . . . . . ... ... .... 240
13.4.2 Correlation-style Search . . . .. ... ... ... 241
13.5 Estimating the Focal Length . . . . . . ... ... .. .. 242
13.5.1 Closing the Gap in a Panorama . . . . ... ... 243
13.6 Global Alignment (Block Adjustment) . ... ... ... 244
13.6.1 Establishing the Point Correspondences . . . . . 245
13.6.2 Optimality Criteria . . . . . ... ... ... ... 245
13.6.3 Solution Technique . .. ... ... ... ... .. 248
13.6.4 Optimizing in Screen Coordinates . . . . . . . . . 250
13.7 Deghosting (Local Alignment) . . . ... ... ...... 250
13.8 Experiments . . . . . . ... ... ... ... 252
13.8.1 Global Alignment . . . . . . .. ... ... .... 253
13.8.2 Local Alignment . . . . . . ... ... ... .... 255
13.8.3 Additional Examples . . . ... ... ... .... 258
13.9 Environment Map Construction . . . . .. ... ..... 260
13.10 Discussion . . . . . . . ... 263
13.11 Appendix: Linearly-constrained Least-squares . . . . . . 265
13.11.1 Lagrange Multipliers . . . . ... ... ... ... 266
13.11.2 Elimination Method . . .. ... ... ... ... 266

13.11.3QR Factorization . . . .. ... ... ... .... 267



Contents XV

14 Self-Calibration of Zooming Cameras from

a Single Viewpoint 269
L. de Agapito, E. Hayman, 1.D. Reid, and R.I. Hartley
14.1 Introduction . . . . . . .. ... ... 269
14.2 The Rotating Camera . . . . . . . . .. .. ... ... .. 270
14.2.1 Camera Model . . . . . .. ... ... ... .... 270
14.2.2 The Inter-image Homography . . . ... ... .. 271
14.2.3 The Infinite Homography Constraint . . . . . . . 272
14.3 Self-calibration of Rotating Cameras . . .. ... .. .. 275
14.3.1 Problem Formulation . . . . .. ... ... .... 275
14.3.2 Constant Intrinsic Parameters . . . . . . . .. .. 275
14.3.3 Varying Intrinsic Parameters . . . . . . . . .. .. 276
14.4 Experimental Results . . . .. .. ... ... ....... 279
14.4.1 Experiments with Synthetic Data . . . . . . . .. 279
14.4.2 Experiments with Real Data . . . . . .. ... .. 281
14.5 Optimal Estimation: Bundle-adjustment . . . . . .. .. 282
14.5.1 Maximum Likelihood Estimation (MLE) . . . . . 283
14.5.2 Using Priors on the Estimated Parameters:
Maximum a Posteriori Estimation (MAP) . ... 284
14.5.3 Experimental Results . . . . . . ... ... .... 285
146 Discussion . . . . . . .. ..o 286
15 360 x 360 Mosaics: Regular and Stereoscopic 291
S.K. Nayar and A.D. Karmarkar
15.1 Spherical Mosaics . . . . . .. .. ... 291
152 360° Strips . . . . . ... 292
153 360° Slices . . . . . . . o i 295
15.4 Slice Cameras . . . . . . . v v v v v i it 296
15.5 Experimental Results . . . . .. ... ... ........ 297
15.6 Variants of the Slice Camera . . . . . .. ... ... ... 298
15.7 Summary . . . . . ... L 299
16 Mosaicing with Strips on Adaptive Manifolds 309
S. Peleg, B. Rousso, A. Rav-Acha, and A. Zomet
16.1 Introduction . . . . .. .. ... ... ... ... 309
16.2 Mosaicing with Strips . . . . . ... ... .. L. 313
16.3 Cutting and Pasting of Strips . . . . .. ... ... ... 314
16.3.1 Selecting Strips . . . . .. ... ... 314
16.3.2 Pasting Strips . . . . . ... ... ... 315
16.4 Examples of Mosaicing Implementations . . . ... ... 317
16.4.1 Strip Cut and Paste. . . . .. .. ... ... ... 317
16.4.2 Color Merging in Seams . . . .. ......... 318
16.4.3 Mosaicing with Straight Strips . . . . . . ... .. 318

16.4.4 Mosaicing with Curved Strips: Forward Motion . 319
16.5 Rectified Mosaicing: A Tilted Camera . . . . . . . .. .. 320



xvi

Contents

16.5.1 Asymmetrical Strips . . . . .. ... ...
16.5.2 Symmetrical Strips . . . . . ... ... ...
16.6 View Interpolation for Motion Parallax . . . . . ... ..
16.7 Concluding Remarks . . . . ... ... ... ......

Section I'V: Applications

17 3D Environment Modeling from Multiple

18

Cylindrical Panoramic Images
S.B. Kang and R. Szeliski
17.1 Introduction . . . . .. .. .. .. ... ... ...
172 Relevant Work . . . . . . . .. ... ...,
17.3 Overview of Approach . . . .. ... ... ... .....
17.4 Extraction of Panoramic Images . . . . . ... ... ...
17.5 Recovery of Epipolar Geometry . . . ... ... ... ..
17.5.1 8-point Algorithm: Basics . . . .. ... ... ..
17.5.2 Tracking Features for 8-point Algorithm . . . . .
17.6 Omnidirectional Multibaseline Stereo . . . . . . .. . ..
17.6.1 Reconstruction Method 1: Unconstrained Feature
Tracking and 3D Data Merging . . . . ... ...
17.6.2 Reconstruction Method 2: Iterative Panoramic
Structure from Motion . . . . . ... .. ... ..
17.6.3 Reconstruction method 3: Constrained Depth
Recovery using Epipolar Geometry . . . .. . ..
17.7 Stereo Data Segmentation and Modeling . . . . . . . ..
17.8 Experimental Results . . . . . ... ... ... .. ....
17.8.1 Synthetic Scene . . . . . .. ... ... ... ...
17.8.2 Real Scenes . . . . ... ... ... ... .....
17.9 Discussion and Conclusions . . . . . ... ... ... ...
17.10 Appendix: Optimal Point Intersection . . . . . . . . . ..
17.11 Appendix: Elemental Transform Derivatives . . . . . . .

N-Ocular Stereo for Real-Time Human Tracking

T. Sogo, H. Ishiguro, and M.M. Trivedi

18.1 Imtroduction . . . .. ... ... ... ... ... ..

18.2 Multiple Camera Stereo . . . . . . .. ... ... ....
18.2.1 The Correspondence Problems and Trinocular

Stereo . . . ...

18.2.2 Problems of Previous Methods . . . . . . ... ..

18.3 Localization of Targets by N-ocular Stereo . . . . . . . .
18.3.1 Basic Algorithm . . . . .. ... ... ... ....
18.3.2 Localization of Targets and Error Handling
18.3.3 False Matchings in N-ocular Stereo . . . . . . ..

18.4 Implementing N-ocular Stereo . . . . .. ... ... ...
18.4.1 Simplified N-ocular Stereo . . . . ... ... ...



Contents xvii

18.4.2 Error Handling in the Simplified N-ocular Stereo 367

18.5 Experimentation . . . . . . .. ... ..o 369
18.5.1 Hardware Configuration . .. ... ... ... .. 369
18.5.2 Detecting Azimuth Angles of Targets . . . . . . . 369
18.5.3 Precision of N-ocular Stereo . . . . ... .. ... 370
18.5.4 Tracking People . . . . . . ... ... ... .... 372
18.5.5 Application of the System . . ... ... ... .. 373

186 Conclusion . . . . . . ... ... 374

19 Identifying and Localizing Robots with

Omnidirectional Vision Sensors 377

H. Ishiguro, K. Kato, and M. Barth

19.1 Introduction . . . ... ... ... ... ... ..... .. 377

19.2 Omnidirectional Vision Sensor . . . . . .. ... ... .. 378

19.3 Identification and Localization Algorithm . . . . . . . .. 378
19.3.1 Methodology . . . . . . .. .. .. ... .. ..., 379
19.3.2 Triangle Constraint . . . . . . ... ... ... .. 380
19.3.3 Triangle Verification . ... ... ......... 381
19.3.4 Error Handling . . ... .............. 382
19.3.5 Computational Cost . ... .. ... ... . ... 384

19.4 Experimental Results . . . .. ... ... ......... 384
19.4.1 Simulation Experiments . ... ... ....... 384
19.4.2 Real-world Experiment . . . . . ... ....... 387

19.5 Conclusions . . . ... ... ... .. .. ... ... ... 390

20 Video Representation and Manipulations Using Mosaics 393
P. Anandan and M. Irani

20.1 Introduction . . . ... ... ... ... ... . ... ... 393
20.2 From Frames to Scenes . . . . . . .. ... ... ..... 395
20.2.1 The Extended Spatial Information: The Panoramic

MosaicImage . . . .. ... ... ... ...... 396

20.2.2 The Geometric Information . . ... .. ... .. 397
20.2.3 The Dynamic Information . . ... ... ... .. 398

20.3 Uses of the Scene-based Representation . . . . . ... .. 399
20.3.1 Visual Summaries: A Visual Table of Content . . 399
20.3.2 Mosaic-based Video Indexing and Annotation . . 400
20.3.3 Mosaic-based Video Enhancement . . . . . .. .. 408
20.3.4 Mosaic-based Video Compression . . . . ... .. 411

20.4 Building the Scene-based Representation . . . . ... .. 416
20.4.1 Estimating the Geometric Transformations . . . . 416
20.4.2 Sequence Alignment and Integration . . ... .. 420
20.4.3 Moving Object Detection and Tracking . . . . . . 423

20.5 Conclusion . . . .. ... ... ... 424

Bibliography 425



Contributors

Padmanabhan Anandan
Microsoft Corporation
One Microsoft Way
Redmond, WA 98052
USA
Email: anandan@microsoft.com
Homepage: http://www.research.microsoft.com/~anandan/

Lourdes de Agapito
Department of Engineering Science
University of Oxford
Parks Road
Oxford, OX1 3PJ
UK
Email: lourdes@robots.ox.ac.uk
Homepage: http://www.robots.ox.ac.uk/~lourdes

Simon Baker
The Robotics Institute
Carnegie Mellon University
Pittsburgh, PA 15213
Email: simonb@cs.cmu.edu
Homepage: http://www.ri.cmu.edu/people/baker_simon.html

Jonathan Baldwin
Department Of Computing Science
University of Alberta
Edmonton, Alberta,
Canada T6G 2H1
Email: baldwin@cs.ualberta.ca
Homepage: http://www.cs.ualberta.ca/~baldwin/



XX

Contributors

Matthew Barth

Marlan and Rosemary Bourns College of Engineering
Center for Environmental Research and Technology
University of California, Riverside

Riverside, CA 92521

USA

Email: barth@ee.ucr.edu

Homepage: http://www.engr.ucr.edu/faculty/ee/barth.html

Anup Basu

Department Of Computing Science

University of Alberta

Edmonton, Alberta

Canada T6G 2H1

Email: anup@cs.ualberta.ca

Homepage: http://www.cs.ualberta.ca/~anup/

Moshe Ben-Ezra

School of Computer Science and Engineering
The Hebrew University of Jerusalem
91904 Jerusalem

Israel
Email: moshe@cs.huji.ac.il
Homepage: http://www.cs.huji.ac.il/~moshe/

Ryad Benosman

University Pierre et Marie Curie (Paris 6)

Laboratoire des Instruments et Systémes

4, place Jussieu, boite 164

75252 Paris Cedex 05

France

Email: rbo@lis.jussieu.fr

Homepage: http://www.robo.jussieu.fr/rbo/ryad_benosman.htm

Jean Devars

University Pierre et Marie Curie (Paris 6)
Laboratoire des Instruments et Systémes
4, place Jussieu, boite 164

75252 Paris Cedex 05

France

Email : devarsQccr.jussieu.fr



Contributors

Richard I. Hartley
G.E. Corporate Research and Development
1 Research Circle
Niskayuna, NY 12309
USA
Email: hartley@crd.ge.com

Eric Hayman
Department of Engineering Science
University of Oxford
Parks Road
Oxford OX1 3PJ
UK
Email: hayman@robots.ox.ac.uk
Homepage: www.robots.ox.ac.uk/~hayman

Vaclav Hlavaé
Czech Technical University, Faculty of Electrical Engineering
Department of Cybernetics, Center for Machine Perception
CZ 121 35 Prague 2, Karlovo nameésti 13
Czech Republic
Email: hlavac@cmp.felk.cvut.cz
Homepage: http://cmp.felk.cvut.cz/~hlavac/

Michal Irani
Department of Computer Science and Applied Mathematics
The Weizmann Institute of Science
Rehovot
Israel
Email: irani@wisdom.weizmann.ac.il
Homepage: http://www.wisdom.weizmann.ac.il/~irani

Hiroshi Ishiguro
Department of Computer and Communication Sciences
Wakayama University
Sakaedani 930, Wakayama 640-8501
Japan
E-mail: ishiguro@sys.wakayama-u.ac.jp
Homepage: http://www.lab7 kuis kyoto-u.ac.jp/~ishiguro/

Sing Bing Kang
Microsoft Corporation
One Microsoft Way
Redmond, WA 98052
USA
Email: sbkang@microsoft.com
Homepage: http://research.microsoft.com/Users/sbkang/

xxi



xxii Contributors

Amruta D. Karmarkar
Motorola Inc.
1501 West Shure Drive
Arlington Heights, IL 60004-1469
USA
Email: AKARMARI1@email. mot.com

Koji Kato
Division Department of Mechatronics and Precision Engineering
Tohoku University
Tribology Laboratory
Room No. Mechanical Engineering Building 2-517
Japan
Email: koji@tribo.mech.tohoku.ac.jp
Homepage: http://www.mech.tohoku.ac.jp/1999/kojiEng.html

Shree K. Nayar
Department of Computer Science
Columbia University
New York, NY 10027
USA
Email: nayar@cs.columbia.edu
Homepage: http://www.cs.columbia.edu/~nayar/

Tomas Pajdla
Czech Technical University, Faculty of Electrical Engineering
Department of Cybernetics, Center for Machine Perception
CZ 121 35 Prague 2, Karlovo ndmésti 13
Czech Republic
Email: pajdla@cmp.felk.cvut.cz
Homepage: http://cmp.felk.cvut.cz/~pajdla/

Shmuel Peleg
School of Computer Science and Engineering
The Hebrew University of Jerusalem
91904 Jerusalem
Israel
Email: peleg@cs.huji.ac.il
Homepage: http://www.cs.huji.ac.il/~peleg/

Venkata Peri
RemoteReality
295 Madison Ave.
New York, NY 10017
USA
Email: vperi@remotereality.com



Contributors xxiii

Yael Pritch
School of Computer Science and Engineering
The Hebrew University of Jerusalem
91904 Jerusalem
Israel
Email: yaelpri@cs.huji.ac.il
Homepage: http://www.cs.huji.ac.il/~yaelpri/

Alex Rav-Acha
School of Computer Science and Engineering
The Hebrew University of Jerusalem
91904 Jerusalem
Israel
Email: alexis@cs.huji.ac.il

Ian Reid
Department of Engineering Science
University of Oxford
Parks Road
Oxford, OX1 3PJ
UK
Email: ian@robots.oxford.ac.uk
Homepage: http://www.robots.ox.ac.uk/~ian/

Benny Rousso
Impulse Dynamics
3 Haetgar Street, Carmel Building
P.O. Box 2044
Tirat Hacarmel 39120
Israel
Email: bennyr@impulse.co.il

Heung-Yeung Shum
Microsoft Research China
5/F, Beijing Sigma Center
Zhichun Road No. 49, Hai Dian District
Beijing China 100080
Email: hshum@microsoft.com

Takushi Sogo
Department of Social Informatics, Kyoto University
Sakyo-ku, Kyoto 606-8501
Japan
Email: sogo@kuis.kyoto-u.ac.jp
Homepage: http://www.lab7 kuis.kyoto-u.ac.jp/services/members/sogo.html



Xxiv Contributors

Tomas Svoboda
Czech Technical University, Faculty of Electrical Engineering
Department of Cybernetics, Center for Machine Perception
CZ 121 35 Prague 2, Karlovo ndmésti 13
Czech Republic
Email: svoboda@cmp.felk.cvut.cz
Homepage: http://cmp.felk.cvut.cz/~svoboda/

Richard Szeliski
Microsoft Corporation
One Microsoft Way
Redmond, WA 98052
USA
Email: szeliski@microsoft.com
Homepage: http://research.microsoft.com/~szeliski/

Mohan Trivedi
Department of Electrical and Computer Engineering
9500 Gilman Drive, Mail Code 0407
University of California, San Diego
La Jolla, CA 92093-0407
USA
Email: trivedi@ece.ucsd.edu
Homepage: http://swiftlet.ucsd.edu/~trivedi/

Assaf Zomet
School of Computer Science and Engineering
The Hebrew University of Jerusalem
91904 Jerusalem
Israel
Email: zomet@cs.huji.ac.il
Homepage: http://www.cs.huji.ac.il/~zomet/



1

Introduction

R. Benosman and S.B. Kang

1.1 Omnidirectional Vision in Nature

Man has always been curious about nature, and the fact that certain an-
imals are capable of panoramic sight is particularly intriguing. Over the
years, three types of compound eyes that permit this special ability have
been identified. They exist in diurnal and nocturnal insects and some
species of crustaceans such as lobsters, shrimps and crawfish.

Diurnal insect eyes are often made of a pattern of photoreceptive cells
(see Figure 1.1) which allow panoramic sight. In fact, each eye of these
insects comprises a collection of lenticular element and elementary vision
sensor pairs, each of which covering a specific direction.

Incoming rays

i

Photoreceptive cells

FIGURE 1.1. Diurnal insect vision system.

For nocturnal insects, the lenticular elements are arranged in a space-
efficient hexagonal pattern. The refraction index in each lens changes ra-
dially in such as way that incident rays converge at one focal point on the
retina. This has the effect of enhancing night vision. There is also a spa-
tial gap between the lenticular elements and the retina. This enables the
incident rays to be refracted to form an image (see Figure 1.2).

Each crustacean eye comprises a set of square, mirror-like surfaces as part
of the lenticular elements. This allows rays to be reflected and converge at
different unique points on the retina. Since these eyes also contain a spatial
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Incoming rays

>

Gap
FIGURE 1.2. Nocturnal insect vision system.

gap, some entomologists in the past have mistakenly equated them with
those of nocturnal insects. It was only in 1975 that the difference between
the two types of eyes was found, i.e., the image formed in the crustacean
eye is primarily through a set of juxtaposed mirrors (Figure 1.3).

Incoming rays

>

Gap
FIGURE 1.3. Crustacean vision system.

A particularly interesting case is the deep sea crutacean Gigantocypris,
which has large eyes with reflectors that are similar to the optics in tele-
scopes. This characteristic allows it to see under very dim conditions at
depths of the order of thousands of feet. While this orange-red creature is
only about half an inch long, its head occupies half of the body. Its two eyes
are covered by a transparent lid. The optics of the eye with reflection is ac-
tually rather complex; its horizontal cross-section reveals the shape of the
mirrors at the back of the eye to be parabolic, with a focal point situated
at a small distance from the peak of the mirror (Figure 1.4). The mirror
focuses the reflected light onto the retina, and while the image formed at
the retina is not sharp, it is about 17 times brighter than when the image
is formed in the eye with lenses.
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Reflecting surface.

-y Hemispheric
_ curvature

Retina

Parabolic curvature

FIGURE 1.4. The reflecting eye of the Gigantocypris.

1.2 Man-Made Panoramic Vision

Man’s first attempts at replicating panoramic vision, as described in Chap-
ter 2, were mostly as a particular art form designed to provide an immersive
experience. The concern then was primarily to create photorealistic wide
imagery of landscapes or historical occurrences. Creating such panoramic
art in those days required a great amount of capital.

As the popularity of panoramic art faded away, more scientific attempts
were made at providing panoramic vision using a much more compact sys-
tem. In doing so, nature was often imitated, either consciously or uncon-
sciously. As an example, some of today’s omnidirectional cameras are ba-
sically inside-out versions of the reflecting eye of the Gigantocypris shown
in Figure 1.4.

1.3 Organization of Book

This book contains a good cross-section of more recent work on omnidirec-
tional imaging and analysis. It is divided into four sections: The first two
sections are on hardware systems, the third on software techniques, and
the fourth on applications. In a little more detail:

e Section I: Catadioptric panoramic systems
This section focuses on image capture systems that are designed to
cover a wide field of view with just a single image capture and with no
parallax. The word “catadioptric” refers to the use of glass elements
and mirrors in an imaging system.

e Section II: Panoramic stereo vision systems
In this section, different hardware-based approaches to produce stereo



4 R. Benosman and S.B. Kang

panoramic images are described. These systems enable both wide-
angle visualization with parallax and depth recovery.

e Section III: Techniques for generating panoramic images
The chapters in this section focus on software approaches for gener-
ating panoramic images. In addition, all approaches except one use
just conventional off-the-shelf cameras. The types of panoramic im-
ages described here range from cylindrical ones (with 360° horizontal
field of view) to spherical ones to those with arbitrary coverage.

e Section IV: Applications
In this final section, a diverse sample of applications that makes use of
or are faciliated by panoramic imaging are featured. The areas covered
by these applications are computer vision, robotics, and image/video
processing as well. More specifically, the applications detailed here are
3D environment modeling, identification and recognition of robots,
human tracking, and video representation.

This division allows the reader to quickly and easily access a particular
area of interest. Each chapter is mostly self-contained, as is each section,
so that the order in which chapters are read is not very important.

1.4 Acknowledgment

Section 1.1 is based on the following sources:

1. M. F. Land and T. S. Collett, A survey of active vision in inverte-
brates, From Living Eyes to Seeing Machines, M. V. Srinivasan and
S. Venkatesh (eds.), Oxford University Press, 1997, pp. 16-36.

2. M. F. Land, L’Oeil et la Vision, Traite de Zoologie VII (Dir: Grassé
P-P) Crustacés, vol. 2, J. Forest (ed.), Paris: Masson, 1996, pp. 1-42.

3. G. A. Kerkut and L. I. Gilbert (eds.), Chapters 4-8, The Eye, Com-
prehensive Insect Physiology, Biochemistry and Pharmacology Vol. 6:
Nervous System Sensory, Pergamon Press, Oxford, 1985.

4. A. Horridge and D. Blest, The compound eye, Insect Biology in the
Future, M. Locke and D. S. Smith (eds.), Academic Press, New York,
1980, pp. 705-733.

5. H. Autrum (series ed.) et al., Handbook of Sensory Physiology, Springer-
Verlag, 1971-1981.
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A Brief Historical Perspective
on Panorama

R. Benosman and S.B. Kang

According to Merriam-Webster’s dictionary, the word “panorama” is a
combination of two Greek terms, namely the suffix pan (Tav), meaning
“all,” and horama (dpapa), meaning “sight.” The dictionary also listed the
year of its conception or start of popular usage as 1796. A more technical
term used synonymously is “omnidirectional.” In both cases, the meaning
of wide field of view visibility is conveyed. This chapter traces some of the
historical developments of the panorama, in both art and technology.

Robert Barker was arguably the first person who conceived the idea of
the panorama; he had received a patent for it on June 17, 1767. The patent
described an artistic format of paintings that practically surrounds the
viewer. As such, this chapter would not be complete without a description of
the panorama as it had originally started: as an art form. An authoritative
book on panorama as an art form is Stephan Oettermann’s “The Panorama:
History of a Mass Medium” (translated by Deborah Schneider); the reader
should consult it for more details and many more examples than those
provided here.

2.1 Panorama in the Beginning

The first detailed report on panorama dated back to 1794, in the form of
the Gottigen Pocket Book. It contained a full description of the picture ex-
hibited by Barker in 1793, under the title of “A Painting Without Equal.”
It was only by the 1800s that the word “panorama” became part of the
vocabulary of every European language. This can be attributed to the ex-
hibits of the paintings themselves and publicity that they received through
many newspapers and magazine articles. Panoramic art became the rage
in Paris in the 1820s because of its novelty in presenting visual experience.

The most popular form of panoramic art was that of a large round paint-
ing, which provides a visual overview of a landscape or cityscape. Figure 2.1
shows the concept of this. It was one of the first genuine visual mass me-
dia, and what Robert Barker had intended was to depict a landscape in a
full circle of 360° as realistically as possible. The art of circular panoramic
painting allowed people to look at nature in a different way. Panoramic
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FIGURE 2.1. Cross section of the panorama at Champs-Elysées (1840). Gravure
from a drawing of Jacques-Ignace Hittorff (courtesy of Bibliothéque Nationale,
Paris).

paintings became a pattern for organizing visual experience and panoramic
vision became a means for providing a visual sensurround experience.

2.2 From Panorama Exhibits to Photography

A panorama painter’s goal was to reproduce the real world so realistically
that onlookers could believe that what they were seeing was real. This il-
lusion was achieved by new techniques of painting and more importantly
by creating a physically immersive environment. The latter involves lit-
erally surrounding the spectators with the painting. The steps typically
involved in creating such an immersive environment (an example is shown
in Figure 2.2) are:

e Preliminary sketches on large sheets of paper using any of these equip-
ment:
— Obscura camera (Latin for “dark room”),
— Panoramagraph (invented by Chaix in 1803),

— Camera lucida (Latin for “light room”, invented by William Wol-
laston, an English physicist, in 1806), which is more compact and
portable than the camera obscura,

— Diagraph (invented by Gavard in 1830), which is an extension
of the camera lucida that includes the use of a curved ruler to
compensate for panoramic curvature distortion.

e Preparation of the rotunda,

e Transfer of the sketch to the canvas, followed by
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FIGURE 2.2. Inside view of the Colosseum with the panorama of London, shortly
before its completion (courtesy of Guildhall Library, Corporation of London).

e Painting.

Visitors to these panoramic exhibits were often given a brochure that ex-
plains this form of art, and they were able to buy a small format panorama
as a souvenir. The circular panorama was followed by the extended panorama,
the double extended panorama, the scene panorama, the myriorama (from
the Greek word myrias, which means “ten thousand” ), the landscape kalei-
doscope, the cosmorama, the diorama and finally the double effect diorama,
which provides motion effects on a two-dimensional surface (invented by
Jacob Philip Hackert and Louis Jacques Mande Daguerre). The success of
this last invention in 1844 was even reported by the media.

An attempt was made by Friederich Von Martens to create a photo-
graphic panorama, but because of photographic deficiencies, the results
were quite poor. When George Eastman introduced celluloid film in 1888,
the flexibility of the improved device opened up new possiblities, thanks to
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further innovations in the field. Sutton Moessard succeeded in assembling
multiple photographs to form a full panorama by using four projectors in
a circular room. Subsequent higher field-of-view cameras were constructed,
but their fields of view were still limited to 160-170°.

FIGURE 2.3. Camera configuration for Raoul Grimoin-Sanson’s cineorama.

In 1894, Charles A. Chase demonstrated his Stereopticon-Cyclorama,
which comprised of eight projectors projecting sixteen slides onto a circu-
lar screen. This invention was later improved by Raoul Grimoin-Sanson’s
Cineorama (Figure 2.3), which was highly successful at the 1900 World’s
Fair in Paris. A number of further technical improvements and inventions
in panoramic feature filming took place, including Abel E. Gance’s Magno-
scope, Fred Waller’s Cinerama, and Walt Disney’s Circorama. Their success
was unfortunately short-lived; it was speculated that viewers got frustrated
when they found they are unable to view everything simultaneously during
the feature film showing. This speculation is not true today, as it can easily
be refuted by the popularity of OmniMax theaters!.

Yhttp://www.imax.com/
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2.3 Panorama in Europe and the United States

The reception and development of the panorama were somewhat varied
from country to country. Here we summarize some of the highlights that
occurred in Great Britain, France, Germany, and the United States. Many
more details can be found in Oettermann’s book.

2.8.1 Panorama in Britain

Britain is where the panorama was first introduced as a popular art form.
Robert Barker, an Irishman, was the first person to popularize the panorama.
His first panoramic painting, that of Carton Hill, spanned half a circle, but
full circular panoramas were to follow. The panorama of London (1792)
was a success; this was followed by the construction of the Leicester Square
rotunda in 1793, which housed other successes such as “London Howe’s
Victory” and “Glorious First of June” (1795).

One of Barker’s sons, Henry Aston, who was a graduate from the Royal
Academy of Art and a frequent traveller, followed his footsteps. Henry
Barker’s more significant successes were “The Battle of Waterloo” (1815)
and “The Coronation of George IV” (1822). He was also the business co-
owner with John Burdford at the Strand, which later became the Strand
Theatre in 1831.

The success of the panorama had attracted a number of competitors
such as Robert Ker Porter and John Thomas Serres. However, after the
panorama fad in London had subsided, only two permanent rotundas re-
mained, with one in Leicester Square and the other being the Strand.

No new panoramas were painted in England between 1880 and 1900. By
1900, there was only one single panorama left in London, namely “The
Battle of Trafalgar,” which still exists today. That piece of work measures
forty feet by twelve feet and was painted in the years 1828-29 by W.L.
Wryllie.

2.3.2 Panorama in France

It was Robert Fulton, an American artist, inventor, and entrepreneur, who
introduced the panorama to France. On April 26, 1799 he was granted
a patent giving him exclusive rights to panoramic painting for the next
decade (Figure 2.4). At the same time, the construction of two rotundas
started in “Le Jardin des Capucines” which became one of the most popular
places in Paris. One of the rotundas opened in September 1799, and was
shortly followed by the other. The exhibits there became popular with the
Parisians. Such was the popularity of the panorama that the Institute of
France had appointed a commission to gauge the cultural value of this new
art form; the resulting report was a highly positive one.
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e

FIGURE 2.4. Robert Fulton’s detailed description of the panorama or the art
of drawing, painting and exhibiting a circular picture (1799 certificate, coloured
pencil, National Institute of the Industrial Property, Paris).

In 1799, Robert Fulton sold all his rights to his fellow American J.W.
Thayer and his wife. On April 26, 1801 Fulton secured a second panorama-
related patent, which was valid for fifteen years. Meanwhile, in 1808, James
Thayer and P. Prevost constructed a third rotunda which was twice the size
of the two former rotundas. In 1810, the first exhibit opened, showing a
view of Tilsit. The panorama of the battle of Wagram was later exhibited
in the rotunda. This particular exhibition pleased Napoleon so much that
he gave orders to produce more panoramas that depict French victories
and exhibiting them not only in France, but also in conquered territories.
However, the fateful events of 1811 had put an end to this project and even
the cultural life of the capital till 1816.

A succession of “orama’s appeared in the late 1820s: cosmoramas, geo-
ramas, dioramas, uranoramas, neoramas, to name a few more prominent
ones. Among all these, the neorama was most closely related to the orig-
inal circular paintings. Pierre Alaux, as a panorama painter, worked with
Prevost, Bouton and Daguerre, took up the diorama idea and combined it
with the panorama to give birth to the neorama. His first picture showed
St. Peter’s interior in Rome. Companies were founded and more rotundas
built, thanks to the panorama business.

One of the more curious exhibits was the panorama “Le Vengeur,” which
was unveiled the 26 May 1892 (Figure 2.5). It features the battle of Queffant
(an event which took place a hundred years earlier), and was set up at the
rotunda Davious at the Champs Elysees. What was interesting was that
the platform was a reproduction of the deck of the ship, and during the
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FIGURE 2.5. Platform of the panorama “Le Vengeur,” from La Nature 20, July
20, 1892.

exhibition, it was moved using hydraulic jacks to give the feeling of rolling
and pitching.

The 1900 Universal Exposition held in Paris featured innovations such
as the photorama of the Lumiere Brothers, the cineorama of Grimoin-
Sanson, the stereorama, the pleorama, and the mareorama (the last also
known as “illusive voyage”). Unfortunately, decreasing public interest in
the panorama in the ensuing years led to its disappearance.

2.8.3 Panorama in Germany

The first exhibit which took place in Germany was the Panorama of Lon-
don in 1799. It was held in Berlin and Leipzig, and received extensive press
coverage. In the same year, Johan Ada Breysig, a German painter, claimed
in one of his books that he and not Robert Barker was the first to invent the
panorama. The Panorama of London was quickly followed by the Nauso-
rama, which was a slightly altered picture of Robert Barker’s “The Grand
Fleet at Spithead.” Other exhibits such as “The Battle of Abukir” and
“The Panorama of Toulon” also generated a significant amount of public
interest.

Germany had lagged behind France in terms of artistic output because
of the lack of money and sizeable taxes imposed on artists. In addition, the
German infrastructure for panorama exhibits at that time could not handle
huge panoramas. To compensate, the artists there reduced the panorama
format, giving birth to the miniature panorama. These new formats are
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more portable and can be exhibited in smaller spaces, which was more
cost-efficient. Unfortunately, as more and more amateurs were lured by the
lucrative side of miniatures, quality suffered and contributed to its downfall.

FIGURE 2.6. The Kaiser panorama.

The new technique of photography which gave the public a visual infor-
mation on distant places and important events eventually replaced painted
panoramas. This technique, implemented in the form of the Kaiser panorama,
(Figure 2.6), was created by a physicist named August Fuhrmann in 1883.
Its success was tremendous and it lasted until 1939; several such shows
were also held outside of Germany, such as Bavaria and Austria.

Fuhrmann founded an enterprise based on this show. Individual franchis-
ers bought the rights to use the name and equipment, and photographers
were sent to exotic places to film events and locations. This type of photo-
journalism was not only popular, but was deemed to be the most accurate
visual account of people and events at that time. War had unfortunately
put an end to popularity of the Kaiser panorama. The panorama rotun-
das, which were huge structures, were initially left vacant, and then were
demolished and replaced with apartments.

2.83.4 Panorama in the United States

John Vanderlyn (1776-1852) was one of the first American artists to study
in Paris. He brought back with him the idea of panoramic art, and built
the first rotunda in 1818 at his own expense on land leased from the city
of New York. The first exhibit, “The Battle of Paris,” did not fare well. A
year later, he exhibited his own painting “Palace and Gardens of Versailles,”
whose circular length measured an impressive 3,000 feet. However, it was
not long before this exhibit was replaced by another, called “View of Hell.”
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Frederick Cartherwood built the second rotunda in New York City, and
he had better success than Vanderlyn; his Panorama of Jerusalem was a
huge success. This encouraged him to purchase three pictures that depicted
Niagara Falls, Lima, and Thebes. Since he was fond of the Mayan ruins,
he embarked on an expedition trip with Stephens to Central America in
1839. Upon their return in 1842, they exhibited their treasures in a form
of a panoramic painting that depict carvings, vases, and sculptures. This
exhibition did not last long, as it was soon destroyed by a fire.

At that time, Americans have more local tastes; they preferred paint-
ings that depict the vast American frontiers over those that feature ruins
and castles from faraway places. They liked the moving panoramas, which
also tend to be more easily transportable and set up than their huge Eu-
ropean counterparts. Clarkson Stanfield and David Roberts popularized
these moving pictures which glorified the river and its banks, e.g., Samuel
Adams Hudson’s “Panorama of Ohio.” '

The popularity of the moving panorama and financial success that it
enjoyed attracted imitators. In spite of this, the moving panoramas con-
tinued to interest the public and artists could exhibit their works. Among
the more prominent panoramas were “The Battle of Gettysburg” (1886),
“Paradise Lost” (1891), and “The Destruction of Babylon” (1893). The
only panoramas that have survived in the United States are “The Battle of
Atlanta” (currently in Atlanta) and “The Battle of Gettysburg” (currently
being exhibited in a rotunda at a New York park).

2.4 From Panoramic Art to Panoramic Technology

Historically, the panoramic paintings as described in Sections 2.1 and 2.3
were basically regarded as an art form to be appreciated and enjoyed by the
masses. Occasionally, they were used as a medium to inform and educate.
Their creation was very laborious and they often require very large struc-
tures to house them. Exhibiting them was a very expensive proposition.
This particular art form was initially intriguing as a novelty, but like any
other fad, fell out of favor after a while.

As time passed, people found progressively more and more ingenious
means of capturing panoramic images of real scenes without the painstaking
manual process of painting or the use of elaborate structures to house
multiple photographs or projectors. As indicated earlier in Section 2.2,
one of the more promising developments is the use of higher fields-of-view
cameras.
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2.4.1 Panoramic Cameras

The first panoramic camera was invented by P. Puchberger of Austria in
1843. It was a handcrank driven swing lens panoramic camera capable of
capturing a 150° image. The rotating camera invention of M. Garella of
England in 1857 extended the field of view of capture to a full 360°.

Puchberger’s camera belongs to a class of swing lens cameras. The lens
of a swing lens camera is constructed so that it pivots around an axis of
rotation while the rest remains stationary. Because the camera is stationary,
however, the maximum field of view is typically limited to be between 120°
and 150°. On the other hand, rotating cameras, of which Garella’s camera
is the first of its kind, do not have this limitation.

The classes of swing lens and rotating camera involve moving parts;
another class of cameras, namely eztra wide angle cameras, does not rely
on moving parts for panoramic capture. One of the earliest camera with
very wide angle capture is T. Sutton’s Panoramic Camera that was invented
in 1858. It uses a spherical lens filled with water to achieve the field of view
of 120°.

The advent of computers and digitizable video cameras opened up possi-
bilities for more kinds of configurations that allow omnidirectional capture.
This is because distortions that may result can be digitally corrected ei-
ther off-line or on the fly rather easily, once the warping parameters are
known. Many of the more recent non-moving camera configurations are
catadioptric, i.e., they use a combination of mirrors and lenses. In the next
section, we describe a sample of different omnidirectional camera systems.
This section will be necessarily brief because descriptions of such systems
can be found in subsequent chapters in this book.

2.4.2 Omnidirectional Vision Sensors

D.W. Rees is probably the first to patent an omnidirectional capturing sys-
tem using a hyperboloid mirror and a normal perspective camera in 1970
[224]. Once the mirror shape and camera parameters are known, parts of
the captured image can be unwarped to yield correct perspective views.
This configuration, which has a unique center of projection, has also been
used in other more recent systems [306, 265]. Another system which yields
a unique center of projection is the paraboloid mirror and telecentric lens
combination (Chapter 4). A conic mirror setup has also been used [302],
but this unfortunately does not produce images with a single unique vir-
tual projection center. As a result, images taken with such a conic mirror
setup contain parallax. Ishiguro and his colleagues have worked on different
designs, as described in Chapter 3. Rotating cameras have also been used
to create panoramic images, and many examples exist (e.g., Chapters 13
and 17). There are currently many companies which offer products to cre-
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ate digital panoramic images from rotated cameras (e.g., QuickTimeVR2,
Enroute Imaging’s QuickStitch and PowerStitch3, Panoscan*, and Picture-
Works’ Spin Panorama and VideoBrush®, just to name a few).

So far all the omnidirectional systems mentioned in this section are those
of single camera. There are also multiple camera systems as well, and they
have the advantage of being able to produce higher resolution panoramic
images than their single camera counterparts. For example, D. McCutchen
described a dodecahedral imaging system in his 1991 patent. In principle,
the twelve cameras are located in the centers of the pentagonal surfaces
and positioned to look outwards, thus covering the entire visual sphere. In
1996, V.S. Nalwa patented a system of cameras and mirrors that result
in a single virtual projection center. The implemented system has four
cameras looking up to an inverted pyramid whose four sides are mirrors. On
the other hand, iMove® uses an outward-looking six-camera configuration
to capture spherical video, in the same spirit as McCutchen’s design. Of
course, multiple rotating camera configurations also exist, such as that
described in Chapter 9.

2.5 The Use of Mirrors in Paintings

Present day omnidirectional imaging systems use a wide variety of mirrors
to provide panoramic fields of view. Long before such imaging systems
existed, the fascination with reflections and light effects were manifested
in paintings that feature or require non-planar mirrors. In this section, we
provide a short overview of such paintings. Of course, these paintings were
inspired by actual mirrors.

2.5.1 The FEvolution of Mirrors

In ancient times, mirrors were created out of polished thin metal sheets,
and had wooden handles. These mirrors were very small, between 15 to
20 cm, and were usually decorated with depictions of mythological scenes.
Egypt, Greece and ancient Rome used these mirrors made of bronze, silver
and sometimes gold; the mirrors were for personal use and for decoration.
At that time, the ancients also knew how to make glass mirrors coated with
lead. Such excavated items were convex and very small, between 2 to 7 cm

%http://www.apple.com/quicktime/qtvr/
3http://www.enroute.com/
*http://www.panoscan.com/
Shttp://www.pictureworks.com/dphome.html
®http://www.imoveinc.com
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in diameter. Historians think that these were used more as jewelry than as
mirrors.

FIGURE 2.7. Left: “The wedding of Giovanni Arnolfini,” oil on wood (Jan van
Eyck, 1390-1441), National Gallery, London. The mirror can be seen between the
two figures. Right: Mirror, magnified. The image of the painter holding the hand
of a child can be seen in the mirror. The mirror represents both “the eye of the
artist and the eye of God.”

The medieval mirrors as depicted by painters of that time were small and
domed, with poor reflective qualities but nevertheless still considered better
than the metal counterparts. These small mirrors, called “witch mirrors,”
were depicted in paintings such as the famous van Eyck painting “Wedding
of Giovanni Arnolfini” (Figure 2.7) and the painting “The praetor and his
wife” of Quentin Metsys (Figure 2.8).

These mirrors were typically built by blowing to create a ball of glass
and then, once the mirror is cold, applying a thin coat of lead. Lead was
replaced by tin and in the 16th century, mercury replaced both metals.
While these mirrors were far from being perfect and never did replace the
metal mirrors during that period, they can be made bigger and easier to
handle. However, their increased use amongst the rich made them popular.

2.5.2  Mirrors in Paintings

It was not long before it became tradition to make the mirror a metaphor
in a painting. Through mirrors, the painter ponders about the nature of
the image, on its genesis and relation to reality. The mirror, in the history
of art, has become a tool for abstract reflection.

Up until the 16th century, the glass mirror was very small, rare, ex-
pensive, and imperfect. Throughout the subsequent centuries, its use had
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FIGURE 2.8. “The praetor and his wife,” oil on wood (Quentin Metsys, 1466-
1530). The mirror provides a reflected view of a larger scene not captured else-
where in the painting. Courtesy of Louvres Museum, Paris.

changed, from the initial work of the medieval painter dedicated to the
worship of God, to the one of the Renaissance working on establishing the
rules of perspective, and finally to current artists experimenting with its
reflective properties. A mirror has been regarded as a “prosthetic” eye that
allows the painter to see or convey what is normally hidden, or to create
illusions.

During the medieval period, the mirror became a highly religious sym-
bol; God is compared to a pure mirror that contains everything before it
was even created. Subsequently, in the Renaissance period, such religious
symbolism faded, to be replaced by a regard of the mirror as an instrument
of separation and distance. While the Flamand and Italian painters do not
use mirrors in the same way, they both regard the mirror as a mediatory
between the material and the spiritual. In the painting “The praetor and
his wife” (Figure 2.8), Quentin Metsys placed at the center of the paint-
ing a small spherical mirror that illustrates the ability of the painter to
reproduce the real and to change the scale of the observed space.

For a long time, mirrors were rare and expensive, but they are always
used as a tool for painters. Since the 15th century, the artist had been
using it to find the best vantage point to visualize the subject. By moving
the mirror, he can recenter the viewpoint relative to his subject. In the
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painting itself, the mirror can enlarge space and allows visualization outside
the normal field of view. This is true for convex mirrors. Mirrors can also
be used to breach the limits of space and time in a painting, as well as
change the rules of perspective. In the painting “The praetor and his wife,”
two perspectives can be seen; the first one is linear and the other one is
curvilinear (in the mirror). The rest of the room can be seen within the
painting.

2.5.83 Anamorphosis

An anamorphosis is a distorted image that can only appear as undistorted if
viewed using a strategically placed mirror of a certain shape. The anamor-
phosis is a result of a very simple idea. Just as correct shapes can look
distorted when reflected on a nonplanar mirror, by applying certain rules
of reflection, it is possible to distort the correct shapes so that their reflec-
tion is “correct.” Secret messages and pictures have been encrypted in this
manner.

The anamorphosis is based on elementary geometry, and uses the fact
that the appearance of objects changes from one position to another. The
catoptric” anamorphosis is fascinating not only because it reveals what is
hidden, but it also offers two contradictory ways of perceiving reality. In
fact, the eye perceives the distorted and its correction version on the mirror,
and simultaneously understands both the illusion and the mechanism of the
illusion.

2.6 Concluding Remarks

We have highlighted what we regard as interesting and significant panoramic-
related events and creations over time, starting with panoramic art, mov-
ing on to recent inventions of omnidirectional cameras and methods, and
ending with use of mirrors in art. It is clear that there were many dif-
ferent innovations that have brought us to this current state-of-the-art in
omnidirectional imaging. It is also instructive for us to learn about past
developments in this area so that we can forge ahead using (the many)
learned lessons of the past.

In this digital age, panoramas are created almost effortlessly. We have
high resolution digital cameras, specialized wide-angle imaging devices, and
sophisticated stitching software to help us create such panoramas. These,
with web-enabled computers, have brought digital panoramas into our
homes. There are, however, important questions that relate to the problems

"The word catoptric means “being or using a mirror to focus light” (from
Merriam-Webster’s dictionary).
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of limited bandwidth and computational power to perform more sophisti-
cated 3D-related functions, as well as the issue of representation. There are
also the less technical and more sociological issues that relate to changing
the mindset of consumers to fully embrace the use of panoramic visualiza-
tion.

The remaining chapters in this book do not really address these band-
width and sociological issues. Rather, they describe a variety of recent,
innovative work that enable present-day digital panoramic images to be
created and used.

2.7 Additional Online Resources

A website that provides interesting information and related online links on
the cyclorama, cineorama, mareorama, and myriorama is
www.cinemedia.net/SFCV-RMIT-Annex/rnaughton/CYCLORAMA . html.
For more information on the art of anamorphosis, the reader can refer to
websites such as www.anamorphosis.com/, www.kellyhoule.com/explanation.htm,
and www.skillteam.com/skillteam/SKTWeb.ns4/all/ Anamor_What_Ana_ana.html.
A good resource for panoramic photographers is the International As-
sociation of Panoramic Photographers’ website panphoto.com. It has links
to stitching products, articles, and information on cameras. An informative
article on the historical development of panoramic cameras can be found in
panphoto.com/TimeLine.html, while a description of the types of panoramic
cameras can be found in ally.ios.com/~sstern29/cameras.html. The website
www.cis.upenn.edu/~kostas/omni.html has a comprehensive list of omnidirect-
ional-related projects and companies.
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Section 1

Catadioptric Panoramic Systems

The word “catadioptric” merely refers to the use of glass elements and
mirrors in an imaging system. In photography, a catadioptric lens is also
known as a mirror lens. In the next two sections, hardware-oriented solu-
tions to generating panoramic images are described. This section focuses
on central, single-capture systems that are designed to cover a wide field of
view with just a single image capture and with no parallax.

Chapter 3 (Ishiguro) starts with a historical overview of catadioptric
panoramic sensors; it also discusses the features and design problems of
previously developed omnidirectional vision sensors. Subsequently, it de-
tails the design of a low-cost and compact omnidirectional vision sensor
and describes a new application that uses such a sensor.

Chapter 4 (Baker and Nayar) examines the theoretical problem of deter-
mining the shapes of the mirrors that result in a single effective center of
projection, i.e., a parallax-free configuration. This allows pure perspective
images to be derived from the images captured using such a configuration.
More specifically, the class of single-lens, single-mirror cameras is analyzed.
A description of all solutions, with reference to many of the previous cata-
dioptric systems, is given. The analysis of spatial resolution is also provided
in this chapter. Finally, several implementations of a possible design, which
comprises a telecentric lens and paraboloid mirror, is described.

There are basically two lens-mirror combinations that result in an imag-
ing configuration with a unique point of projection (hence the use of the
term “central panoramic catadioptric cameras”). They are the telecentric
lens and paraboloid mirror combination, and the perspective lens and hy-
perboloid mirror combination. The first combination has been analyzed to
a certain degree in Chapter 4 (Baker and Nayar). Chapter 5 (Pajdla, Svo-
boda, and Hlavag), on the other hand, tackles the issue of epipolar geometry
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for both these combinations. This chapter also suggests normalizing image
coordinates when omnidirectional cameras are used to ensure non-bias in
computing camera parameters.

The last chapter in this section, namely Chapter 6 (Nayar and Peri),
presents a framework for the design and analysis of central catadioptric
cameras that use two or more mirrors. The use of multiple mirrors permits
folding of the optics, which leads to more compact camera designs than
those that use a single mirror. A dictionary of camera designs that use
two conic mirrors is presented. This chapter shows that any folded system
that uses conic mirrors has a geometrically equivalent system that uses
a single conic mirror. This result makes it easy to determine the scene-to-
image mapping of a conic-folded system. In addition, it discusses the optical
benefits of using folded systems. The chapter concludes with a description
of an implemented camera system that provides a hemispherical field of
view.

Additional Notes on Chapters

Chapter 3 has originally appeared in the International Conference on In-
formation Systems, Analysis and Synthesis in 1998. Parts of Chapter 4
were previously published in the International Journal of Computer Vi-
sion and the proceedings of the 1997 IEEE Computer Vision and Pattern
Recognition Conference. A previous version of Chapter 6 was published in
the proceedings of the IEEE Conference on Computer Vision and Pattern
Recognition held in June 1999. The ideas in Chapter 5 have been presented
in the 5th Furopean Conference on Computer Vision held in Freiburg, Ger-
many, and can be found in volume 1406 of Lecture Notes in Computer
Science, pages 218-232, Springer, June 1998.
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Development of Low-Cost
Compact Omnidirectional
Vision Sensors

H. Ishiguro

3.1 Introduction

Physical agents living in complex environments, such as humans and ani-
mals, need two types of visual sensing abilities. One is to focus on particular
objects with a precise but small retina, the other is to look around the envi-
ronment with a wide but coarse retina. Both visual sensing mechanisms are
required to enable robust and flexible visual behaviors. In particular, the
omnidirectional visual information obtained by looking around is necessary
to monitor wide areas and to avoid dangerous situations.

On the other hand, cameras developed for TV broadcasting so far are
being used for monitoring systems and vision systems of robots in previous
computer and robot vision studies. The standard TV cameras, which has
a limited visual field of about 30-60°, is suitable for observing local areas,
but it cannot be used to observe wide areas all at once. In order to extend
the TV camera applications and develop robust and flexible vision sys-
tems like those of animals, special cameras which are capable of capturing
omnidirectional visual information are needed.

Such OmniDirectional Vision Sensors (ODVSs) (or omnidirectional cam-
eras) have been proposed by Rees [224] in the patent submitted to US
government in 1970. Then, they have been developed again by Yagi [301],
Hong [110] Yamazawa, [306] in 1990, 1991 and 1993, respectively. Recently,
Nayar [198] has geometrically analyzed the complete class of single-lens
single-mirror catadioptric imaging systems and developed an ideal ODVS
using a parabola mirror.

However, in the previous works, the researchers developed the ODVSs
for the purposes to prototype themselves and to investigate properties of
the OmniDirectional Images (ODIs) taken with the ODVSs. Therefore, the
developed ODVSs were not so compact and their costs were expensive.
This paper discusses features of previously developed ODVSs and their
designs, then proposes ideas to solve problems of the previous ODVSs.
Based on the discussions, this paper also shows designs for low-cost and
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Compact ODVSs (C-ODVSs). Further, novel vision systems realized by
using multiple C-ODVSs are discussed.

3.2 Previous Work

3.2.1 Omnidirectional Vision Sensors
The History

The original idea of the ODVSs using a mirror in combination with a
conventional imaging system has been proposed by Rees in U.S. Patent No.
3,505,465 in 1970 [224] (see Figure 3.1(c)). The idea is to use a hyperboloidal
mirror for acquiring an ODI which has a single center of projection. That
is, the ODI can be transformed into normal perspective images.

In 1990, progress of computer technologies enabled real-time process of
vision data and researchers made again several types of ODVSs as vision
systems for computers and robots. Yagi and Kawato [301] made an om-
nidirectional vision sensor using a conic mirror (see Figure 3.1(a)). Hong
and others [110] made an omnidirectional vision sensor using a spherical
mirror (see Figure 3.1(b)). Their purpose was to navigate mobile robots
with the ODVS. The omnidirectional vision of a robot is convenient for de-
tecting moving obstacles around the robot and for localizing itself. Then,
Yamazawa and others [306] made again an ODVS using a hyperboloidal
mirror. By utilizing the merit of the hyperboloidal mirror that the ODI
can be transformed into perspective images, they proposed a monitoring
system with the ODVS.

Nayar and Baker [198] theoretically analyzed imaging systems for ODVSs
and developed an ideal ODVS using a parabola mirror and a telecentric
lens. The ODVS using a hyperboloidal mirror can generate an image taken
from a single center of projection in combination with a standard perspec-
tive camera. Unfortunately, one of the two focal points of the hyperboloid
has to be coincident with the camera center as shown in Figure 3.1(c).
This feature makes it difficult to design the ODVS. On the other hand,
the imaging system proposed by Nayar and Baker does not have such a
demerit since it is using the telecentric lens as shown in Figure 3.1(d). It
is well-known that the parabola mirror has a focal point for incident light
that is parallel to the main axis of the parabola mirror. Furthermore, the
imaging system is superior in acquisition of non-blurred images and it can
eliminate internal reflections of a hollow cylindrical or spherical glass which
supports the mirror.

Another Method to Acquire ODIs

The ODVSs using mirrors acquire ODIs in real time. However, the reso-
lution is not so high. In order to acquire high resolution ODIs, methods
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swiveling a camera have been proposed by Sarachik [234] and Ishiguro
[136]. The original idea has been given by the panorama camera which
takes panoramic scene photographs by swiveling a slit camera. For taking
images in a static environment, this method is very effective and it is being
recently used in multimedia applications. Another problem of the ODVSs
is control of camera parameters, especially control of iris. In the method
to swiveling a camera, the camera observes the local environment, but the
ODVS observes a wide environment and the ODI taken with the ODVS
contains various intensities. Therefore, the camera used in the ODVS need
a wide dynamic range.

As discussed here, the ODVS which can take an ODI has several ad-
vantages against the previous vision sensors, but it has also two major
demerits, the low resolution and the requirement of a wide dynamic range.
With current CCD sensors, it is difficult to obtain high resolution ODIs
and its dynamic range is not so wide. We need to improve the CCD itself.

3.2.2  Omnadirectional Images
The History

The origin of the methods to acquire an ODI was a panoramic camera
which takes omnidirectional photographs though a slit filter attached in
the front of the camera lens while swiveling the camera. Zheng and Tsuji
[312] used this idea with a CCD camera. The image obtained by arranging
image data along a vertical line on the image center is called Panoramic
Image. They analyzed the features of the panoramic images and proposed
applications for mobile robot navigation. When the camera moves along
a circular path in the method for acquiring panoramic images, an ODI is
obtained. The ODIs is a cylindrical projection and it can contains precise
angular information if the camera precisely moves.

Early studies on the ODIs were mainly done by Nelson, Zheng and Ishig-
uro. Zheng and others [312] proposed a Circular Dynamic Programming
for identifying features between two ODIs. The circular dynamic program-
ming robustly finds correspondences by iterating a conventional dynamic
programming method based on the periodicity of the ODIs. Ishiguro and
others [136] proposed two types of Omnidirectional Stereo. By rotating a
camera along a circular path, motion pallarax is observed by tracking fea-
ture points on the image plane and omnidirectional range information can
be obtained. This stereo method does not have any blind spots outside the
circular path. Another stereo is realized with two ODIs taken at different
locations. Although the method using two ODIs has a problem of feature
identification, it can obtain more precise omnidirectional range informa-
tion.
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The Optical Flow Field

The flow field of ODISs is also interesting properties. Nelson and others [200]
analyzed the flow field of the Gauss sphere retina and proposed methods
to estimate camera motion parameters. On the other hand, Ishiguro and
others focused upon just the FOEs and proposed methods to precisely
navigate mobile robots [136] and to estimate robot motion parameters [134]
based on the important feature of the ODIs that two FOEs, or FOE and
FOC, are observed in the flow field and the angle between them is 180°.

The Periodicity

An ODI is a periodical signal around the rotation axis. That is, Fourier
transform of the ODI does not require window functions. This means the
transform is precise and efficient data compression is possible for the ODIs.
By applying the Fourier transform, an ODI can be divided into magnitude
and phase components. The magnitude and phase components depend on
the location of the ODVS and the direction of the reference axis of the
ODVS, respectively.

Based on the magnitude and phase components, mobile robot navigation
which does not refer to the internal sensor data can be realized [133]. First,
the robot moves randomly in the environment and takes ODIs at various
locations. Then, it executes Fourier transform for the ODIs and divides
them into magnitude and phase components. By comparing the magnitude
components of the ODIs, positions where the ODIs are taken can be esti-
mated. The positions cannot be precisely estimated but it is topologically
correct. The map which represents the topological positions of the observa-
tion points can be used for the robot navigation. Here, in order to use the
map, the robot needs to know the its direction against the environment.
The direction can be estimated from the phase components of the ODIs.
That is, the robot can memorize locations as a map and navigate itself by
using it only with the ODVS.

3.3 Designs of ODVSs

An ODVS is consists of two major components, a mirror which is sym-
metrical on rotation and an apparatus which supports the mirror. This
section discusses merits and demerits on various designs of the two major
components of previously developed ODVSs

3.3.1 Designs of Mirrors

There are four types of the previously developed mirrors as shown in Fig-
ure 3.1. Merits and demerits of the mirrors can be discussed from the
following viewing points:
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FIGURE 3.1. Omnidirectional mirrors

e Whether the mirror can generate an ODI which has a single center
of projection. (The ODI can be transformed to normal perspective
images.)

e How small the astigmatism of the optical system consisting of the
mirror and a camera is.

Whether the optical system uses a standard lens and camera.

o How large the vertical viewing angle is.

Spherical Mirror

Generally, mirrors are made by depositing aluminum film onto a shaped
glass. An important issue in the machining is how easy it is to process the
glass. A normal lens is a part of a spherical glass, therefore it is easy to
make spherical mirrors with the conventional lens process.

In addition to the merit in the machining, another important merit of the
spherical mirror is the astigmatism. Comparing with other mirrors as shown
in Figure 3.1, the astigmatism is rather small since it can be considered as
a flat surface near the optical axis of the camera (of course, it is not small
in the peripheral). Further, as discussed in the next section, the spherical
mirror does not require a long focal depth for acquiring a focused image.
That is, the spherical mirror is superior to making low cost ODVSs which
can acquire clear images.
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However, the ODI acquired with the spherical mirror does not have a sin-
gle center of projection and cannot be transformed into normal perspective
images. The vertical viewing angle is also so large. Although the ODVS can
observe over the horizontal plane, the image is distorted in the peripheral
of the ODI.

Conic Mirror

A conic mirror is second to the spherical mirror in the easy machining.
The feature of the conic mirror is to have normal reflection in the vertical
direction. Therefore, it is easy to combine several mirrors. For example,
stereo images can be acquired as shown in Figure 3.1(a2). Further, the
conic mirror enables a special optical system which observes horizontally
in combination with a telcentric lens as shown in Figure 3.1(a3).
However, the astigmatism is large and the ODI cannot be transformed
into normal perspective images. Further, it needs a long focal depth to
acquire focused ODIs. A spherical mirror has a focal point like a normal
lens, on the other hand, the conic mirror does not have it and needs a lens
which is close to a pinhole (the details are discussed in the next section).

Hyperboloidal Mirror

Machining of a hyperbolidal mirror is difficult, but it has a single center of
projection. An ODI taken with the hyperboloidal mirror can be transformed
to normal perspective images, cylindrical images, and so on. Further, if the
curvature is small, the astigmatism is not so large.

The hyperboloidal mirror is the best for optical systems using normal
cameras. However, it has a serious demerits that the design is not so flexible
since the focal point of the hyperboloid needs to be set on the camera center.

Parabola Mirror

An ideal optical system can be realized with a parabola mirror and tele-
centric lens. The optical system has a single center of projection and the
astigmatism is small for a small curvature. Further, the parabola mirror is
the best for acquiring focused ODIs. The telecentric lens also brings two
merits. Since the projection is orthogonal, the distance between the mirror
and the lens can be set flexibly in the design and the lens eliminates inter-
nal reflections of a glass cylinder or sphere which supports the mirror (the
details are discussed in the next subsection).

However, it is a demerit for making a compact and low-cost system to
use the telecentric lens. The telecentric lens is generally expensive and the
size is not so small.

Table 3.1 summarizes features of the four mirrors. In the table, the focal
depth means the range in which the camera should be able to acquire non-
blurred images for the mirror. The vertical viewing ranges are based on
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Single
I\./Ia.- Astig- Focal V.ertllcal center
chining X viewing of Lens
matism depth
cost range pro-
jection
S Low Small Short -90 ... 10 No N.
C Low Large Long -45 ... 45 No N.
HS High Small Short -90 ... 10 Yes N.
HL High Large Long -90 ... 45 Yes N.
PS High Small Short -90 ... 10 Yes T.
PL High Large Short -90 ... 45 Yes T.

S: Spherical mirror

C: Conic mirror

HS: Hyperboloidal mirror with a small curvature
HL: Hyperboloidal mirror with a large curvature
PS: Parabola mirror with a small curvature

PL: Parabola mirror with a large curvature

N.: Normal, T.: Telecentric

TABLE 3.1. Comparison between various mirrors.

our experience. —90 degrees and 0 degrees are directions to observe down-
ward and horizontally, respectively. From the view point of applications, a
summary is given as follows:

Spherical mirror ODVSs using spherical mirrors are suitable for observ-
ing objects which locate in the same height as the ODVSs or acquiring
clear ODIs of objects locating under the ODVS. Further, since the
cost of machining is low, the mass production can be performed.

Conic mirror The conic mirror is useful for acquire ODIs of which vertical
visual field is limited.

Hyperboloidal mirror In combination with a normal lens, the mirror
can generate ODIs which can be transformed to normal perspective
images. Therefore, it can be applied to monitoring applications.

Parabola mirror The machining cost and the cost of the telecentric lens
is, generally, high. However, it is an ideal optical system to acquire
ODIs.

3.8.2 Design of a Supporting Apparatus

Another important component of the ODVS is an apparatus which supports
the mirror as shown in Figure 3.1. For the supporting apparatus, there are
two requirements:

1. Eliminating internal reflections by the supporting apparatus.

2. Precise surface finish for acquiring non-distorted ODIs.
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In previous works, the following three types of the supporting apparatuses
were used:

e Clear cylinder made from glass or plastic
e Clear sphere made from glass or plastic

e Clear cylinder/sphere and a telecentric lens

Many types of ready-made clear hollow cylinders made from glass and
plastic are available and the surface precision is high. However, the clear
hollow cylinder has a serious problem of internal reflections as shown in
Figure 3.2. One of the ideas to solve this problem is to use a telecentric
lens. Since the optical array of the telecentric lens is parallel to the surface
of the cylinder, there is no projections of the internal reflections on the
ODL.

Another idea is to support the mirror with a clear hollow sphere of which
center locates on the focal point of the mirror. This idea has been proposed
by Yamazawa and others [306] and applied to an ODVS using a hyper-
boloidal mirror. However, the problem is in the precision of the surface.
Generally, precise machining for the clear hollow sphere is difficult.

As discussed here, there are two solutions: clear hollow cylinder with a
telecentric lens and clear hollow sphere with a hyperboloidal mirror. But,
these can be applied to particular ODVSs. More general idea is needed.
The next section proposes such an idea.

3.4 Trial Production of C-ODVSs

Based on the discussion in the previous sections, this section proposes low-
cost and compact ODVSs (C-ODVSs). The author considers ODVSs which
can be used in various applications should satisfy the following require-
ments:

1. Small size including the camera

. Low machining cost

2

3. Small astigmatism
4. Short focal depth
5

. Using standard lenses and cameras

For the requirements, the authors originally developed the following two
methods:

e General optical mechanism to eliminate the internal reflec-
tion.

e A process to make mirrors from metal
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FIGURE 3.2. Elimination of the internal reflections with a black needle.

3.4.1 Eliminating Internal Reflections

From the view point of precision, the clear hollow cylinder is the best,
however, it has a problem of internal reflections. And further, utilization
of the telecentric lens make the size of the ODVS large and the cost is also
high.

An idea to eliminate internal reflections by the clear hollow cylinder is to
equip a black needle along the main axis of the cylinder. As shown in Fig-
ure 3.2, the light, which reflects on the internal surface of the clear hollow
cylinder and then passes through the camera center, closes the main axis
of the cylinder. Therefore, the black needle equipped along the main axis
completely eliminates internal reflections. The idea is very simple but very
effective as shown in Figure 3.3. In Figure 3.3(a), several double projec-
tions of fluorescent lamps are observed. On the other hand, the ODI taken
with the black needle does not have such double projections as shown in
Figure 3.3(b).

3.4.2  Making Mirrors from Metal

A standard process to make mirrors from glass is iterative polishing of a
glass block and coating with aluminum. Therefore, it takes much time and
cost for making a large-curvature mirror.

Another method is to make the mirrors from metal by using a precise
NC machine. The major problem in this case is the precision of the surface.
In order to make a precise mirror, careful selection of metal materials and
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(a) Without the black needle (b) Withthe black needle

FIGURE 3.3. Experimentation on internal reflections.

control of the NC machine is required. With several trials, the author and
others have determined to use brass as the metal material and learned
empirical knowledge to precisely control the NC machine.

After the machining with the NC machine, coating is performed. Alu-
minum coating is precise but expensive. Therefore, in spite of aluminum
coating, the author has performed iterative thin chrome plating and deter-
mined the number of the iteration through many trials.

3.4.8 Focusing in an ODVS

For previously developed ODVSs, cameras which have a short focal length
are used in order to acquire focused ODIs. That is, the mirror is attached
with the closest distance Dm under a condition that the camera acquires
focused images for objects locating at infinity, as shown in Figure 3.4(a).
And the minimum size of the ODVSs is restricted with the closest distance
Dm. For instance, it is difficult to find a ready-made camera which has the
closest distance of 10 cm.

For making smaller ODVSs, the mirror needs to be attached with a
shorter distance. Actually, the focal depth (or object depth) of standard
lens is not zero, and if it is possible to set all focal planes of the mirror
for all objects locating with various distances in the focal depth O; — Oa,
the ODVS can acquire focused ODIs with the mirror attached with a close
distance D from the camera as shown in Figure 3.4(b).

Let us consider the focal planes of a spherical mirror as an example. As
well known, the parallel light is focused with the spherical mirror but the
focal point is not single. The focal point describes an epicycloid L 4, which
pass through the point F, for the parallel light Lo, L; and L in a direction
as shown in Figure 3.5(a). In Figure 3.5(a), R is the radius of the spher-
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FIGURE 3.4. Focal depth of a camera
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FIGURE 3.5. Focusing on a spherical mirror.

ical mirror. Therefore, images of all objects locating various locations are
focused within the gray region encircled with the surface of the spherical
mirror and the surface Sp as shown in Figure 3.5(b). In conclusion, if the
focal depth covers the gray region, the camera focuses clear images for all
objects through the spherical mirror. Especially, in the case of the spherical
mirror, the gray region almost locates between the horizontal plane on Py
and the surface of the spherical mirror. In cases of the hyperboloidal and
parabola mirrors with little curvatures, they can be considered to be identi-
cal with the spherical mirror. However, in cases of the conic, hyperboloidal
and parabola mirrors with large curvatures, the gray region is extended
along the surfaces of the mirrors and the camera needs a long focal depth
for focusing clear ODIs. In order to making compact ODVSs, the spheri-
cal mirror is and small-curvature hyperboloidal and parabola mirrors are
suitable.

Proper camera selection is also an important issue. For making compact
ODVSs, a cameras which has a short distance of Dm shown in Figure 3.4(a)
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isrequired. As such a camera, SONY EVI-330 which is a camera component
of a standard handy video recorder SONY HandyCam is one of the proper
candidates. Although the size is not so compact the distance Dm is less than
10 cm. In order to make more compact ODVSs, more compact cameras are
required. Recently, many such cameras are available, but their distance Dm
is not sufficiently short. For designing ODVSs with such compact cameras,
the spherical mirrors can be used with the idea shown in Figure 3.4(b).

3.4.4 Developed C-ODVSs

Based on the above discussions, the author have developed four types of
C-ODVSs as shown in Figure 3.6. Each of the C-ODVSs has the following
features:

C-ODVS with a hyperboloidal mirror The second from the left in
Figure 3.6. A hyperboloidal mirror with a large curvature is used.
The vertical viewing range is about 270 degrees. A black needle is
attached for eliminating the internal reflections. It is designed for
SONY EVI-330 and the overview is shown in Figure 3.7(a).

C-ODVS with a spherical mirror The third from the left in Figure 3.6.
It is designed for SONY EVI-330. The height and diameter are 15 cm
and 7cm, respectively.

Ultra C-ODVS with a hyperboloidal mirror The first from the left
in Figure 3.6. The curvature of the mirror is small for acquiring clear
images and the viewing range is about 190°. It is designed for a
camera of RF Co. Ltd. The height and diameter are 3 cm and 4 cm,
respectively.

Ultra C-ODVS with a spherical mirror The fourth from the left in
Figure 3.6. It is designed for a camera of RF Co. Ltd. and the overview
is shown in Figure 3.7(b).

Figure 3.8(a) and (b) show ODIs taken by the C-ODVS with a hyper-
boloidal mirror and the C-ODVS with a spherical mirror, respectively.

3.5 Applications of ODVSs

3.5.1 Multimedia Applications

In the recording of round table meeting scenes, the previous camera cannot
acquire images which contains faces of all participants. The ODVS attached
at the center of the table makes it possible. Nishimura and others [203] used
the ODVS for recognizing human gestures in a round table meeting. Their
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FIGURE 3.6. Four types of C-ODVs.

(a) C-ODVS with a hyperboloidal mirror  (b) Ultra C-ODVS with a spherical mirror

FIGURE 3.7. C-ODVSs with cameras.
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(a) With a hyperboloidal mirror (b) With a spherical mirror

FIGURE 3.8. ODIs.

approach can be extended for several applications. For example, indexed
database of round table meetings with the simple human behavior recog-
nition and tele-conference systems which enable communications between
groups can be considered.

3.5.2  Monitoring Applications

The ODVS with a hyperboloidal or parabola mirror can be used in spite
of the conventional camera system using a pan-tilt gaze controller. The
ODI taken with the ODVS can be transformed into perspective images
taken in any directions. Although there exist several problems, especially
the resolution of the images, the ODVSs can be used as gaze control camera,
systems. The systems with the ODVSs is very compact and it can change
the gaze direction in real time with a powerful computer.

The ODVS has a demerits of the low image resolution, therefore the
author considers ODVSs should not be used as TV cameras, but as vision
sensors. As an application in which ODVSs are used as vision sensors, a
moving object tracking system using multiple ODVSs can be considered
[132]. Figure 3.9 shows an overview of the system.

The use of multiple ODVSs solves the following problems of vision sys-
tems with the wide viewing range.

1. The wide environment can be covered with a smaller number of
ODVSs.

2. The ODVSs can be observed each other, therefore the relative posi-
tions of the ODVSs can be precisely estimated with error minimiza-
tion methods, such as a least square method.
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FIGURE 3.9. Distributed vision system for recognizing human behaviors

3. Extended trinocular vision, namely N-ocular vision can be realized.
With the N-ocular vision, multiple ODVSs can robustly identifies
objects between the ODIs.

The robust and real-time tracking system can be developed by using con-
straints of the environment in addition to the above fundamental merits.
For example, this system can be used for human behavior recognition. Pre-
vious research approaches for human behavior recognition focused upon
rather local behavior, such as facial expressions and gestures. The system
which recognizes global behaviors of humans in a room gives useful infor-
mation to the previous system for recognizing local behaviors.

8.5.8 Mobile Robot Navigation

Other major applications of the ODVS are in mobile robot navigation. The
wide viewing range is useful for predicting collisions with moving obstacles.
Yagi and others [301] proposed a method to avoid collisions with moving
obstacles by continuous observation with the ODVS. In the case where both
the robot and obstacles move along linear paths with constant velocities and
they collide each other, the viewing angle from the robot to the obstacles is
constant. By feeding the viewing angle to the steering, the robot can avoid
the collision.

The ODIs are also useful for memorizing particular locations. Hong and
others [110] proposed a method for image-based homing. The robot mem-
orizes the goal location with a vertical edge image observed by the ODVS.
Then, the robot goes from a distant location toward the goal by comparing
input images with the memorized image. This approach is interesting as a
method which shows rich properties of ODIs.
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Further, ODVSs can be used for other functions of robots, such as pose
stabilization and so on. The author considers the most serious problem
of previous vision-guided mobile robots is in the limited visual field of
the vision sensors. The ODVSs are expected as key tools for solving such
difficulties.

3.6 Conclusion

This chapter has discussed features of previously developed omnidirectional
vision sensors and proposed designs of low-cost and compact ODVSs. Fur-
ther, their novel applications have been briefly discussed. Although a few
problems are still remained for the ODVSs, the author considers utilization
of omnidirectional vision sensor will be a key issue in Computer Vision and
Multimedia applications. The detailed information on the ODVSs can be
found in http://www.pluto.dti.ne.jp/~accowlel /index.html.
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Single Viewpoint Catadioptric
Cameras

S. Baker and S.K. Nayar

4.1 Introduction

Many applications in computational vision require that a large field of
view is imaged. Examples include surveillance, teleconferencing, and model
acquisition for virtual reality. A number of other applications, such as ego-
motion estimation and tracking, would also benefit from enhanced fields of
view. Unfortunately, conventional imaging systems are severely limited in
their fields of view. Both researchers and practitioners have therefore had
to resort to using either multiple or rotating cameras in order to image the
entire scene.

One effective way to enhance the field of view is to use mirrors in con-
junction with lenses. See, for example, [224], [47], [197], [301], [110], [85],
(306], (28], [194], [195], and [44]. We refer to the approach of using mirrors
in combination with conventional imaging systems as catadioptric image
formation. Dioptrics is the science of refracting elements (lenses) whereas
catoptrics is the science of reflecting surfaces (mirrors) [104]. The com-
bination of refracting and reflecting elements is therefore referred to as
catadioptrics.

As noted in [224], [307], [194], and [198], it is highly desirable that a
catadioptric system (or, in fact, any imaging system) have a single view-
point (center of projection). The reason a single viewpoint is so desirable is
that it permits the generation of geometrically correct perspective images
from the images captured by the catadioptric cameras. This is possible
because, under the single viewpoint constraint, every pixel in the sensed
images measures the irradiance of the light passing through the viewpoint
in one particular direction. Since we know the geometry of the catadiop-
tric system, we can precompute this direction for each pixel. Therefore,
we can map the irradiance value measured by each pixel onto a plane at
any distance from the viewpoint to form a planar perspective image. These
perspective images can subsequently be processed using the vast array of
techniques developed in the field of computational vision that assume per-
spective projection. Moreover, if the image is to be presented to a human,
as in [216], it needs to be a perspective image not to appear distorted. Nat-
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urally, when the catadioptric imaging system is omnidirectional in its field
of view, a single effective viewpoint permits the construction of panoramic
images as well as perspective ones.

In this chapter, we take the view that having a single viewpoint is the
primary design goal for the catadioptric camera and restrict attention to
catadioptric cameras with a single effective viewpoint [12] [13]. However,
for many applications, such as robot navigation, having a single viewpoint
may not be a strict requirement [302]. In these cases, cameras that do not
obey the single viewpoint requirement can also be used. Then, other design
issues become more important, such as spatial resolution, camera size, and
the ease of mapping between the catadioptric images and the scene [307].
Naturally, it is also possible to investigate these other design issues. For
example, Chahl and Srinivassan recently studied the class of mirror shapes
that yield a linear relationship between the angle of incidence onto the
mirror surface and the angle of reflection into the camera [44].

We begin this chapter by deriving the entire class of catadioptric sys-
tems with a single effective viewpoint, and which can be constructed using
just a single conventional lens and a single mirror. As we will show, the 2-
parameter family of mirrors that can be used is exactly the class of rotated
(swept) conic sections. Within this class of solutions, several swept conics
are degenerate solutions that cannot, in fact, be used to construct cameras
with a single effective viewpoint. Many of these solutions have, however,
been used to construct wide field of view cameras with non-constant view-
points. Some of the non-degenerate solutions have also been used in cameras
proposed in the literature. In both cases, we mention all of the designs that
we are aware of. A different derivation of the fact that only swept conic sec-
tions yield a single effective viewpoint was recently suggested by Drucker
and Locke [65].

A very important property of a camera that images a large field of view
is its resolution. The resolution of a catadioptric camera is not, in general,
the same as that of any of the cameras used to construct it. In Section 4.3,
we study why this is the case, and derive a simple expression for the rela-
tionship between the resolution of a conventional imaging system and the
resolution of a derived single-viewpoint catadioptric camera. We specialize
this result to the mirror shapes derived in the previous section. This ex-
pression should be carefully considered when constructing a catadioptric
imaging system in order to ensure that the final camera has sufficient res-
olution. Another use of the relationship is to design conventional cameras
with non-uniform resolution, which when used in an appropriate catadiop-
tric system have a specified (e.g. uniform) resolution.

Another optical property which is affected by the use of a catadioptric
system is focusing. It is well known that a curved mirror increases im-
age blur [104]. In Section 4.4, we analyze this effect for catadioptric cam-
eras. Two factors combine to cause additional blur in catadioptric systems:
(1) the finite size of the lens aperture, and (2) the curvature of the mirror.
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We first analyze how the interaction of these two factors causes defocus
blur and then present numerical results for three different mirror shapes:
the hyperboloid, the ellipsoid, and the paraboloid. The results show that
the focal setting of a catadioptric camera using a curved mirror may be
substantially different from that needed in a conventional camera. More-
over, even for a scene of constant depth, significantly different focal settings
may be needed for different points in the scene. This effect, known as field
curvature, can be partially corrected using additional lenses [104].

As a case study, in Section 4.5 we describe several implementations of
single viewpoint catadioptric cameras using paraboloid mirrors. We out-
line the construction of the cameras, their calibration, and the real-time
software that we developed to unwarp the catadioptric images to give per-
spective images. We conclude this chapter with a discussion of the design
issues involved when building single viewpoint catadioptric cameras.

4.2 The Fixed Viewpoint Constraint

The fixed viewpoint constraint is the requirement that a catadioptric cam-
era only measure the intensity of light passing through a single point in
3-D space. The direction of the light passing through this point may vary,
but that is all. In other words, the catadioptric camera must sample the
5-D plenoptic function [1] [84] at a single point in 3-D space. The fixed
3-D point at which a catadioptric camera samples the plenoptic function
is known as the effective viewpoint.

Suppose we use a single conventional camera as the only sensing ele-
ment and a single mirror as the only reflecting surface. If the camera is an
ideal perspective camera and we ignore defocus blur, it can be modeled by
the point through which the perspective projection is performed; i.e. the
effective pinhole. Then, the fixed viewpoint constraint requires that each
ray of light passing through the effective pinhole of the camera (that was
reflected by the mirror) would have passed through the effective viewpoint
if it had not been reflected by the mirror. We now derive this constraint
algebraically.

4.2.1 Derivation of the Fized Viewpoint Constraint Equation

Without loss of generality we can assume that the effective viewpoint v of
the catadioptric system lies at the origin of a Cartesian coordinate system.
Suppose that the effective pinhole is located at the point p. Then, again
without loss of generality, we can assume that the z-axis 2 lies in the direc-
tion vp. Moreover, since perspective projection is rotationally symmetric
about any line through p, the mirror can be assumed to be a surface of
revolution about the z-axis z. Therefore, we work in the 2-D Cartesian
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frame (v,f,Z) where ¥ is a unit vector orthogonal to 2, and try to find
the 2-dimensional profile of the mirror z(r) = z(z,y) where r = y/z2 + y2.
Finally, if the distance from v to p is denoted by the parameter c, we
have v = (0,0) and p = (0,c). See Figure 4.1 for an illustration® of the
coordinate frame.

We begin the translation of the fixed viewpoint constraint into symbols
by denoting the angle between an incoming ray from a world point and the
r-axis by 6. Suppose that this ray intersects the mirror at the point (z,7).
Then, since we assume that it also passes through the origin v = (0,0) we

have the relationship:
tanf = ; (4.1)

If we denote the angle between the reflected ray and the (negative) r-axis

by «, we also have:
tana = c; z (4.2)

since the reflected ray must pass through the pinhole p = (0, ¢). Next, if 3
is the angle between the z-axis and the normal to the mirror at the point
(r, ), we have:

dz

dr
Our final geometric relationship is due to the fact that we can assume the
mirror to be specular. This means that the angle of incidence must equal
the angle of reflection. So, if 7y is the angle between the reflected ray and the
z-axis, we have v = 90° —a and 8 + o+ 206+ 2y = 180°. (See Figure 4.1 for
an illustration of this constraint.) Eliminating y from these two expressions
and rearranging gives:

= —tanp. (4.3)

28 = a—6. (4.4)

Then, taking the tangent of both sides and using the standard rules for
expanding the tangent of a sum:

tan A + tan B
tan(A+tB) = ———M— .
an( ) l1FtanAtanB (45)

we have:
2tan 3 tana — tan 6
— = . (4.6)
1 —tan® g 1+ tanatané

In Figure 4.1 we have drawn the image plane as though it were orthogonal to
the z-axis z indicating that the optical axis of the camera is (anti) parallel to z.
In fact, the effective viewpoint v and the axis of symmetry of the mirror profile
2(r) need not necessarily lie on the optical axis. Since perspective projection is
rotationally symmetric with respect to any ray that passes through the pinhole
P, the camera could be rotated about p so that the optical axis is not parallel to
the z-axis. Moreover, the image plane can be rotated independently so that it is
no longer orthogonal to z.
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FIGURE 4.1. The geometry used to derive the fixed viewpoint constraint equa-
tion. The viewpoint v = (0, 0) is located at the origin of a 2-D coordinate frame
(v,#,2), and the pinhole of the camera p = (0, ¢) is located at a distance ¢ from v
along the z-axis 2. If a ray of light, which was about to pass through v, is reflected
at the mirror point (r, z), the angle between the ray of light and # is § = tan™! .
If the ray is then reflected and passes through the pinhole p, the angle it makes
with # is & = tan™! €%, and the angle it makes with z is v = 90° — a. Finally,
if B = tan™?! (—%) is the angle between the normal to the mirror at (r,z) and
Z, then by the fact that the angle of incidence equals the angle of reflection, we
have the constraint that o + 0 + 2y + 28 = 180°.

effective viewpoint, v=(0,0)




44 S. Baker and S.K. Nayar

Substituting from Equations (4.1), (4.2), and (4.3) yields the fized viewpoint
constraint equation:

—24 (c—22)r
dr _
1-(@)2 24— 22 (4.7)
dr

which when rearranged is seen to be a quadratic first-order ordinary differ-
ential equation:

2
r(c—2z2) (%) —2(rt 4 cz - zz)% +r(2z—c¢) = 0. (4.8)

4.2.2  General Solution of the Constraint Equation

The first step in the solution of the fixed viewpoint constraint equation is
to solve it as a quadratic to yield an expression for the surface slope:

dz (22 —r? —c2) £ \/r2c? + (22 + 12 — c2)?

4.
dr r(2z —¢) (4.9)
The next step is to substitute y = z — 5 and set b = § which yields:
dy (y2 — 2 — b%) £ /47262 + (y2 + r2 — b2)? (4.10)

dr 2ry

Then, we substitute 2rz = y2 + r2 — b2, which when differentiated gives:

dy dx
and so we have:
d 2rz — 2r2 £ \/4r2b2 + 4r2x2
20+ oS _gp = AT EVAUIALTE g9
dr r
Rearranging this equation yields:
1 dx 1
_ = . 4.13
Vb2 + 2 dr r (4.13)

Integrating both sides with respect to r results in:
In (:c+ b2+x2) = +lnr+C (4.14)
where C is the constant of integration. Hence,

z+ Vb2 +22 = _’2‘27.11 (4.15)
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where k = 2¢€ > 0 is a constant. By back substituting, rearranging, and
simplifying we arrive at the two equations which comprise the general so-
lution of the fixed viewpoint constraint equation:

(:-2) - (g_l) _ ;(’“—;3) (k>2)  (416)
(z—-;-)2+r2 <1+%) = (%Icz) (k>0). (4.17)

In the first of these two equations, the constant parameter k is constrained
by k > 2 (rather than k > 0) since 0 < k < 2 leads to complex solutions.

4.2.8  Specific Solutions of the Constraint Equation

Together, Equations (4.16) and (4.17) define the complete class of mirrors
that satisfy the fixed viewpoint constraint. A quick glance at the form
of these equations reveals that the mirror profiles form a 2-parameter (c
and k) family of conic sections. Hence, the shapes of the 3-D mirrors are
all swept conic sections. As we shall see, however, although every conic
section is theoretically a solution of one of the two equations, a number of
the solutions are degenerate and cannot be used to construct real cameras
with a single effective viewpoint.

We will now describe the solutions in detail. For each solution, we demon-
strate whether it is degenerate or not. Some of the non-degenerate solutions
have actually been used in real cameras. For these solutions, we mention all
of the existing designs that we are aware of which use that mirror shape.
Several of the degenerate solutions have also been used to construct cam-
eras with a wide field of view, but with no fixed viewpoint.

4.2.3.1 Planar Mirrors

In Equation (4.16), if we set k = 2 and ¢ > 0, we get the cross-section of a

planar mirror: .
z =3 (4.18)
As shown in Figure 4.2, this plane is the one which bisects the line segment
vp joining the viewpoint and the pinhole.
The converse of this result is that for a fixed viewpoint v and pinhole p,
there is only one planar solution of the fixed viewpoint constraint equation.
The unique solution is the perpendicular bisector of the line joining the

pinhole to the viewpoint:

[x— (p;"ﬂ (p=v) = 0. (4.19)

To prove this, it is sufficient to consider a fixed pinhole p, a planar mirror
with unit normal 1, and a point q on the mirror. Then, the fact that the
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FIGURE 4.2. The plane z = £ is a solution of the fixed viewpoint constraint
equation. Conversely, it is possible to show that, given a fixed viewpoint and pin-
hole, the only planar solution is the perpendicular bisector of the line joining the
pinhole to the viewpoint. Hence, for a fixed pinhole, two different planar mirrors
cannot share the same effective viewpoint. For each such plane the effective view-
point is the reflection of the pinhole in the plane. This means that it is impossible
to enhance the field of view using a single perspective camera and an arbitrary
number of planar mirrors, while still respecting the fixed viewpoint constraint.
If multiple cameras are used then solutions using multiple planar mirrors are
possible [194].
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plane is a solution of the fixed viewpoint constraint implies that there is
a single effective viewpoint v = v(ii,q). To be more precise, the effective
viewpoint is the reflection of the pinhole p in the mirror; i.e. the single
effective viewpoint is:

v(f,q) = p—2[(p—q)- 0]h. (4.20)

Since the reflection of a single point in two different planes is always two
different points, the perpendicular bisector is the unique planar solution.

An immediate corollary of this result is that for a single fixed pinhole, no
two different planar mirrors can share the same viewpoint. Unfortunately,
a single planar mirror does not enhance the field of view, since, discounting
occlusions, the same camera moved from p to v and reflected in the mirror
would have exactly the same field of view. It follows that it is impossible to
increase the field of view by packing an arbitrary number of planar mirrors
(pointing in different directions) in front of a conventional imaging system,
while still respecting the fixed viewpoint constraint. On the other hand,
in applications such as stereo where multiple viewpoints are a necessary
requirement, the multiple views of a scene can be captured by a single
camera using multiple planar mirrors. See, for example, [85], [115], and
[201].

This brings us to the panoramic camera proposed by Nalwa [194]. To
ensure a single viewpoint while using multiple planar mirrors, Nalwa [194]
arrived at a design that uses four separate imaging systems. Four planar
mirrors are arranged in a square-based pyramid, and each of the four cam-
eras is placed above one of the faces of the pyramid. The effective pinholes
of the cameras are moved until the four effective viewpoints (i.e. the reflec-
tions of the pinholes in the mirrors) coincide. The result is a camera that has
a single effective viewpoint and a panoramic field of view of approximately
360° x 50°. The panoramic image is of relatively high resolution since it is
generated from the four images captured by the four cameras. This camera
is straightforward to implement, but requires four of each component: i.e.
four cameras, four lenses, and four digitizers. (It is, of course, possible to
use only one digitizer but at a reduced frame rate.)

4.2.3.2 Conical Mirrors

In Equation (4.16), if we set ¢ = 0 and k > 2, we get a conical mirror with
circular cross section:

z = r2. (4.21)

N

See Figure 4.3 for an illustration of this solution. The angle at the apex of
the cone is 27 where:

= . 4.22
tanT P (4.22)
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FIGURE 4.3. The conical mirror is a solution of the fixed viewpoint constraint
equation. Since the pinhole is located at the apex of the cone, this is a degenerate
solution that cannot be used to construct a wide field of view camera with a single
viewpoint. If the pinhole is moved away from the apex of the cone (along the axis
of the cone), the viewpoint is no longer a single point but rather lies on a circular
locus [194] [12].
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This might seem like a reasonable solution, but since ¢ = 0 the pinhole of
the camera must be at the apex of the cone. This implies that the only
rays of light entering the pinhole from the mirror are the ones which graze
the cone and so do not originate from objects in the world (see Figure 4.3.)
Hence, the cone with the pinhole at the vertex is a degenerate solution
that cannot be used to construct a wide field of view camera with a single
effective viewpoint.

In spite of this fact, the cone has been used in wide-angle imaging systems
several times [301] [304] [28]. In these implementations the pinhole is placed
some distance from the apex of the cone. It is easy to show that in such cases
the viewpoint is no longer a single point [194] [12]. In some applications such
as robot navigation, the single viewpoint constraint is not vital. Conical
mirrors can be used to build practical cameras for such applications. See,
for example, the designs in [302] and [28].

4.2.3.3 Spherical Mirrors

In Equation (4.17), if we set ¢ = 0 and k > 0, we get the spherical mirror:

242 = 2, (4-23)

Like the cone, this is a degenerate solution which cannot be used to con-
struct a wide field of view camera with a single viewpoint. Since the view-
point and pinhole coincide at the center of the sphere, the observer would
see itself and nothing else, as is illustrated in Figure 4.4.

The sphere has also been used to build wide field of view cameras sev-
eral times [110] [28] [191]. In these implementations, the pinhole is placed
outside the sphere and so there is no single effective viewpoint. The locus
of the effective viewpoint can be computed in a straightforward manner
using a symbolic mathematics package [12]. Like multiple planes, spheres
have also been used to construct stereo rigs [197] [201], but as described
before, multiple viewpoints are a requirement for stereo.

4.2.3.4 Ellipsoidal Mirrors
In Equation (4.17), when k > 0 and ¢ > 0, we get the ellipsoidal mirror:

1 c\2 1,
5—2—(2—5) +=r? =1 (4.24)

2 2
ae =1/ kl_c and be=\/§. (4.25)

The ellipsoid is the first solution that can actually be used to enhance the
field of view of a camera while retaining a single effective viewpoint. As
shown in Figure 4.5, if the viewpoint and pinhole are at the foci of the

where:
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pinhole, p ___

FIGURE 4.4. The spherical mirror satisfies the fixed viewpoint constraint when
the pinhole lies at the center of the sphere. (Since ¢ = 0 the viewpoint also lies at
the center of the sphere.) Like the conical mirror, the sphere cannot actually be
used to construct a wide field of view camera with a single viewpoint because the
observer can only see itself; rays of light emitted from the center of the sphere
are reflected back at the surface of the sphere directly towards the center of the
sphere.

ellipsoid and the mirror is taken to be the section of the ellipsoid that lies
below the viewpoint (i.e. z < 0), the effective field of view is the entire
upper hemisphere z > 0.

4.2.3.5 Hyperboloidal Mirrors
In Equation (4.16), when k& > 2 and ¢ > 0, we get the hyperboloidal mirror:

1 c\2 1,
where:
c (k-2 c /2
ap = 5 —k— and bh = 5\/; (427)

As seen in Figure 4.6, the hyperboloid also yields a realizable solution. The
curvature of the mirror and the field of view both increase with k. In the
other direction (in the limit k& — 2) the hyperboloid flattens out to the
planar mirror of Section 4.2.3.1.

Rees [224] appears to have been first to use a hyperboloidal mirror with
a perspective lens to achieve a large field of view camera system with a
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FIGURE 4.5. The ellipsoidal mirror satisfies the fixed viewpoint constraint when
the pinhole and viewpoint are located at the two foci of the ellipsoid. If the
ellipsoid is terminated by the horizontal plane passing through the viewpoint
2 = 0, the field of view is the entire upper hemisphere z > 0. It is also possible
to cut the ellipsoid with other planes passing through v.
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FIGURE 4.6. The hyperboloidal mirror satisfies the fixed viewpoint constraint
when the pinhole and the viewpoint are located at the two foci of the hyperboloid.
This solution does produce the desired increase in field of view. The curvature of
the mirror and hence the field of view increase with k. In the limit £ — 2, the
hyperboloid flattens to the planar mirror of Section 4.2.3.1.
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single viewpoint. Later, Yamazawa et al. [306) [307] also recognized that
the hyperboloid is indeed a practical solution and implemented a camera
designed for autonomous navigation.

4.2.4  The Orthographic Case: Paraboloidal Mirrors

There is one conic section that we have not mentioned: the parabola. Al-
though the parabola is not a solution of either equation for finite values
of ¢ and k, it is a solution of Equation (4.16) in the limit that ¢ — oo,
k — oo, and { = h, a constant. These limiting conditions correspond to
orthographic projection.

Orthographic projection can be modeled by setting a = 90° in Fig-
ure 4.1; the direction of projection is then along the axis of symmetry z.
Equation (4.6) then simplifies to:

2tang 1
1—tan®f  tan@’

(4.28)

The fized viewpoint constraint equation for orthographic projection is there-
fore:

d

—2& o
—dr -
1 - (&)

As above, the first step in determining the shape of the mirror is to solve
this quadratic equation for the surface slope:

(4.29)

dz z T
_— = - —)2
o = STyl t(2). (4.30)

This first-order differential equation can be solved using similar transfor-
mations to those used above to obtain the following expression for the
reflecting surface:
h? — r2
s=x DT (4.31)
where, h > 0 is the constant of integration.

Not surprisingly, the mirror that guarantees a single viewpoint for or-
thographic projection is a paraboloid. Paraboloidal mirrors are frequently
used to converge an incoming set of parallel rays at a single point (the
focus), or to generate a collimated light source from a point source (placed
at the focus). In both these cases, the paraboloid is a concave mirror that
is reflective on its inner surface. This corresponds to the negative solution
in Equation (4.31). In our case, the more natural solution to use is the pos-
itive one. Here, the paraboloid is reflective on its outer surface (a convex
mirror) as is shown in Figure 4.7.
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FIGURE 4.7. Under orthographic projection the only solution is a paraboloid
with the effective viewpoint at the focus. Here we show one of the two possible
paraboloids; the other is similar to the ellipse shown in Figure 4.5 and is the
reflection of the one shown in the plane z = 0.

4.3 Resolution of a Catadioptric Camera,

In this section, we assume that the conventional camera used in the cata-
dioptric camera has a frontal image plane located at a distance u from the
pinhole, and that the optical axis of the camera is aligned with the axis of
symmetry of the mirror. See Figure 4.8 for an illustration of this scenario.
Then, the definition of resolution that we will use is the following. Con-
sider an infinitesimal area dA on the image plane. If this infinitesimal pixel
images an infinitesimal solid angle dv of the world, the resolution of the
camera as a function of the point on the image plane at the center of the

infinitesimal area dA is:
dA

> (4.32)
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FIGURE 4.8. The geometry used to derive the spatial resolution of a catadioptric
camera. Assuming the conventional camera has a frontal image plane which is
located at a distance u from the pinhole and the optical axis is aligned with
the z-axis z, the spatial resolution of the conventional camera is % = ﬁ:—w
Therefore the area of the mirror imaged by the infinitesimal image plane area

dA is d§ = (=205 44 G4 the solid angle of the world imaged by the

u“ cos ¢
2
infinitesimal area dA on the image plane is dv = %}(27)2%2)—‘” - dA. Hence, the
. . . . . 2002, ,2 2,2
spatial resolution of the catadioptric camera is i—’: = (Z—(zr)ﬁtzsip = r2:L (tfz)z '%

_.\2
since cos® ) = (c(_—cz)%f
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If 1) is the angle made between the optical axis and the line joining the
pinhole to the center of the infinitesimal area dA (see Figure 4.8), the solid
angle subtended by the infinitesimal area dA at the pinhole is:

dA-cosyp _ dA-cos’®

dw = = .
v u?/ cos? ¢ u? (433)
Therefore, the resolution of the conventional camera is:

dA u?

= = .34

dw cos3 1 (4.34)
Then, the area of the mirror imaged by the infinitesimal area dA is:

s — dw-(c—2)?  dA-(c—2)% cosy (4.35)

cospcos2y u2 cos ¢

where ¢ is the angle between the normal to the mirror at (r, z) and the line
joining the pinhole to the mirror point (7, z). Since reflection at the mirror
is specular, the solid angle of the world imaged by the catadioptric camera
is:

dS-cos¢p  dA-(c—2z)%-costp

= = 4.
v 2 4 22 u?(r? 4 22) (4.36)
Therefore, the resolution of the catadioptric camera is:
dA W?(r2+22) [(r*+2%)cos’y] dA (4.37)
dv = (c—2)%-cosyp (c—2)2 dw’ ’
But, since:
2, _ (c—2)?
cos“y = -2 172 (4.38)
we have: A ) ) A
aa _ |t | dd (4.39)
dv (c—2)2+7r?] dw

Hence, the resolution of the catadioptric camera is the resolution of the
conventional camera used to construct it multiplied by a factor of:

r2 + 22
(c—2)2+1r2 (4.40)
where (r, z) is the point on the mirror being imaged.

The first thing to note from Equation (4.39) is that for the planar mirror
z = £, the resolution of the catadioptric camera is the same as that of the
conventional camera used to construct it. This is as expected by symme-
try. Secondly, note that the factor in Equation (4.40) is the square of the
distance from the point (r, z) to the effective viewpoint v = (0,0), divided
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by the square of the distance to the pinhole p = (0,c¢). Let dy denote the
distance from the viewpoint to (r,z) and dp the distance of (r,z) from

the pinhole. Then, the factor in Equation (4.40) is %‘j’—. For the ellipsoid,
P
dp + dv = K, for some constant K, > dp. Therefore, for the ellipsoid the

factor is: )
K,
— -1 4.41
(3-) (a1

which increases as dp, decreases and dy increases. For the hyperboloid, dp, —
dy = K, for some constant 0 < K}, < dp. Therefore, for the hyperboloid

the factor is: \
(1 — ﬁ) (4.42)
dp

which increases as dp increases and d, increases. So, for both ellipsoids
and hyperboloids, the factor in Equation (4.40) increases with r. Hence,
both hyperboloidal and ellipsoidal catadioptric cameras constructed with
a uniform resolution camera will have their highest resolution around the
periphery, a useful property for applications such as teleconferencing.

4.3.1 The Orthographic Case

The orthographic case is slightly simpler than the projective case and is
illustrated in Figure 4.9. Again, we assume that the image plane is frontal;
i.e. perpendicular to the direction of orthographic projection. Then, the
resolution of the conventional orthographic camera is:

(% = M? (4.43)

where the constant M is the linear magnification of the camera. If the solid
angle dw images the area dS of the mirror and ¢ is the angle between the
mirror normal and the direction of orthographic projection, we have:

dw = cos¢-dS. (4.44)
Combining Equations (4.36), (4.43), and (4.44) yields:
dA 9 o91dA
- = = 4.
W [r + 2% o (4.45)
For the paraboloid z = %ﬁ, the multiplicative factor 72 + 22 simplifies
to:
h2 +1r27?
. 4.4
] (4.46)

Hence, as for both the ellipsoid and the hyperboloid, the resolution of
paraboloid based catadioptric cameras increases with r, the distance from
the center of the mirror.
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FIGURE 4.9. The geometry used to derive the spatial resolution of a catadioptric
camera in the orthographic case. Again, assuming that the image plane is frontal
and the conventional orthographic camera has a linear magnification M, its spa-
tial resolution is 3—£ = M?. The solid angle dw equals cos¢ - dS, where dS is
the area of the mirror imaged and ¢ is the angle between the mirror normal and
the direction of orthographic projection. Combining this information with Equa-
tion (4.36) yieldg tglj spatial resolution of the orthographic catadioptric camera

as—Az[r2+z]a;.
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4.4 Defocus Blur of a Catadioptric Camera

In addition to the normal causes present in conventional dioptric systems,
such as diffraction and lens aberrations, two factors combine to cause de-
focus blur in catadioptric sensors. They are: (1) the finite size of the lens
aperture, and (2) the curvature of the mirror. To analyze how these two
factors cause defocus blur, we first consider a fixed point in the world and
a fixed point in the lens aperture. We then find the point on the mirror
which reflects a ray of light from the world point through that lens point.
Next, we compute where on the image plane this mirror point is imaged.
By considering the locus of imaged mirror points as the lens point varies,
we can compute the area of the image plane onto which a fixed world point
is imaged. In Section 4.4.1, we derive the constraints on the mirror point
at which the light is reflected, and show how it can be projected onto the
image plane. In Section 4.4.2, we extend the analysis to the orthographic
case. Finally, in Section 4.4.3, we present numerical results for hyperboloid.

4.4.1 Analysis of Defocus Blur

To analyze defocus blur, we need to work in 3-D. We use the 3-D cartesian
frame (v,X,¥,2) where v is the location of the effective viewpoint, p is
the location of the effective pinhole, Z is a unit vector in the direction vp,
the effective pinhole is located at a distance c from the effective viewpoint,
and the vectors X and y are orthogonal unit vectors in the plane z = 0.
As in Section 4.3, we also assume that the conventional camera used in
the catadioptric sensor has a frontal image plane located at a distance u
from the pinhole and that the optical axis of the camera is aligned with
the z-axis. In addition to the previous assumptions, we assume that the
effective pinhole of the lens is located at the center of the lens, and that
the lens has a circular aperture. See Figure 4.10 for an illustration of this
configuration.

Consider a point m = (z,y, z) on the mirror and a point w = ”—1ng (z,y, 2)
in the world, where ! > |jm||. Then, since the hyperboloid mirror satisfies
the fixed viewpoint constraint, a ray of light from w which is reflected by
the mirror at m passes directly through the center of the lens (i.e. the
effective pinhole.) This ray of light is known as the principal ray [104].
Next, suppose a ray of light from the world point w is reflected at the
point m; = (z1,¥1,21) on the mirror and then passes through the lens
aperture point 1 = (d - cos\,d - sin )\, ¢). In general, this ray of light will
not be imaged at the same point on the image plane as the principal ray.
When this happens there is defocus blur. The locus of the intersection of
the incoming rays through 1 and the image plane as 1 varies over the lens
aperture is known as the blur region or region of confusion [104]. For an
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FIGURE 4.10. The geometry used to analyze the defocus blur. We work in the
3-D cartesian frame (v, X, ¥, %) where X and y are orthogonal unit vectors in the
plane z = 0. In addition to the assumptions of Section 4.3, we also assume that
the effective pinhole is located at the center of the lens and that the lens has
a circular aperture. If a ray of light from the world point w = m(m, Y, 2) is
reflected at the mirror point m; = (z1,y1,21) and then passes through the lens
point 1 = (d- cos \,d - sin A, ¢), there are three constraints on mj: (1) it must lie
on the mirror, (2) the angle of incidence must equal the angle of reflection, and
(3) the normal n to the mirror at m;, and the two vectors 1 — m; and w — m;
must be coplanar.
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ideal thin lens in isolation, the blur region is circular and so is often referred
to as the blur circle [104].

If we know the points m; and 1, we can find the point on the image
plane where the ray of light through these points is imaged. First, the line
through mj in the direction lm; is extended to intersect the focused plane.
By the thin lens law [104] the focused plane is:

z=c—v =c— fru (4.47)

u—f

where f is the focal length of the lens and w is the distance from the
focal plane to the image plane. Since all points on the focused plane are
perfectly focused, the point of intersection on the focused plane can be
mapped onto the image plane using perspective projection. Hence, the z
and y coordinates of the intersection of the ray through 1 and the image
plane are the z and y coordinates of:

- (1+ i 1)) (4.48)

and the z coordinate is the z coordinate of the image plane ¢ + u.
Given the lens point 1 = (d - cos A, d - sin A, ¢) and the world point w =
"’T”(w,y, z), there are three constraints on the point m; = (z1,y1, 21).

First, m; must lie on the mirror and so (for the hyperboloid) we have:

c\2 s o [k (k-2
Secondly, the incident ray (w — my), the reflected ray (m; — 1), and the

normal to the mirror at m; must lie in the same plane. The normal to the
mirror at m; lies in the direction:

n = ([k— 2]z, [k —2ly1,¢c—221) (4.50)

for the hyperboloid. Hence, the second constraint is:
n-(w—m;)A(l-m;) = 0. (4.51)

Finally, the angle of incidence must equal the angle of reflection and so the
third constraint on the point m; is:

n-(w-—m) _ n-(l-m)
[[w — my| [1—my -

(4.52)

These three constraints on m; are all multivariate polynomials in 1, ¥,
and z;: Equation (4.49) and Equation (4.51) are both of order 2, and Equa-
tion (4.52) is of order 5. We were unable to find a closed form solution to
these three equations (Equation (4.52) has 25 terms in general and so it
is probable that none exists) but we did investigate numerical solutions.
Before we present the results, we briefly describe the orthographic case.
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4.4.2 Defocus Blur in the Orthographic Case
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FIGURE 4.11. The geometry used to analyze defocus blur in the orthographic
case. One way to create orthographic projection is to add a (circular) aperture at
the rear focal point (the one behind the lens) [196]. Then, the only rays of light
that reach the image plane are those which are (approximately) parallel to the
optical axis. The analysis of defocus blur is then essentially the same as in the
perspective case except that we need to check whether each ray of light passes
through this aperture when computing the blur region.

The orthographic case is slightly different, as is illustrated in Figure 4.11.
One way to convert a thin lens to produce orthographic projection is to



4. Single Viewpoint Catadioptric Cameras 63

place an aperture at the focal point behind the lens [196]. Then, the only
rays of light that reach the image plane are those that are (approximately)
parallel to the optical axis. For the orthographic case, there is therefore only
one difference to the analysis. When estimating the blur region, we need to
check that the ray of light actually passes through the (circular) aperture
at the rear focal point. This task is straightforward. The intersection of the
ray of light with the rear focal plane is computed using linear interpolation
of the lens point and the point where the mirror point is imaged on the
image plane. It is then checked whether this point lies close enough to the
optical axis to pass through the aperture.

4.4.8 Numerical Results

It is possible to use the constraints derived in the previous two sections to
investigate how the shape and size of the blur areas varies with the focal
setting. For lack of space, however, we are unable to present these results.
The reader is referred to [12] for the full details. Instead, we investigate how
the focus setting that minimizes the area of the blur region for points a fixed
distance away in the world varies with the angle which the world point w
makes with the plane z = 0. The results are presented in Figures 4.12—4.14.

In our numerical experiments we set the distance between the effective
viewpoint and the pinhole to be ¢ = 1 meter, and the distance from the
viewpoint to the world point w to be [ = 5 meters. For the hyperboloidal
and ellipsoidal mirrors, we set the radius of the lens aperture to be 10 mm.
For the paraboloidal mirror, the limiting aperture is the one at the focal
point. We chose the size of this aperture so that it lets through exactly
the same rays of light that the front 10 mm one would for a point 1 meter
away on the optical axis. We assumed the focal length to be 10 cm and
therefore set the aperture to be 1 mm. With these settings, the F-stop for
the paraboloidal mirror is 2 x 10/100 = 1/5. The results for the other two
mirrors are independent of the focal length, and hence the F-stop.

To allow the three mirror shapes to be compared on an equal basis, we
used values for k and h that correspond to the same mirror radii. The radius
of the mirror is taken to be the radius of the mirror cut off by the plane
z = 0; i.e. the mirrors are all taken to image the entire upper hemisphere.
Some values of k and h are plotted in Table 4.1 against the corresponding
mirror radius, for ¢ = 1 meter.

From Figures 4.12-4.14, we see that the best focus setting varies consider-
ably across the mirror for all of the mirror shapes. Moreover, the variation
is roughly comparable for all three mirrors (of equal sizes.) In practice,
these results, often referred to as “field curvature” [104], mean that it can
sometimes be difficult to focus the entire scene at the same time. Either the
center of the mirror is well focused or the points around the periphery are
focused, but not both. Fortunately, it is possible to introduce additional
lenses which compensate for the field curvature [104]. Also note that as
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TABLE 4.1. The mirror radius as a function of the mirror parameters (k and h)

for ¢ = 1 meter.

Mirror Radius | Hyperboloid (k) | Ellipsoid (k) | Paraboloid (h)
20 cm 6.1 0.24 0.2
10 cm 11.0 0.11 0.1
5 cm 21.0 0.05 0.05
2 cm 51.0 0.02 0.02
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FIGURE 4.12. The focus setting which minimizes the area of the blur region
plotted against the angle # which the world point w makes with the plane z = 0.
Four separate curves are plotted for different values of the parameter k. See
Table 4.1 for the corresponding radii of the mirrors. We see that the best focus
setting for w varies considerably across the mirror. In practice, these results
mean that it can sometimes be difficult to focus the entire scene at the same
time, unless additional compensating lenses are used to compensate for the field
curvature [104]. Also, note that this effect becomes less important as k increases
and the mirror gets smaller.
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FIGURE 4.13. The focus setting which minimizes the area of the blur region
plotted against the angle § which the world point w makes with the plane z = 0.
Four separate curves are plotted for different values of the parameter k. See
Table 4.1 for the corresponding radii of the mirrors. The field curvature for the
ellipsoidal mirror is roughly comparable to that for the hyperboloidal, and also
decreases rapidly as the mirror is made smaller.

the mirrors become smaller in size (k increases for the hyperboloid, k& de-
creases for ellipsoid, and h decreases for the paraboloid) the effect becomes
significantly less pronounced.

4.5 Case Study: Parabolic Omnidirectional
Cameras

As a case study, we describe the design and implementation of a parabolic
omnidirectional camera [197]. As described above, such a camera requires
an orthographic camera. There are several ways to achieve orthographic
projection. The most obvious of these is to use commercially available tele-
centric lenses [66] that are designed to be orthographic. It has also been
shown [289] that precise orthography can be achieved by simply placing an
aperture [153] at the back focal plane of an off-the-shelf lens. Further, sev-
eral zoom lenses can be adjusted to produce orthographic projection. Yet
another approach is to mount an inexpensive relay lens onto an off-the-shelf
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FIGURE 4.14. The focus setting which minimizes the area of the blur region
plotted against the angle 8 which the world point w makes with the plane z = 0.
Four separate curves are plotted for different values of the parameter h. See
Table 4.1 for the corresponding radii of the mirrors. The field curvature for the
paraboloidal mirror is roughly comparable to that for the hyperboloidal, and also
decreases rapidly as the mirror is made smaller.

perspective lens. The relay lens not only converts the imaging system to an
orthographic one but can also be used to reduce more subtle optical effects
such as coma and astigmatism [30] produced by curved mirrors. In short,
the implementation of pure orthographic projection is viable and easy to
implement.

One advantage of using an orthographic camera is that it can make the
calibration of the catadioptric system far easier. Calibration is simpler be-
cause, so long as the direction of orthographic projection remains parallel
to the axis of the paraboloid, any size of paraboloid is a solution. The
paraboloid constant and physical size of the mirror therefore do not need
to be determined during calibration. Moreover, the mirror can be trans-
lated arbitrarily and still remain a solution. Implementation of the camera
is therefore also much easier because the camera does not need to be po-
sitioned precisely. By the same token, the fact that the mirror may be
translated arbitrarily can be used to set up simple configurations where
the camera zooms in on part of the paraboloid mirror to achieve higher
resolution (with a reduced field of view), but without the complication of
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having to compensate for the additional non-linear distortion caused by
the rotation of the camera that would be needed to achieve the same effect
in the perspective case.

4.5.1 Selection of the Field of View

As the extent of the paraboloid increases, so does the field of view of
the catadioptric camera. It is not possible, however, to acquire the entire
sphere of view since the paraboloid itself must occlude the world beneath
it. This brings us to an interesting practical consideration: Where should
the paraboloid be terminated? Note that

dz
| o = 1. (4.53)

Hence, if we cut the paraboloid at the plane z = 0, the field of view exactly
equals the upper hemisphere (minus the solid angle subtended by the imag-
ing system itself). If a field of view greater than a hemisphere is desired, the
paraboloid can be terminated below the z = 0 plane. If only a panorama
is of interest, an annular section of the paraboloid may be obtained by
truncating it below and above the z = 0 plane. For that matter, given any
desired field of view, the the corresponding section of the parabola can be
used and the entire resolution of the imaging device can be dedicated to
that section. In other words, for an orthographic imaging system of given
magnification, the parabolic mirror can be resized and translated horizon-
tally to obtain any desired field of view. Note that the resulting imaging
system also adheres to the single viewpoint constraint.

For the prototypes we present here, we have chosen to terminate the
parabola at the z = 0 plane. This proves advantageous in applications in
which the complete sphere of view is desired, as shown in Figure 4.15. Since
the paraboloid is terminated at the focus, it is possible to place two iden-
tical catadioptric cameras back-to-back such that their foci (viewpoints)
coincide. The shaded regions represents a small part of the field that is
lost due to obstruction by the imaging system itself. Thus, we have a truly
omnidirectional camera, one that is capable of acquiring an entire sphere
of view at video rate.

4.5.2  Implementations of Parabolic Systems

Several versions of the catadioptric design based on the paraboloidal mirror
have been implemented at Columbia University [197]. These sensors were
designed keeping specific specific applications in mind. The applications
we have in mind include video teleconferencing, remote surveillance and
autonomous navigation. Figure 4.16 shows and details the different cam-
eras and their components. The basic components of all the cameras are
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FIGURE 4.15. If the paraboloid is cut by the horizontal plane that passes through
its focus, the field of view of the catadioptric system exactly equals the upper
hemisphere. This allows us to place two catadioptric cameras back-to-back such
that their foci (viewpoints) coincide. The result is a truly omnidirectional camera
that can acquire the entire sphere of view. The shaded regions are parts of the
field of view where the camera sees itself.

the same; each one includes a paraboloidal mirror, an orthographic lens
system and a CCD video camera. The cameras differ primarily in the their
mechanical designs and their attachments. For instance, the cameras in Fig-
ures 4.16(a) and 4.16(c) have transparent spherical domes that minimize
self-obstruction of their hemispherical fields of view. Figure 4.16(d) shows
a back-to-back implementation that is capable of acquiring the complete
sphere of view.

The use of paraboloidal mirrors virtually obviates calibration. All that
is needed are the image coordinates of the center of the paraboloid and
its radius h. Both these quantities are measured in pixels from a single
omnidirectional image. We have implemented software for the generation of
perspective images. First, the user specifies the viewing direction, the image
size and effective focal length (zoom) of the desired perspective image.
Again, all these quantities are specified in pixels. For each three-dimensional
pixel location (zp,yp,2p) on the desired perspective image plane, its line of
sight with respect to the viewpoint is computed in terms of its polar and
azimuthal angles:

§ = cos™? “p ¢ = tan™1 22 . (4.54)

VT2 + Y2 + 22 Zp



4. Single Viewpoint Catadioptric Cameras 69

(a) (b) () (d)

FIGURE 4.16. Four implementations of catadioptric omnidirectional video cam-
eras that use paraboloidal mirrors. (a) This compact camera for teleconferencing
uses a 1.1 inch diameter paraboloidal mirror, a Panasonic GP-KR222 color cam-
era, and Cosmicar/Pentax C6Z1218 zoom and close-up lenses to achieve orthog-
raphy. The transparent spherical dome minimizes self-obstruction of the field of
view. (b) This camera for navigation uses a 2.2 inch diameter mirror, a DXC-950
Sony color camera, and a Fujinon CVL-713 zoom lens. The base plate has an at-
tachment that facilitates easy mounting on mobile platforms. (c) This camera for
surveillance uses a 1.6 inch diameter mirror, an Edmund Scientific 55mm F/2.8
telecentric (orthographic) lens and a Sony XR-77 black and white camera. The
camera is lightweight and suitable for mounting on ceilings and walls. (d) This
camera is a back-to-back configuration that enables it to sense the entire sphere
of view. Each of its two units is identical to the camera in (a).

This line of sight intersects the paraboloid at a distance p from its focus
(origin), which is computed using the following spherical expression for the

paraboloid:
h

- (1 + cosf) °

The brightness (or color) at the perspective image point (zp,yp,2p) is then
the same as that at the omnidirectional image point

p (4.55)

z; = psinfcos¢p, y; = psinfsing. (4.56)

The above computation is repeated for all points in the desired perspective
image. Figure 4.17 shows an omnidirectional image (512x480 pixels) and
several perspective images (200x200 pixels each) computed from it. It is
worth noting that perspective projection is indeed preserved. For instance,
straight lines in the scene map to straight lines in the perspective images
while they appear as curved lines in the omnidirectional image. A video-
rate version of the above described image generation was developed as
an interactive software system called OmniVideo [216]. This system can
generate about a dozen perspective image streams at 30 Hz using no more
than a standard PC.



70 S. Baker and S.K. Nayar

(a) (b)

FIGURE 4.17. Software generation of (b) perspective images from an (a) omnidi-
rectional image. Each perspective image is generated using user-selected parame-
ters, including, viewing direction (line of sight from the viewpoint to the center of
the desired image), effective focal length (distance of the perspective image plane
from the viewpoint of the camera), and image size (number of desired pixels in
each of the two dimensions). It is clear that the computed images are indeed
perspective; for instance, straight lines are seen to appear as straight lines even
though they appear as curved lines in the omnidirectional image.

4.6 Conclusion

In this chapter, we have studied three design criteria for catadioptric cam-
eras: (1) the shape of the mirrors, (2) the resolution of the cameras, and
(3) the focus settings of the cameras. In particular, we have derived the
complete class of mirrors that can be used with one camera to give a single
effective viewpoint, found an expression for the resolution of a catadioptric
camera in terms of the resolution of the conventional camera used to con-
struct it, and presented detailed analysis of the defocus blur caused by the
use of a curved mirror.

We have described a large number of mirror shapes in this chapter, in-
cluding cones, spheres, planes, hyperboloids, ellipsoids, and paraboloids.
Practical catadioptric cameras have been constructed using most of these
mirror shapes. See, for example, [224], [47], [197], [301], [110], [85], [306),
(28], [194], and [195]. As described in [44], even more mirror shapes are pos-
sible if we relax the single-viewpoint constraint. Which then is the “best”
mirror shape to use?

Unfortunately, there is no simple answer to this question. If the appli-
cation requires exact perspective projection, there are three alternatives:
(1) the ellipsoid, (2) the hyperboloid, and (3) the paraboloid. The major



4. Single Viewpoint Catadioptric Cameras 71

limitation of the ellipsoid is that only a hemisphere can be imaged. As far
as the choice between the paraboloid and the hyperboloid goes, using an or-
thographic imaging system does require extra effort on behalf of the optical
designer, but makes construction and calibration of the entire catadioptric
system far easier. No careful positioning of the camera relative to the mir-
ror is needed. Moreover, all that is required to calibrate the camera is the
image of the circle formed by the circumference of the mirror; no physical
distances or other parameters are needed to obtain accurate perspective
images.
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Epipolar Geometry of Central
Panoramic Catadioptric
Cameras

T. Pajdla, T. Svoboda, and V. Hlava¢

5.1 Introduction

Epipolar geometry [67] describes relationship between positions of the cor-
responding points in a pair of images acquired by cameras with single
viewpoints. Epipolar geometry can be established from a few image cor-
respondences and used to simplify the search for more correspondences,
to compute the displacement between the cameras, and to reconstruct the
scene.

Ideal omnidirectional cameras would provide images covering the whole
view-sphere and therefore they would be image sensors with no self-occlusion.
However, ideal omnidirectional cameras are difficult to realize because a
part of the scene is often occluded by an image sensor. Recently, a number
of panoramic cameras appeared. They do not cover the whole view-sphere
but most of it. A wide field of view eases the search for correspondences
as corresponding points do not so often disappear from the field of view
and helps to stabilize ego-motion estimation algorithms so that the rota-
tion of the camera can be well distinguished from its translation [33]. As
the panoramic cameras see a large part of the scene around them in each
image, they can provide more complete reconstructions from fewer images.

Epipolar geometry is a property of the cameras with a central projection.
It can be formulated for all cameras which have a single viewpoint. As there
exist panoramic cameras which have single viewpoints, the epipolar geom-
etry can be formulated for them too. An analysis of the epipolar geometry
of panoramic catadioptric cameras which use hyperbolic mirrors was, for
the first time, presented in [265]. In this work, a complete characterization
of epipolar geometry of central panoramic catadioptric cameras is given by
extending work [265] to the catadioptric cameras with parabolic mirrors.

The text is organized as follows. The specific terminology is defined in
Section 5.2 where various cameras are classified with respect to their projec-
tion model, field of view, and construction. Section 5.3 overviews different
panoramic cameras described in the literature and the way how they were
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(a) (b) (c)

FIGURE 5.1. (a) The field of view of a directional camera is contained in a
hemisphere. (b) The field of view of a panoramic camera contains at least one
great circle. (c) The field of view of an omnidirectional camera covers the whole
view-sphere.

applied. In Section 5.4, central panoramic catadioptric cameras are intro-
duced. Section 5.5 defines the mathematical model of central panoramic
catadioptric cameras. Examples of real cameras are given in Section 5.6
and their correct composition is discussed there. The epipolar geometry
of central panoramic catadioptric cameras is described in Section 5.7. In
Section 5.8, the estimation of the epipolar geometry for conventional and
central panoramic cameras is compared. The work is summarized in Sec-
tion 5.10.

5.2 Terminology and Notation

We say that the mirror is convez if rays reflect from the convex side of its
surface. We say that it is concave if the rays reflect from the concave side.
A planar mirror is neither convex nor concave.

All what can be seen from a single viewpoint can be represented by
an omnidirectional image mapped on a view-sphere. We assume that all
cameras have symmetrical fields of view so that the boundary of each field
of view is a circle on the view-sphere.

By the camera (C') we shall henceforth understand any ray-based sensing
device. For an unconstrained camera, the rays may be completely indepen-
dent, in particular, they do not have to intersect in a single point. The field
of view of an unconstrained camera may be arbitrary.

With respect to whether the rays intersect or not, cameras can be classi-
fied as central (Ce) and non-central (Nc). We say that the camera is central
or has a single viewpoint or a projection center if all rays intersect in a single
point.

With respect to the field of view, cameras can be classified as directional
(Dr), Figure 5.1(a), panoramic (Pa), Figure 5.1(b), and omnidirectional
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(0d), Figure 5.1(c). We say that the camera is omnidirectional if it has
a complete field of view and its image covers the whole view-sphere. We
say that the camera is directional if its field of view is a proper subset of
a hemisphere on the view-sphere. For a directional camera, there exist a
plane which does not contain any ray, hence the camera is pointed into
the direction given by the normal of that plane. We say that the camera
is panoramic if its field of view contains at least one great circle on the
view-sphere. A panorama is seen around that great circle.

With respect to the construction, cameras can be classified as dioptric
(Di) and catadioptric (Ca). The dioptric cameras use only lenses. The
catadioptric cameras use at least one mirror but may also use lenses.

Our classification is by no means complete. Other cameras can still be
found. For instance, there are cameras which look into different directions
so that their field of view is not contained in a hemisphere, it does not
contain a great circle, nor it covers the view-sphere completely.

The most common cameras will be called conventional. We say that
the camera is conventional if it is a central directional dioptric camera, in
other words it is a pinhole camera which has the field of view contained in
a hemisphere. In this work, we shall concentrate on the Central Panoramic
Catadioptric Camera (CePaCaC) which can be obtained by a combination
of a convex mirror with a conventional camera.

5.3 Overview of Existing Panoramic Cameras

We give an overview of various principles used to obtain panoramic images
which appeared in literature.

5.3.0.1 Mosaic-based Cameras

Panoramic images can be created from conventional images by mosaicing.
The QTVR system! allows to create panoramic images by stitching to-
gether conventional images taken by a rotating camera. Peleg et. al [214]
presented a method for creating mosaics from images acquired by a freely
moving camera?. Similarly, the mosaicing method proposed by Shum and
Szelisky [257, 273 does not require controlled motions or constraints on
how the images are taken as long as there is no strong motion parallax.

5.3.0.2 Cameras with Rotating Parts

To speed up the acquisition of panoramic images, Benosman et al. [22,
24] use a line-scan camera rotating around a vertical axis. A similar system

'http://www.qtvrworld.com/
2Panoramic images can also be produced by Spin Panorama software
http://www.videobrush.com/ using the camera moving on a circle.
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was described by Murray in [192] who used panoramic images to measure
depth. In [217], Petty et al. investigated a rotating stereoscopic imaging
system consisting of two line-scan cameras.

5.3.0.3 Cameras with a Single Lens

“Fish-eye” lenses provide wide angle of view and can directly be used for
panoramic imaging. A panoramic imaging system using a fish-eye lens was
described by Hall et al. in [91]. A different example of an imaging system
using wide-angle lens was presented in [204] where the panoramic camera
was used to find targets in the scene. Fleck [72] and Basu et al. [18] studied
imaging models of fish-eye lenses suitable for panoramic imaging. Shah
and Aggarwal [248] extended the conventional camera model by including
additional lens distortions.

5.3.0.4 Cameras with a Single Mirror

In 1970’s, Charles [45] designed a mirror system for the Single Lens Reflex
camera. He proposed a darkroom process to transform a panoramic image
into a cylindrical projection. Later, he designed a mirror so that the tripod
holding the mirror was not seen in the image [46]. Various approaches how
to get panoramic images using different types of mirrors were described
by Hamit [92]. Greguss [87, 88] proposed a special lens to get a cylin-
drical projection directly without any image transformation. Chahl and
Srinivasan [44] designed a convex mirror to optimize the quality of imag-
ing. They derived a family of surfaces which preserve linear relationship
between the angle of incidence of light onto the surface and the angle of re-
flection into the conventional camera. Yagi et al. [303] used a conic-shaped
mirror for a mobile vehicle navigation. Similarly, Yamazawa et al. [307]
detected obstacles using a panoramic sensor with a hyperbolic mirror. Na-
yar et al. [195] presented several prototypes of panoramic cameras using a
parabolic mirror in combination with an orthographic cameras. Svoboda et
al. [265] used a hyperbolic mirror imaged by a conventional camera to ob-
tain a panoramic camera with a single viewpoint and presented epipolar
geometry for the hyperbolic cameras. Geb [78] proposed a panoramic cam-
era with a spherical mirror for navigating a mobile vehicle. Recently, Hicks
and Bajcsy [108] presented a family of reflective surfaces which provide a
large field of view while preserving the geometry of a plane perpendicular
to the mirror symmetry axis.

5.3.0.5 Cameras with Multiple Mirrors

Kawanishi et al. proposed an omnidirectional sensor covering the whole
view-sphere [149] consisting from two catadioptric panoramic cameras. Nalwa, [286]
proposed a panoramic camera consisting of four-sided spire and four con-
ventional cameras. Two planar mirrors placed in front of a conventional
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camera were used to compute depth by Arnspang et al. [6], Gosthasby et
al. [85], and most recently by Gluckman et al. [81]. A double-lobed mirror
and a conventional camera were used by Southwell et al. [262]. They used
mirrors with conic profiles to create a real time panoramic stereo. Nayar
et al. [199] introduced a folded catadioptric camera that uses two mirrors
and a special optics allowing for a very compact design. It was shown the
the folded cameras with two conic mirrors are geometrically equivalent to
cameras with one conic mirror.

5.8.1 Stereo and Depth from Panoramic Images

A number of works used multiple mirrors and multiple conventional cam-
eras to create compact [6, 81, 85] or omnidirectional [201, 217, 262] stereo
heads. Often, simplified camera models as well as the arrangements of the
mirrors and cameras were used to avoid the derivation of general epipolar
geometry. In particular, Nene and Nayar [201] studied the epipolar geom-
etry for the limited case of a pure rotation of a hyperbolic mirror around
the center of a conventional camera or equivalently a pure translation of a
parabolic mirror with respect to an orthographic camera. Gluckman and
Nayar [80] estimate ego-motion of the omnidirectional cameras by an opti-
cal flow algorithm. In [265], Svoboda et. al derived the epipolar geometry
for a camera with a single hyperbolic mirror.

5.8.2  Classification of FExisting Cameras and Comparison of
Their Principles

Table 5.1 compares the cameras described in Section 5.3 with respect to
the classification of cameras defined in Section 5.2. It can be concluded
that only the cameras with a single mirror provide a single viewpoint. The
camera from [199] is not an exception because it is designed to be equivalent
to a camera with one mirror.

The table also compares the approaches with respect to the number of
conventional images needed to create a single panoramic image and with
respect to the resolution of the final panoramic image.

It can be concluded that mosaic based cameras are characterized by no
single viewpoint, long acquisition time, and high resolution. They are there-
fore suitable for getting high quality panoramic images for visualization but
they are not useful for an acquisition of dynamic scenes or for a computing
a scene reconstruction. A similar situation holds for the cameras with rotat-
ing parts with that exception that the images are captured faster, though
still not in real time.

Cameras with wide-angle lenses have no single viewpoint, are real-time,
and have low resolution. The exception is the camera from [248], which
has a single effective viewpoint but that is not a panoramic camera, only
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Principle Camera Type! Imgs? Res?
Mosaics QTVR NcPaDiC many high
VideoBrush, [214] NcPaDiC many high
Rotating  Line-scan cameras [22, 192, 217] NcPa—  many high
C
parts
Wide- Fish-eye [18, 91] NcPaDiC 1 low
angle
lenses Wide-angle lens [248] CeDrDiC 1 low
Multiple Multiple planar mirrors with NcPaCdC afew medium
multiple cameras [149, 286]
mirrors Two planar mirrors with one NcDrCdC 1 low
camera [6, 81, 85]
Multiple conic mirrors with one CePaCdC 1 low
camera, [199]
Single Mirror for SLR camera. [46) NcPaCdC low
mirror Convex mirror with constant an- NcPaCdC low
gular gain [44]
Parabolic mirror [195] CePaCdC low
Hyperbolic mirror [265, 307] CePaCdC low
Special mirror preserving plane NcPaCdC low
geometry [108]
A special lens [87] NcPaCdC 1 low

TABLE 5.1. The comparison of the existing cameras. ' Type stands for the cam-
era type, (C) Camera, (Nc) Non-central, (Ce) Central, (Cd) Catadioptric, (Di)
Dioptric, (Od) Omnidirectional, (Pa) Panoramic, (Dr) Directional. *Imgs gives
the number of conventional images needed to create one panoramic image. 3Res
gives the resolution of the resulting panoramic image. The panoramic cameras
with a single viewpoint are underlined.
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(d)

FIGURE 5.2. The combinations of a conventional central camera with (a) a
spherical mirror (b), an elliptic mirror (c), a parabolic mirror (d), and a hyperbolic
mirror. For elliptic (b) and hyperbolic (c) mirrors, there is a single viewpoint in
F if the conventional camera center C is at F'. For parabolic mirrors (d), there is
a single viewpoint in F' if the mirror is imaged by an orthographic camera. There
is no single viewpoint for a convex spherical mirror (a).

a directional one. Wide-angle lens cameras are suitable for fast panoramic
image acquisition and processing, e.g. obstacle detection or mobile robot
localization but are not suitable for doing a scene reconstruction. A similar
situation holds for the cameras with multiple mirrors.

Cameras with a single mirror are real-time and provide low-resolution
images. Only cameras with conic mirrors have a single viewpoint as it will
be explained in the next section. These cameras are useful for low resolution
dynamic scene reconstruction and ego-motion estimation. They are the only
cameras for which epipolar geometry can be simply generalized.

5.4 Central Panoramic Catadioptric Camera

Figure 5.2 depicts geometry of light rays for the catadioptric cameras con-
sisting of conventional perspective cameras and curved conic mirrors. The
rays pass through a camera center C and then reflect from a mirror. The
reflected rays may, see Figure 5.2(b, ¢, d), but do not have to, see Fig-
ure 5.2(a), intersect in a single point F.

If they do intersect, the projection of a space point into the image can be
modeled by a composition of two central projections. The first one projects
a space point onto the mirror, the second one projects the mirror point into
the image. The geometry of multiple catadioptric cameras depends only on
the first projection. The second projection is not so important as far as it is
a one-to-one mapping. It can be seen as just an invertible image transform.
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FIGURE 5.3. The mirrors which preserve a single viewpoint: (a) plane, (b) sphere,
(c) cone, (d) ellipsoid, (e) paraboloid, (f) hyperboloid. The viewpoint is in F' if
the camera center is in F’.

If the first projection is a central projection, the catadioptric camera
has the same — perspective — mathematical model as any conventional per-
spective camera and all the theory developed for conventional cameras [67]
can be used. Thus, the images from a central catadioptric camera can be
directly used e.g. to reconstruct the scene or to estimate the camera dis-
placement.

In 1637 René Descartes presented an analysis of the geometry of mirrors
an lenses in Discours de la Methode [62]. He showed that refractive as well
as reflective “ovals” (conical lenses and mirrors) focus light into a single
point if they are illuminated from other properly chosen point [103]. In
computer vision, the characterization of curved mirrors preserving a single
viewpoint was given by Baker and Nayar [12].

It can be shown [12] that the mirrors which preserve a single viewpoint
are those and only those shown in Figure 5.3. All the shapes are rotationally
symmetric quadrics: plane, sphere, cone, ellipsoid, paraboloid, or one sheet
of a hyperboloid of two sheets. However, only two mirror shapes can be
used to construct a central panoramic catadioptric camera.
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Theorem:

Convez hyperbolic and convex parabolic mirror are the only mirrors which
can be combined with a conventional (central directional dioptric) camera
to obtain a (one-mirror) central panoramic catadioptric camera.

Proof:

Planar mirrors do not enlarge the field of view. Spherical and conical mir-
rors provide degenerate solutions of no practical use for panoramic imaging.
For the sphere, the camera has to be inside of the mirror so that its center
is in the center of the sphere. A conical mirror has the single viewpoint
at its apex and only the rays which graze the cone enter the camera. An
elliptic mirror cannot be used to make a panoramic camera because its field
of view is smaller than a hemisphere due to the self-occlusion caused by the
mirror if that is made large enough to reflect rays in angle larger than .
Parabolic and hyperbolic mirrors provide a single viewpoint as well as their
field of view contains a great circle on the view-sphere. a

5.5 Camera Model

In this section, we study the geometry of image formation of central panoramic
catadioptric cameras. Points in 3D space are represented by upper case let-
ters, such as X or by bold upper case letters, such as X, if we refer to
their coordinates. Homogeneous vectors, corresponding to image points or
rays, are represented by bold lower case letters, such as x. The symbol ||x||
stands for the length of a vector x.

By the camera model we understand the relationship between the coor-
dinates of a 3D point X and its projection, u, in the image. The following
model of a conventional camera is used

ax = [R,—Rt]X, a€R, (5.1)
u = Kx, (5.2)

where X = [X,Y, Z, 1]T is a 4-vector representing a 3D point, t is the
position of the camera center, R € SO(3) is the rotation between the
camera and a world coordinate system. Matrix K is a 3 x 3 upper triangular
camera calibration matrix with K33 = 1 and « stands for a nonzero scale.
Vector x = [z, v, 1]T represents normalized homogeneous image coordinates
whereas u = [u,v, 1]T represents homogeneous pixel image coordinates
which are measured in the image. See [67] for more details about the model
of a conventional camera.
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FIGURE 5.4. A conventional camera assembled with a hyperbolic mirror so that
the camera center C' coincides with the focal point of the mirror F’. The rays
reflected from the mirror intersect in F.

5.5.1 Hyperbolic Mirror

Let us find the camera model of a central panoramic catadioptric camera
with a hyperbolic mirror. Figure 5.4 depicts a conventional camera assem-
bled with a hyperbolic mirror so that the camera center C coincides with
the focal point of the mirror F’.

Three important Cartesian coordinate systems can be defined, see Fig-
ure 5.4: (1) the world system centered at W, henceforth called W; (2) the
mirror system centered at F' so that its z axis coincides with the symmetry
axis of the mirror, henceforth called F'; and (3) the conventional camera co-
ordinate system centered in the camera center C' (which coincides with the
second focal point F’), henceforth called C. The mirror coordinate system
F is the most crucial one. Therefore, all equations will be expressed in the
coordinates of the system F' if not stated otherwise. Coordinates without
subscripts refer to the coordinate system F'. Entities with subscript W, such
as vector Xy, refer to the world coordinate system W. Likewise, entities
with subscript C, such as vector x¢, refer to the coordinate system C.
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The equation of a hyperboloid of two sheets in the coordinate system F

reads as
(z+e)? 244

" = 1, (5.3)
where a, b are mirror parameters and e = v/a? + b? stands for mirror ec-

centricity.

The geometry of panoramic image formation can be expressed as a com-
position of coordinate transformations and projections. Let the point Xy
be expressed in the world system W. Vector Xy is transformed to the
mirror coordinate system F' by the translation ty and the rotation Ry

X = Ry (Xw — tw) . (5.4)

Point X is projected by a central projection onto the surface of the mirror
into a point x in the following way. Line

v ={v|v=AX,Y,Z]T = XX, A eR} (5.5)

leads from F' to the point Xy for A going from 0 to 1. The X for which the
line v intersects the mirror is found by solving the quadratic equation

M (0222 — a’X?% — a®Y?) 4+ A (2b%eZ) + b =0

(which is obtained by substituting v from (5.5) into (5.3)) as

b*(—eZ + al|X|)
AL,2

2T 272 _ a2X2 _ g2y2 (5.6)

Line v, always intersects the hyperboloid in two points. It can be verified
that A; 2 are real and never equal 0 for Xy # F'. Let us choose the A that
corresponds to the intersection which lies between the points F and Xy .

The signs of A; 2 depend on the position of the point Xy, with respect to
F'. There are three combinations of the signs (as A; > \2) which partition
space of Xy into three areas, Figure 5.5. Firstly, the points from the area
n_,— for which A; 2 < 0 cannot be seen because they are inside of the
mirror. Secondly, for Xy € 74 4, the intersection with the sheet which
corresponds to the mirror is given by A = min(A; ). Finally, for Xy € 7y _
the correct intersection is given by A = max(\; 2) to obtain a point between
F and Xy When the correct A is chosen, x is obtained as

x = MX. (5.7
Vector x is expressed in the coordinate system C as
xc = Re(x —t¢), (5.8)

where R¢ stands for the rotation and to for the translation between the
systems F' and C. The translation tc cannot be arbitrary because the
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FIGURE 5.5. The signs of A1 2 partition space into three areas.

conventional camera center C has to coincide with F’ to have a projection
center in F. The translation thus must be tc = [0, 0, —2e]T. The rotation
Rc, on the other hand, can be any such that the mirror is seen in the
conventional image even though Figure 5.4 shows the situation when R¢
is identity.

Point x¢ projects along the line xC into the image point with pixel
coordinates

1
u= Kz— xc, with x¢ = [zc,yo, z0]T . (5.9)
c

Putting (5.9), (5.8), (5.7), and (5.4) together, the complete model of a
central panoramic catadioptric camera can be concisely rewritten as

1
u=K—Rc (/\RW(XW ~tw) — tc) , (5.10)
zc

where A is one of A\; 2 from (5.6) and z¢ is defined by (5.9) and (5.8).
There are 6 free external calibration parameters (3 for ty and 3 for Ry)
and 10 free internal parameters (2 for the mirror, 3 for the rotation matrix
Rc, and 5 for K).
Let us show how x is obtained from u. The line v, going from the center
C in the direction u, see Figure 5.4, consists of points

r 0
ve={w|w=XA|s|—-| 0 | =Av+tc=IRLK 'u+tc, AeR}.
t 2e

(5.11)
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Rw,tw
JW

FIGURE 5.6. An orthographic camera with a parabolic mirror assembled so that
rays of the conventional camera are parallel to the mirror symmetry axis. The
reflected rays intersect in F'.

Substituting w from (5.11) into the mirror equation (5.3) yields
N (b%% — a?r? — a%s%) — X (2b%et) + b =0.

Solving this quadratic equation gives

Mg — b%(et £ a||v|)

“ T p2g2 — a2r2 — g252 ° (5'12)

The decision which A corresponds to the correct intersection is straight-
forward. Going from C in direction u, Figure 5.4, we are interested in the
intersection which is farther from the point C, hence A = ;. The complete
transformation from u to x can be concisely written as

x = F(REK"a)RLK 'u+tc, (5.13)
with

b%(et +al|v|)
Fv)= b2t — a2r? — g2

ok where v =[r,5,t]T = REK'u.  (5.14)

5.5.2 Parabolic Mirror

The model of a central panoramic catadioptric camera with a parabolic mir-
ror is simpler because a parabola is the limiting case of a hyperbola when F”
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goes to infinity. There are two important coordinate systems shown in Fig-
ure 5.6: (1) the world coordinate system W and (2) the mirror coordinate
system F'.

The equation of a paraboloid in the system F reads as

22+9y? a
z= - =,
2a 2

(5.15)

where a is the mirror parameter. Point Xy is transformed to the point X =
[X,Y, Z]T according to (5.4) and then projected by a central projection onto
the surface of the mirror into a point x. Likewise for the hyperbolic mirror,
the intersection of the ray in the direction of X with the mirror gives the
x in the form

x =X, (5.16)
where (Z + X))
a4 +
= TxErye (5:17)

is obtained by solving the quadratic equation
M(X2+Y?) —2aZA—a? =0,

which is obtained by substituting x from (5.16) into (5.15). There are two
solutions for A if xp # 0 and yr # 0. Since there is only one mirror, the
positive A is always the right one.

Point x is orthographically projected along the rays parallel with the
mirror symmetry axis into the image plane to the point with pixel coordi-
nates

< ri1 T2 O
s where RC = T21 T922 0 (5. 18)
0 0 1

100
u=KRc| |0 1 0

is a rotation matrix. The image plane can be rotated in 3D with respect
to the system F' as well as the image axes can be rotated and skewed in
the image plane. Since the projection rays are parallel, the transformation
which has to be composed with the projection is an affine transforma-
tion and therefore product KRc must be an affine transformation. With
a triangular K, it is possible only if the rotation R¢ is in the form given
by (5.18).

Combining (5.18), (5.16), and (5.4), the complete camera model can be
concisely rewritten as

100
u=KRg A[o 1 O]RW(XW“tW) , (5.19)

where ) is defined by (5.17).
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(a) (b)
FIGURE 5.7. (a) A central panoramic catadioptric camera consists of a hy-
perbolic mirror and a conventional perspective lens. The mirror has been de-

signed at the Center for Machine Perception and manufactured by Neovision
Ltd., www.neovision.cz. (b) A panoramic image.

The inverse mapping from u to x is rather straightforward. The formula
for the coordinates of x follows directly from (5.18) and (5.15)

T T
X = Yy , where | ¥ | = Rglf_lu. (5.20)
2?+y® _a 1
2a 2

There are 6 external calibration parameters (3 for ty and 3 for Ry) and
7 internal calibration parameters (1 for the mirror, 1 for R¢, and 5 for K).

5.6 Examples of Real Central Panoramic
Catadioptric Cameras

Figure 5.7 shows a central panoramic catadioptric camera consisting of a
hyperbolic mirror and a conventional perspective camera. Figure 5.8 shows
the central catadioptric camera consisting of a parabolic mirror and an
orthographic camera. The orthographic camera is realized by telecentric
optics.

For a hyperbolic central panoramic catadioptric camera, C = F’ must
hold. Therefore, the mirror has to be assembled with a conventional cam-
era so that the camera center coincides with the focal point F’ of the
mirror. The panoramic camera shown on Figure 5.7 was assembled using
the knowledge how a correctly placed mirror must project into the image.
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(a) (b)

FIGURE 5.8. (a) A central panoramic catadioptric camera consists of a parabolic
mirror and a telecentric lens. The camera ParaCam was produced by Cyclovision
Technologies, www.cyclovision.com. (b) A panoramic image.

Figure 5.9 shows the circle drawn in the image where the rim of the
mirror and the point where the mirror tip must project if the mirror is
placed correctly with respect to the conventional camera. The position
of the circle and of the point in the image were computed using known
mirror parameters a, b, the camera calibration matrix K obtained by a
standard camera calibration technique [208], and for Rc = I. Therefore, if
the mirror is placed so that it projects into the image as required, it is not
only guaranteed that the reflected rays intersect in a single point, but also
that the mirror symmetry axis and the lens optical axis coincide.

In order to obtain a parabolic central panoramic catadioptric camera,
it is necessary to align the rays of the orthographic camera to be parallel
with the symmetry axis of the mirror. It can also be done by the method
described above. Let us note that Geyer and Daniilidis [79] recently pre-
sented a method for computing the calibration matrix K of a parabolic
camera from panoramic images of a calibration target. They assume that
the parabolic mirror was correctly assembled with an orthographic camera.

5.7 Epipolar Geometry

Epipolar geometry describes geometric relationship between the positions
of the corresponding points in two images acquired by central cameras [67].

Let a scene point X project into two images as two image points uj,
ug, see Figure 5.10. In a general situation, the point X, the camera center
C1, and the camera center Cs define an epipolar plane which intersects the
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FIGURE 5.9. If the rim of the mirror projects onto the circle shown and the tip
of the mirror projects onto the center of the circle, than C = F”.

FIGURE 5.10. The epipolar geometry of two conventional cameras.
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FIGURE 5.11. The epipolar geometry of two central panoramic catadioptric cam-
eras with hyperbolic mirrors.

image planes in epipolar lines 13, 1. A pair of the corresponding points u;,
uy lie on the epipolar lines 17'u; = 0, 1Z'uy = 0. This constraint can be
reformulated for points by using the fundamental matrix [67] as

ulFu; =0. (5.21)

The fundamental matrix F' can be estimated from a few image correspon-
dences [67].
If the camera calibration matrices K;, K> are known, F' can be written

in the form
F=K;TEK !, (5.22)

where E is the essential matriz introduced by Longuett-Higgins in [170].

Epipolar geometry is a property of central cameras, therefore it also
exists for central catadioptric cameras, see Figure 5.11. The shape of the
epipolar curves as well as the constraint given by equation (5.21) and the
epipolar geometry estimation algorithm may vary case to case depending
on the type of the central camera.

Let us study how the epipolar curves look like for the central panoramic
cameras with conic mirrors. Let the translation t and the rotation R relate
the coordinate systems F; and Fj, see Figure 5.11. Let the projection of
a 3D point X onto the mirror be denoted x; resp. x3. The co-planarity
of vectors X1, X2, and t = [tg, ty,tz]T can be expressed in the coordinate
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system F5 as

xTR(t x x1) =0, (5.23)
where x denotes the vector product. Introducing an antisymmetric matrix
0 —t, t
S = t, 0 —t, |, (5.24)
—t, tz O
the co-planarity constraint (5.23) rewrites in the matrix form as
xJEx; = 0, (5.25)
where
E = RS, (5.26)

stands for the essential matrix. Vectors x1, X2, and t form the epipolar
plane .

The epipolar plane 7 intersects the mirrors in intersection conics which
are projected by a central projection into conics in the image planes. To
each point u; in one image, an epipolar conic is uniquely assigned in the
other image. Expressed algebraically, it bring us the fundamental constraint
on the corresponding points in two panoramic images

ul Ay(E,u;) up =0. (5.27)

In a general situation, matrix A2(E,u;) is a nonlinear function of the es-
sential matrix F, of the point u;, and of the calibration parameters of a
central panoramic catadioptric camera.

The shape of the conics, i.e., whether they are lines, circles, ellipses,
parabolas, or hyperbolas, depends on the shape of the mirrors, on the
motion of the cameras, as well as on which point in the image is considered.
It holds that there is at least one line among all epipolar conics in each
image. It is the line which corresponds to the epipolar plane containing the
axis of the mirror. The corresponding epipolar curves are both lines if the
motion is a translation keeping the axes of the mirrors parallel. Moreover,
if the translation is along the axis of the mirror, all epipolar curves become
lines. It is clear that the epipolar curves form a one-parameter family of
conics which is parameterized by the angle of rotation of the epipolar plane
around the vector t.

All epipolar conics pass through two points which are the images of
the intersections of the mirrors with the line F; F5. These points are two
epipoles, denoted e; and e, resp. e; and €}, in Figure 5.11. The epipoles
can degenerate into a double epipole if the camera is translated along the
symmetry axis of the mirror.

In the next two sections, we analyze the epipolar geometry of central
panoramic catadioptric cameras with one mirror. We derive a fundamental
equation of epipolar geometry and equations for epipolar conics in image
coordinates.
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5.7.1 Hyperbolic Mirror

Let us look for A3(E,u;) from equation (5.27) for the panoramic camera
with a hyperbolic mirror. In order to do so, let us first find the equation of
an orthographic projection of the intersection conic on the mirror to the zy
plane of the coordinate system F5. The intersection conic on the mirror is
obtained by intersecting the epipolar plane with the mirror, see Figure 5.11.
The equation of the conic, expressed in an orthographic projection to the

xy plane, reads as
XE Az, %2 =0, (5.28)

where
%9 = [z,9,1]7 and x5 = [z, 9, 2] . (5.29)

Let us find Ag,. The focal point of the first mirror Fj, the vector x;, and
the vector t define the epipolar plane 7. The normal vector of the plane 7,
expressed in the coordinate system F}, reads as

n;=txx;. (530)

The normal vector n; can be expressed in the coordinate system F, by
using F as
ng = Rn1 = R(t X X1) = RSXl = EX1 . (531)

Denoting
ng = [pa q, S]T ’ (532)

the equation of the plane 7 can be written in the coordinate system Fj as
pr+qy+sz=0. (5.33)

Assume that s # 0, i.e., the epipolar plane does not contain the axis of the
second mirror. We can express z as a function of z,y from equation (5.33)
and substitute it into the mirror equation (5.3) to obtain a second order
polynomial in z,y

(p?b2 — s%a2)x? + 2pgbiry + (q2b% — s2a2)y® — 2spbieqx — 2sqbiesy + s2b5 =

(5.34)
which is actually the quadratic form of the conic defined by equation (5.28).
Parameters az, by in equation (5.34) are related to the second mirror since
we are interested in the intersection of the epipolar plane with the second
mirror. Consequently, the matrix Az, from (5.28) has the form

p?b3 — s%a3 pqb3 —pseab3
Az, = pab3 ¢°b3 — s%a3  —gsegb | . (5.35)
—pseb3 —qsegb’ s2b3

The corresponding point on the second mirror, xg, lies on the epipolar
plane 7. Using equation (5.33), coordinates of x2 can be expressed as a
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linear function of X3,

T 1 0 O
Xg = Y = 0 1 0 |xs. (5.36)
—pT—qy -2 4 ¢

It follows from equation (5.13) (for @ = ag, b = b2) and equation (5.36)
that® the relation between 1i; and X, is given by

0 1 0 0
F(RE, Ky "o)RE, K us = | xo+ | 0 = 0 1 0 |x.
262 —g —-lsl 262
37)
Since F(RE, K5 uz) # 0 for s # 0, we can write
1 0 0
%2 ~ NRL,K;'up, where N=| 0 1 0 (5.38)
P q 1
2se2 2sep 2ea

and the symbol ~ denotes “equality up to a scale”. Vector X given by
equation (5.38) can be substituted into equation (5.28) yielding the desired
equation of the epipolar conic in the image plane

ul K;TRoyNT Az, NoRoh Ky tug = 0 (5.39)

and leaving us finally with As = K5 TRCQB2R02TK2‘ 1 where

B, = NTA4N (5.40)
—4s%a3e3 + pb3 pabs psb3(—2e3 + b3)
= pgb3 —4s%aje] +q°b;  qsb(—2€3 + b3)
psb3(—2eZ + b2)  qsb3(—2€3 + b3) s2b3

is a nonlinear function of as, by, and
[p,g,5]" = E ((F(RE,Ki "w)RE Ky 'wi]T = [0,0,2e1]7)  (5.41)

with f(Rglelul) defined by equation (5.14) for a = a1, b = b;. Equation
(5.39) defines the curve on which the projected corresponding point has to
lie and it is, indeed, an equation of a conic as alleged by equation (5.27).

Equation (5.39) holds even for s = 0 though it was derived for s # 0.
When s = 0, the epipolar plane contains the axis of the mirror. It intersects
the mirror in hyperbolas which project into lines. Substituting s = 0 into
equation (5.40) reveals that Bs is singular in this case and equation (5.39)
describes a line.

3We use t¢ = [0,0, —262]T since the center C has to coincide with the focal
point F'.
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FIGURE 5.12. The illustration of the epipolar geometry of a central panoramic
catadioptric camera with a hyperbolic mirror. Three points are chosen in the
left panoramic image. Their corresponding epipolar conics are shown in the right
panoramic image. The conics intersect in two epipoles and pass through the
corresponding points.

Observation 1:

The epipolar conics of a central panoramic catadioptric camera with a hy-
perbolic mirror are ellipses, hyperbolas, parabolas, or lines. The shape de-
pends on the angle between the epipolar plane and the mirror symmetry
axis as well as on the orientation of the conventional perspective camera
with respect to the mirror.

Proof 1:

A hyperboloid is intersected by a plane which passes through its focal point
in a planar intersection conic. The shape of the conic depends on the angle
between the plane and the rotation axis of the hyperboloid. In particular,
it is a hyperbola for zero angle between the plane and the axis. The conic
is projected into the image by a homography which maps conics to conics.
The intersection conic is projected into the image as a line if the epipolar
plane contains the mirror symmetry axis. See [264] for more details. O
Figure 5.12 shows an example of the epipolar geometry between a pair of
panoramic images obtained by a camera with a hyperbolic mirror. Three
corresponding points are marked in the left and in the right image. There
are three epipolar conics shown in the right image which correctly pass
through the corresponding points. The conics intersect in two epipoles.
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5.7.2 Parabolic Mirror

The derivation of A2(E,u;) from equation (5.27) is the same as for the
hyperbolic mirror until equation (5.33). Then, the shape of the parabolic
mirror enters. Assuming s # 0, we substitute z from equation (5.33) into
the equation of a parabolic mirror (5.15) and obtain the equation of epipolar
conics

sx? + 2apx + sy° + 2a2qy — sa2 =0, (5.42)

where ag is the mirror parameter and p, g, s are defined by equation (5.32).
Matrix Ag, from equation (5.28) now becomes

s 0 ap
Az, =] 0 s axq , (5.43)
asp azq —a3s
with
p z z
¢ |=E| v _ |, y | = RE, K 'wy (5.44)
s ——}szj: 1
1

following from equation (5.20) and equation (5.31).
It follows from equation (5.18) that X5 is related to uy by a linear trans-
form (compare to equation (5.38))

%2 = RE, K5 uy . (5.45)

Substituting (5.45) and (5.43) into (5.28) yields the fundamental epipolar
constraint for the parabolic mirror

uWK;TRop Az, R T Ky Tuy =0, (5.46)
and therefore
Ay = K; TRcyAs, RE K5, (5.47)
where Ax, is defined by equation (5.43).
Observation 2:

Epipolar conics of a central panoramic catadioptric camera with a parabolic
mirror are ellipses, lines, or a point at infinity. In a physical image, only
ellipses or lines can appear. The shape depends on the angle between the
epipolar plane and the mirror symmetry axis as well as on the angle between
the image plane and the axis.

Proof 2:

The epipolar plane intersects the parabolic mirror in an intersection conic.
It is a parabola if the angle between the epipolar plane and the azis is zero.
It is an ellipse otherwise.
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FIGURE 5.13. The illustration of the epipolar geometry of a central panoramic
catadioptric camera with a parabolic mirror. Three points are chosen in the left
panoramic image. Their corresponding epipolar conics are shown in the right
panoramic image. The conics intersect in two epipoles and pass through the
corresponding points.

Let the intersection conic be an ellipse. It can be shown that the intersec-
tion ellipse always projects into a circle in the xy plane of the coordinate
system F [264]. Therefore, the parallel rays which project the ellipse into
the image form an cylinder with a circular cross-section. The conic in the
image plane results from the intersection of the cylinder with the image
plane. A plane and a cylinder always intersect. The intersection is an el-
lipse if the angle between the plane and the axis of the cylinder is not zero.
If it is zero, then the intersection can be either a line, a pair of lines, or
a point at infinity on the axis. It is one line or a pair of lines if the plane
has a finite intersection with the cylinder. It is a point at infinity if there is
no finite intersection of the plane and the cylinder. Point at infinity cannot
appear at a finite image.

Let the intersection conic be a parabola. The parallel rays which project
the parabola into the image form a plane. The conic in the image results
from the intersection of two planes. Two distinct planes always intersect
in a line. If the planes are parallel, then the line is at infinity. There is no
image conic if the planes are identical. O

Figure 5.13 shows an example of the epipolar geometry between a pair of
two panoramic images obtained by a camera with a parabolic mirror. Three
corresponding points are marked in the left and in the right image. There
are three epipolar conics shown in the right image which pass through the
corresponding points. The conics intersect in two epipoles.
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5.8 Estimation of Epipolar Geometry

Epipolar geometry can be established from correspondences in images [170].
We shortly recapitulate the state of the art in the epipolar geometry es-
timation and point out where is a difference arising from using central
panoramic catadioptric cameras instead of the conventional ones.

In this section, ¢ numbers cameras and j numbers 3D points. Let x;;
denotes the vector in direction of the j-th ray reflected from the mirror
of the i-th central panoramic catadioptric camera. As we have pointed out
before, all reflected rays intersect in a single point and therefore the vectors
x;; can be used directly for computing the epipolar geometry of the central
panoramic catadioptric cameras.

The fundamental equation of the epipolar geometry, expressed for x;;,
reads as

ngExlj =0. (548)

Equation (5.48) is a homogeneous linear equation in elements of E. It can
be rearranged into the form

Ae=0, (5.49)

where e = [E11, E1, . .. ,E33]T and the rows of matrix A are in the form
[T172, Y122, 21T2, T1Y2, V1Y2, 21Y2, T122, Y122, 2122] -

Equation (5.49) has a non-zero solution only if A is singular. Then, the
vector e lies in a null space of A and can be recovered up to a nonzero scale.
Using the Singular Value Decomposition (SVD) [83] of A, e is obtained as
the right singular vector corresponding to the smallest singular value.

A similar epipolar geometry estimation algorithm was introduced by
Longuett-Higgins [170] and it is known as the 8-point algorithm, though
usually more than 8 correspondences are used. It is known to be suscep-
tible to even small amount of noise. Hartley in [94, 94] and recently also
Miihlich and Mester [190] showed that the above SVD-based method per-
forms almost as well as much more complicated nonlinear methods [173] if
coordinates of points x;; and x5; are normalized by a proper linear trans-
formation so that the average point x;; has coordinates [1,1, 1]7 [94].

The essential matrix E has six free parameters [67] while the solution
obtained via SVD leaves eight free parameters. It is because the estimate
of E, E, obtained by solving equation (5.49), does not have to satisfy all
the constraints valid for a true essential matrix due to noise in data. A true
E, closest to E such that the Frobenius norm of E — E is minimal, can be
found by the algorithm given by Hartley [96]. Similarly to the estimation
of A, finding true E according to [96] has to be done in the normalized
coordinates [94] to avoid sensitivity to noise.
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FIGURE 5.14. The normalization of image data for conventional cameras moves
the center of the new coordinate system to the centroid of the points. The image
coordinates are scaled so that their average equals v/2.

5.9 Normalization for Estimation of Epipolar
Geometry

We want to show that a different normalization of image coordinates has
to be applied if omnidirectional cameras are used. Let us first shortly re-
capitulate how the normalization for conventional cameras [94, 94, 190 is
done.

5.9.1 Normalization for Conventional Cameras

It is most critical to do the normalization for uncalibrated conventional
cameras because the vectors u;; = [u;j,vij, 1]7, are measured in pixels. As
the calibration matrices K7, K> are unknown in this case, only a funda-
mental matrix F from equation (5.21) can be recovered from image data.
The equation (5.49) therefore becomes

Bf=0, (5.50)

where f = [Flla F12, ey F33]T.
Let u;; = [100,100,1]7 be a typical point in a pair of uncalibrated im-
ages. Then, the row of B will be in the form

bl = [10%,10%,10%,10%,10%, 102,102, 10%,1] .
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Large variations in the magnitudes of the elements of b cause (5.50) to
be ill-conditioned, hence incorrect F is obtained. The condition number of
B in equation (5.50) can be improved by the following procedure [94]

1. Transform the image coordinates u;; by a linear transform
w;; = Tuy; (5.51)

so that the mean of u}; and the mean of uj; equal 0 and the aver-

age distance of the points in image from the origin equals v/2, see
Figure 5.14.

2. Find the fundamental matrix F’ corresponding to the points ugj.
3. Set F =T F'Ty.

Miihlich and Mester [190] show that the above procedure provides an
unbiased estimate of F' if pixel coordinates of points in the first image are
affected by identically distributed zero-mean Gaussian noise while the co-
ordinates in the second image are noise-free. They require that the trans-
formation 77 accounts for a translation and an isotropic scaling of pixel
coordinates while T accounts for a translation and an non-isotropic scal-
ing. Thus, the distribution of noise in uj; is the same as the distribution of
noise in uy;. It is mainly the autocorrelation matrix of u;; which is normal-
ized. Since all u;; lie in an (image) plane, the normalization can be done
for all points by one linear transform.

Let us also remark that if conventional cameras are calibrated, a part of
the normalization effect can be achieved by multiplying u;; by inverses of
the camera calibration matrices K7, K>. Then, the coordinates of vectors
u;; are all in the same units and usually have less different magnitudes.
Therefore, the condition number of B improves. However, using the in-
verses of the camera calibration matrices may be less optimal than the
normalization proposed in [94, 190].

5.9.2 Normalization for Omnidirectional Cameras

The central panoramic catadioptric cameras described in this work are
calibrated but the vectors x;; from equation (5.48) can have quite large
variations of lengths. It is therefore not possible to use them directly.
Moreover, vectors x;; usually span more than a hemisphere and there-
fore cannot be modeled as vectors in plane with the first two coordinates
affected by identically distributed noise. Instead, for a omnidirectional cam-
era, it is more appropriate to expect that all the coordinates are affected
by identically distributed Gaussian noise. Thus, the previous conventional
normalization cannot be used. Instead, the following normalization

’ Xij
X = — y (5-52)
Yl
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FIGURE 5.15. The normalization for omnidirectional cameras for identically dis-
tributed Gaussian noise in all coordinates transforms x;; — x;; so that [|xj;|| = 1.

so that ||x;;|| = 1, see Figure 5.15, can be used to improve the condition
number of A in equation (5.49).

Figure 5.16 shows the difference in the estimate of E when it is estimated
directly from the vectors x;; or from the vectors x;; normalized by (5.52).

The dark epipolar conics are shown for the estimate E without enforcing
any constraints. It is done so to see if the conics intersect in a consistent
epipole. Assuming zero noise, 2 = E. Therefore the conics intersect even
without enforcing the constraints. An ideal estimation method has to be
immune to noise and therefore it must provide a consistent E. The light
epipolar conics correspond to the true E which has been computed from
a known camera motion and known camera parameters. Figure 5.16 shows
that the consistency as well as the precision of the estimate improved when
the normalization given by equation (5.52) was applied. Note that, though
only 17 correspondences were used in the estimation, the estimated epipolar
geometry is very close to the correct one. Two bottom images are details
taken from image pair shown in Figure 5.12. Both images are with the same
scale. The intersection of conics estimated from normalized points is much
more compact than that one estimated from points without normalization.

Miihlich and Mester showed that the normalization (5.51) provides an
unbiased estimate of F for identically distributed zero-mean Gaussian noise
in pixel coordinates. The noise distribution in x;; for a panoramic catadiop-
tric camera does not have to be identical as x;; are obtained as a nonlinear
functions of u;;. Therefore, a general unbiased estimator of the epipolar
geometry of central omnidirectional (not only panoramic) cameras has the
following structure

1. Transform x;; to xj; = N(x;;) by a nonlinear mapping N so that
(i) error in x;; is identically distributed and (ii) the epipolar con-
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FIGURE 5.16. The light conics correspond to the actual ground-truth E while
the dark ones are estimated from image data for (a) non-normalized x;; and (b)
normalized x;; so that ||x;|| = 1. Images (c) and (d) show detail views of an
epipole. The normalization provides more consistent and more accurate epipolar
geometry. Images (e) and (f) are detailed images of conic intersection taken from
image pair shown in Figure 5.12. Both images are with the same scale. The
intersection of conics estimated with the point normalization (f) is much more
consistent than the one estimated without normalization (e).



102 T. Pajdla, T. Svoboda, and V. Hlavac

straint still holds for exact data, i.e., ‘v’xij,xngx]j = 0 holds that
3B, vx,;, x4, T E'xy; = 0.

2. Find the estimate of the essential matrix, E’ corresponding to the
points x;; satisfying all the constraints of a true essential matrix.

3. Correct the points x;; — X{; using E' so that X;; satisfy the epipolar
constraint defined by E’ exactly.

4. Set Xij = N—l()_(;j).
5. Recompute E from X;;.

Different camera-mirror arrangements require different form of the normal-
ization N. It is a matter of further research to work out unbiased estimators
for various cases.

5.10 Summary

We have shown that the hyperbolic and parabolic catadioptric cameras are
the only panoramic catadioptric cameras with a single mirror which have a
single viewpoint. It was stressed that (i) a conventional camera center has
to coincide with the focal point of the hyperbolic mirror to obtain a single
viewpoint for the hyperbolic mirror; (ii) an orthographic camera has to have
the rays parallel to the mirror symmetry axis to obtain a single viewpoint
for the parabolic mirror. A complete characterization of epipolar geometry
of central panoramic catadioptric cameras with one mirror was presented.
Explicit formulas for the epipolar conics in panoramic images were given.
It was shown that epipolar curves are (i) general conics for a hyperbolic
camera, (ii) ellipses or lines for a parabolic camera. It was explained that the
difference between the conventional and the panoramic epipolar geometry
estimation algorithms based on SVD consists in image data normalization
only. A normalization suitable for omnidirectional cameras was proposed
and its performance was demonstrated. The need for an unbiased estimator
of the epipolar geometry of panoramic cameras was pronounced.
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Folded Catadioptric Cameras
S.K. Nayar and V. Peri

6.1 Introduction

Catadioptric cameras use a combination of mirrors and lenses to image
the scene of interest. In recent years, several lens-mirror combinations have
been proposed for the capture of panoramic images (for examples, see [46],
[301], [110], [306), [28], [191], [194], [198], [43], [31], [157], [265], [21]. [35],
[300], [13], [52]). Catadioptric systems have also been developed for the
projection of stereo views onto a single image detector (see [197], [85],
(115], [262], [309], [201], [82], [24], [81]).

Of particular interest to us here are wide-angle cameras that satisfy the
single viewpoint constraint; if a catadioptric system is capable of viewing
the world from a single point in space, the captured image can be mapped
to distortion-free images. Since such mapped images adhere to perspective
projection, a variety of existing results in vision can be directly applied.
Surveys of existing single-mirror catadioptric systems have been presented
in [194], [198] and [300]. The complete class of single-mirror, single-lens
imaging systems that satisfy the single viewpoint constraint have been
analyzed in [13].

A major issue with catadioptric imaging systems is that they tend to be
physically large when compared with conventional ones. This is due to the
fact that the capture of a wide unobstructed field of view requires the lens
and the mirror to be adequately separated from each other. To work around
this problem, the well-known method of optical folding is used. A simple
example is the use of a planar mirror to fold the optical path between a
curved mirror and an imaging lens (see [31]). The folding can be in any
direction; a 90° fold may help conceal some of the optical elements in an
outdoor application and a 180° fold reduces the size of the entire system.
Folding by means of a curved mirror can result in greater size reduction.
More importantly, curved folding mirrors can serve to reduce undesirable
optical effects such as field curvature.

In the context of wide-angle imaging, a few folded systems have been
implemented in the past. Here, we will focus on coaxial systems where
the axes of the all the optical components are coincident. Buchele and
Buchele [36] designed a single optical unit (a refractive solid) with a concave
spherical mirror and a planar mirror attached to (or coated on) the solid.
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This idea was extended by Greguss [88] who used a similar refractive solid
with convex and concave aspherical mirrors. Powell [219] further improved
the design by using a different shape for the refractive solid and convex
and concave conics for the reflectors. Rees [224] has implemented a system
that includes a convex hyperbolic primary mirror and a convex spherical
secondary mirror. Rees has also developed an imaging lens that would
compensate for undesirable optical aberrations generated by these curved
mirrors. Rosendahl and Dykes [227] described an implementation that uses
convex and concave hyperbolic mirrors and accompanying imaging optics
for correction of field curvature. Charles [46] proposed a simple design in
which the primary mirror is curved and the secondary one is planar. More
recently, Davis et al. [57] described a system that uses three mirrors for
redirection and folding. Several variants of the above designs have been
suggested in the last few years (for examples, see [28], [191], [21]. [35]).

The previous work described above has not paid much attention to the
single viewpoint constraint; the main objective has been to develop systems
that produce high quality images of large fields of view. In this chapter,
we first look at the general problem of designing folded catadioptric cam-
eras that have a single viewpoint. Geometric tools used in telescope design
[176] and microwave optics [53] are invoked in the context of wide-angle
imaging. This leads to a general framework for designing multiple-mirror
systems with single viewpoints. However, the resulting mirror shapes are
shown to be arbitrarily complex. Such mirrors make it difficult for the de-
signer to minimize optical aberrations over the entire field of view. Hence,
we restrict ourselves to designs that use conic mirrors whose optical man-
ifestations are better understood and easier to correct. A complete dictio-
nary of conic systems is presented within which some of the existing designs
lie. In addition, we show that any folded system that uses conics can be
geometrically represented by an equivalent system that uses a single conic.
This result makes is easy to determine the scene-to-image mapping for any
folded system that uses conic mirrors.

Finally, as an example, we choose a specific design from our dictionary
and implement a folded catadioptric video camera that is 9 cm tall, 5
cm wide and has a hemispherical field of view. The performance of the
camera is described in terms of its spatially varying point blur function
and enclosed energy plots. Perspective and panoramic images are shown
that are computed from the hemispherical video using software.

6.2 Background: Single Mirror Systems

We briefly summarize the use of a single mirror and a single lens to cap-
ture a large field of view that is observed from a fixed viewpoint. In [12]
the general problem of deriving mirror shapes that satisfy the fixed view-
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point constraint was studied. If z(r) is the profile of the mirror shape, the
complete class of solutions is given by

-9+ (1-5) = 5(59).
(z— §)2+r2 <1+§;) = (2tzc2) : (6.1)

where, ¢ is the distance between the desired viewpoint and the entrance
pupil of the imaging lens, and t is a constant of integration. This solu-
tion reveals that, to ensure a fixed viewpoint, the mirror must be a plane,
ellipsoid, hyperboloid, or paraboloid (see [12] for details).

6.3 Geometry of Folded Systems

As stated earlier, optical folding allows us to develop catadioptric cameras
with significantly better packaging and optical performance. As we shall
see later, folding using mirrors can also serve to reduce undesirable optical
effects that are inherent in most complex imaging systems.

6.3.1 The General Problem of Folding

As always, we will impose the constraint that the complete folded system
must have a single fixed viewpoint. Interestingly, this does not imply that
each mirror used in the system must satisfy the fixed viewpoint constraint.
The general problem of designing folded imaging systems can be stated as
follows: Given a desired viewpoint location and a desired field of view, de-
termine the mirrors (shapes, positions and orientations) that would reflect
the scene through a single point, namely, the center of projection of the
imaging lens. Though this problem has not be addressed in the context
of wide-angle imaging, valuable theory has been developed for the con-
struction of multiple-mirror telescopes and microwave devices [53]. These
are essentially imaging systems with very narrow fields of view (typically
a couple of degrees). This theory is truly attractive in that it provides a
suite of geometric tools for constructing folded systems (see [53]). Here,
we will outline the approach in the context of single-viewpoint, wide-angle
systems.

Figure 6.1 shows a sketch of the problem. Let us assume that shape of
the primary mirror is arbitrarily chosen and positioned with respect to the
desired viewpoint O. Since the mirror has an arbitrary shape, the rays of
light that travel from the scene towards the viewpoint O, after reflection
by the mirror, do not necessarily converge at a single point. Instead, they
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can be viewed as tangents to a surface that is called a caustic'. We would
like to design a secondary mirror that would reflect these rays such that
they intersect at a single point P, where the entrance pupil of the lens
is located. For this, consider a string (dotted in Figure 6.1) with one end
wound around and fixed to the caustic and the other end attached to the
lens location P. Now, consider the point L that pulls on the string to keep
it taut. As L moves along the string (while keeping it taut) in the direction
shown in Figure 6.1, the string will wrap around the caustic and the locus
of L is the required shape of the secondary mirror.

It is worth noting that this elegant method for deriving mirror shapes
from caustics can be applied repeatedly to design systems with more than
two mirrors. It is a general technique for designing mirrors that transforms
one caustic to another. In our case, the second caustic happens to be a point
(P). If the camera lens itself is not perspective but instead has a locus of
viewpoints (yet another non-point caustic), it is possible to determine the
secondary mirror that would map the first caustic to the second one (53],
while ensuring that the complete system maintains a single viewpoint.

Clearly, the shape of the secondary mirror depends on the shape of the
first caustic, which in turn depends on the shape of the primary mirror.
Even for simple mirrors the caustics can have complex shapes such as
nephroids, cardioids, cycloids, astroids, etc. For instance, in the case of
collimated rays incident on a sphere, the caustic is a nephroid, which is
rather complex [53].

6.3.2 The Simpler World of Conics

As we have seen, a variety of exotic mirror pairs can be used to construct
folded imaging systems with single viewpoints. However, complex mirror
shapes tend to produce severe optical aberrations that cause image quality
to vary dramatically over the field of view. '

To keep geometrical and optical analysis simple we return to the conic
mirrors given by equation (6.1). Note that each conic has well-defined foci
that essentially serve as “point caustics” in relation to Figure 6.1. It is
therefore easy to combine two (or more) conic mirrors to ensure a fixed
viewpoint. To further simplify matters, we will restrict ourselves to coaxial
imaging systems where the axes of the mirrors and the optical axis of
the imaging lens coincide. A dictionary of the various configurations that
result from using conic mirrors is show in Figure 6.2. Figure 6.2(a) shows
a primary hyperboloidal mirror and a secondary planar mirror. Rays from
the scene in the direction of near focus F; of the hyperboloidal mirror
are reflected in the direction of its far foucs Fj. The system is folded by

!Caustics have been used in vision for the recovery of specular shapes from
highlights (see [207]).
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SECONDARY MIRROR

CAUSTIC
(FIRST REFLECTION )
POINT CAUSTIC
-

(SECOND REFLECTION )

o PRIMARY MIRROR

FIXED VIEWPOINT

FIGURE 6.1. Geometrical construction of a wide-angle two-mirror imaging sys-
tem. For any chosen primary mirror, a secondary mirror can be found that maps
scene rays in the direction of a chosen viewpoint O to a chosen imaging pupil P.
The rays of light in the direction of the viewpoint O are reflected by the primary
mirror. The reflected rays are tangents to a surface called the caustic. The sec-
ondary mirror that would reflect these rays in the direction of the entrance pupil
of the lens P is determined as the locus of the point L that slides along a taut
string that is attached to the point P and wound around the caustic.
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placing the planar mirror between the near and far foci such that the far
focus F is reflected to the point P where the imaging lens is positioned,
facing upward. The imaging lens and camera can therefore be placed inside
the hyperboloidal mirror, further aiding compact packaging. Similarly, in
Figure 6.2(b) the far focus of an ellipsoidal primary mirror is reflected by
the planar mirror to P.

More sophisticated systems can be found in Figures 6.2(c)-(f) where the
primary and secondary mirrors are hyperboloids and ellipsoids?. In each
case, the near focus of the secondary mirror is made to coincide with the
far focus of the primary mirror. The entrance pupil of the imaging system
is then placed at the far focus of the secondary mirror. Figure 6.2(g) shows
how a concave hyperboloid may be used. A few more systems that use
concave hyperboloids and convex ellipsoids exist but are omitted for brevity.

Finally, in Figure 6.2(h) and (i) paraboloidal primary and secondary mir-
rors are used. In these cases, the primary mirror orthographically reflects
all rays of light incident in the direction of its focus F;. These rays are
collected by a secondary paraboloid and reflected so as to converge at its
focus Fo, where the lens is positioned. In effect, the secondary mirror and
the imaging lens together serve as a telecentric imaging system as used in
[198]. Note that the secondary mirror has a significantly larger focal length
than the first one. Similar designs were proposed in [35], where the pin-
hole of the camera is placed between the primary and secondary parabolic
mirrors.

6.3.3 FEquivalent Single Mirror Systems

Here, we show that any folded system with two conic mirrors can be geo-
metrically represented by an equivalent system with a single conic mirror,
where the scene-to-image mapping of the original system is preserved by
the equivalent one. It should be noted that geometrical equivalence does not
imply optical equivalence; a folded system can be designed to have better
optical performance than its single-mirror equivalent. Even so, the geomet-
rical equivalence is valuable in that it enables one to easily determine the
relation between scene points and image coordinates, which is needed to
map images produced by a folded system to perspective or panoramic ones.

Figure 6.3 shows a sketch of a folded system with two conic mirrors.
Since the system has axial symmetry, the equivalence need be established
only for a one-dimensional cross-section. Let the primary mirror C; have
conic constant k, radius of curvature Ry, and near and far foci F; and F;.
The shape of the mirror is fully determined by its conic constant: k; = 0

2Gome of these combinations were pointed out by Sergey Trubko [283] at
CycloVision Technologies.
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FIGURE 6.2. A dictionary of two-mirror folded catadioptric camera designs that

satisfy the single viewpoint assumption. In this dictionary only mirrors with conic
cross-sections are shown. Mirrors with the following shapes are used: planar (PL),
hyperboloidal (HYP), ellipsoidal (ELL) and paraboloidal (PAR). The primary
and secondary mirrors are denoted by (1) and (2), respectively. The near and far
foci of the primary mirror are denoted by F'1 and F'1’, and those of the secondary
mirror by F'2 and F2'. The entrance pupil of the imaging lens is positioned at P.
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FIGURE 6.3. Any single-viewpoint folded system that uses two or more conic
mirrors has an equivalent single mirror system with the same compression, which
is the relation between the directions of scene points (6) and their image coordi-
nates (determined by f3).
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gives a sphere, 0 > k; > —1 yields an ellipsoid, k; = —1 gives a paraboloid
and k1 < —1 results in a hyperboloid. The distance between its foci is
2RV —k1/(1 + k1)-

While the conics in equation (6.1) are defined with the near focus at the
origin, we can move the origin to the apex (or vertex) of the mirror to get
the simpler form:

2= —2Ryz — (14 k1)2%. (6.2)

Alternatively, one can write the expression of the conic in polar coordinates
with the origin at the near focus F; as

Ry
= 6.3
P 1+ +/—kicosf (6:3)

where
z=pcosf — Ry /(1 ++/—k1), r=psinf. (6.4)

The scene ray L; in the direction of F; strikes the primary mirror C; at
P;. The slope of the mirror at P; is

dr _ —R; — (1+ k)=

my; = E = " (65)
Using (6.4), we can substitute for z and r to get
vV—k 0
my = _V=f tcosf . (6.6)

sin 6

From this expression for the slope and the specular reflection constraint
(incidence angle equals reflection angle), we get the following simple rela-
tion between the angle € of an incoming scene ray L; and the angle a of
the reflected ray Ls:

(1+kq)siné
2v/—k1 + (1 —ky)cosf

The above expression determines the compression of rays due to the pri-
mary mirror. The secondary mirror Cs is also a conic (with constant ks).
Since its near focus F coincides with the far focus F of the primary mir-
ror C1, the rays reflected by C; are directed towards F». Hence, the above
compression equation can be used to relate the angle o of an incoming ray
Ly to the angle 3 of the reflected ray Lgs:

tana =

(6.7)

(1+ kg)sina
2v/—ka + (1 — kg)cosa

From equations (6.7) and (6.8) we get the compression of the complete
folded system:

tan g =

(6.8)
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tan @ = (6.9)
(14 k1)(1+ ko) sinf
[2(’(;1 + k?z — klk‘;g - k}kz) + (1 + k]_(k2 - 1) + 4];1]52 - k2) COSH]

where k~1 =+/—k7 and k~2 = y/—ky. If neither mirror is a paraboloid, i.e.
k1 # —1 and k2 # —1, the above compression is the same as that produced
by a single conic mirror with a conic constant of either k. or 1/k, where 3

ke = —(‘/‘—’““"”) . (6.10)

1+ VFivFs

For each of the folded configurations shown in Figure 6.2(c)-(g), the equiv-
alent conic is either a hyperboloid or an ellipsoid. The equivalent conic is
a sphere for the special (but impractical) case of a folded system made of
two concentric spheres.

The paraboloidal configurations (k; = k2 = —1) in Figures 6.2(h) and
6.2(i) also have equivalent single-conic systems. However, the conic con-
stants of these equivalent systems are not independent of scale. In these
cases, k. is a function of the parameters h; and hg of the two paraboloids
and can be shown to be

_ hy +ha\°
ke = — (h1 _h2> : (6.11)

Here again, the equivalent conic can be an ellipsoid or a hyperboloid when
h1 # ha. When the two paraboloids are identical, i.e. hy = h2, no com-
pression of the field of view is achieved and the equivalent conic is a sphere
with the viewpoint at its center.

6.4 Optics of Folded Systems

The above designs only define the geometry of the sensor. That is, the
entrance pupil of the imaging system is taken to be a pinhole and hence
only the principal rays are considered. When a lens is used to gather more
light, each principal ray is accompanied by a bundle of surrounding rays
and a variety of optical aberrations appear that make the design of a folded
system challenging.

3In equation (6.7) we see that for k1 # 0 and k1 # -1, tanaly,,e =
—tanali/k, 6. That is, the compression by an ellipsoid of conic constant k is
equivalent to the compression by a hyperboloid of conic constant 1/k;.
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6.4.1 Pertinent optical effects

Here, we briefly describe some of the optical aberrations that are pertinent
and we need to minimize in our designs. Details on these aberrations can
be found in [104].

Chromatic Aberration: The refractive index of any material is a func-
tion of the wavelength of light. Hence, the focal length of any lens will vary
somewhat with the “color” of the incoming light. An imaging lens will have
several individual elements, the exact number depending on the purpose
and quality of the lens. Each element can have a different refractive index
and curvature. A part of our design procedure will be to ensure that chro-
matic aberrations induced by individual elements at least partially com-
pensate for each other. In systems that use curved mirrors, other optical
effects discussed below tend to be more severe than chromatic shifts.

Coma and Astigmatism: Both these aberrations are caused primarily
due to the curvatures of the mirrors. In particular, since our designs use
aspherical mirrors, the point blur function has non-intuitive and varying
shapes over the field of view. The effect of coma is linearly dependent on
the field angle (measured from the optical axis) while it is proportional to
square of the aperture size. In contrast, astigmatism varies as square of the
field angle while it is linear in the aperture size. Both effects cause the best
focused image of a scene point to not be a single point but rather a volume
(of confusion). In coaxial systems like the ones shown in Figure 6.2, these
areas are somewhat umbrella shaped and point towards the center of the
image (see [12] for examples). As in any conventional lens, this blur function
expands with aperture size. Our design goal is to maximize aperture size
(minimize F-number) while ensuring that the blur function falls within a
single detector (pixel) for all points in the field of view.

Field Curvature: Since at least one of our mirrors is curved, points at
infinity end up being best focused not on a plane but rather a curved sur-
face behind the imaging lens. This curved surface is also called the Petzval
surface [104]. Astigmatism causes further problems, in that, even on this
curved surface, the image is not perfectly focused. Since the CCD imagers
we have at our disposal are planar, the curved image surface is essen-
tially sliced through by the planar detector. Thus, the best image quality
is achieved where the curved image and the planar detector intersect. Field
curvature is our most serious optical aberration. In compact systems (small
mirrors with high curvatures) field curvature tends to dominate over all
other aberrations. Interestingly, folded systems can come to our aid here.
In a single mirror system, the image surface is curved in the same direction
as the mirror itself. Hence, in a two-mirror system it is to our advantage to
use a convex and a concave mirror so that the field curvatures introduced
by the two mirrors serve to compensate for each other.

We have seen that the design of a folded system requires simultaneous
minimization of a variety of complex aberrations. In other words, the ob-
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jective function used for minimization needs to be carefully formulated and
controlled during the optimization process.

6.4.2 Design Parameters

Before we describe how the optimization is performed, let us summarize
the parameters at work. Since the total number of parameters is generally
very large, it helps to fix some of them prior to system optimization based
on what is commonly known in optics. The benefits of such early choices
are obvious; the smaller the number of free parameters the greater the
liklihood that the optimization will converge to the desired result.

CCD Size: A few different CCD formats are commercially available
(1 inch, 1/2 inch, 1/3 inch, 1/4 inch, etc.). If the number of pixels in
each CCD is more or less the same, the pixel size reduces with CCD size.
Typically, the choice of the CCD format is based on the packaging and
resolution requirements of the application. In our systems, the sharpest
digital image is not necessarily obtained using a large or small CCD. Given
the complexity of the image formation process, the best results could be
obtained for any one of the above choices.

Imaging Lens: The parameters of the imaging lens are characterized
by its focal length, field of view, number of elements and its speed (aper-
ture size). While the number of elements and their basic shapes (convex,
concave, meniscus, etc.) may be selected up-front by the designer, the cur-
vatures and diameters of the lenses may be treated as free parameters.
Once the optimization is done, one tries to match the resulting parameters
with those of commercially available lenses. If a reasonable match is not
found, a custom lens may be designed and fabricated.

Mirrors: As we have seen in section 6.3, a large number mirror shapes
are feasible from the perspective of geometry. Based on the size and field of
view requirements, as well as a good deal of intuition, one must select the
general shapes of the mirrors to be used. Further, since we know apriori
that the use of a convex and a concave mirror helps to reduce field curva-
ture, such a choice can be made up-front. Once the basic shapes have been
chosen, the exact shape parameters can be determined via optimization.
Note that selecting mirror shapes is not equivalent to selecting the param-
eters of the mirrors. For instance, when using conics, the conic constants
can be treated as free parameters to be optimized, with upper and lower
bounds provided by the designer.

Distances: We know that to achieve a single viewpoint, the far focus
of one mirror must coincide with the near focus of the other. In addition,
fairly tight bounds on the distances between the individual optical com-
ponents can be set based on the sensor size requirements imposed by the
application. The exact distances can then be treated as free parameters in
the optimization process.
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6.4.3 System Optimization

In our work, the free parameters are computed using the Zemax software
package from Focus Software Incorporated. The package performs iterative
numerical optimization using fast ray-tracing. During each iteration, im-
ages of point sources in the scene are generated. An objective function is
formulated to yield a minimum when the ray-traced point spread functions
are most compact. Again, the optimization package cannot be allowed to
simply run without expert guidance. Typically, scores of designs are arrived
at, analyzed, and new user inputs provided before a final design is achieved.

6.5 An Example Implementation

We have experimented with a few of the folded designs discussed in this
chapter. Here, as an example, we will describe a panoramic camera based on
the layout shown in Figure 6.2(h), wherein two parabolic mirrors are used.
Note that the secondary mirror has a significantly longer focal length than
the first one. This is because the two mirrors must be adequately separated
to avoid a large blindspot due to obstruction by the secondary mirror. Prior
to optimization, it was decided that the complete sensor must lie within a
cylinder that is 90 mm tall and 50 mm in diameter. The desired field of
view was set to a hemisphere and the maximum allowable blindspot to 22
degrees when measured from the optical axis. It was also decided that a 1/3
inch CCD camera would be used. Given these constraints, the secondary
mirror ends up being a small (shallow) section of a paraboloid, which is
well-approximated by a spherical mirror. Using the above numbers as upper
bounds, the parameters of the entire system were optimized.

Figure 6.4 shows the resulting device. The primary parabolic mirror has
a focal length of 10 mm and a diameter of 40 mm. The secondary spherical
mirror has a radius of curvature of 110 mm. The video camera used is a
Computar EMH200 board camera that produces black-and-white images
with 550 horizontal lines of resolution. The imaging lens has a focal length
of 6mm and is attached to the primary mirror. This permits the user to
adjust the focus setting of the lens by simply rotating the mirror. Finally,
a microphone is attached to the center of the secondary mirror, pointing
towards the primary mirror. This effectively maps the narrow response cone
of the microphone to a panoramic one; sound waves from anywhere in the
hemispherical field of view are reflected by the primary mirror into the
microphone. The microphone itself does not obstruct the field of view as it
lies within the blindspot created by the secondary mirror.

Figure 6.5 shows the matrix spot diagram for the above design. Each
spot can be viewed as the point blur function for a specific wavelength
of light (columns) and a specific angle of incidence (rows). The scale bar
shown beside the top-left spot is 20 microns long. As seen, the spots vary in
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FIGURE 6.4. A folded catadioptric camera with a hemispherical field of view.
The device is 90 mm tall and 50 mm wide. It includes folded optics, a video
camera and a microphone.

shape quite a bit. This is due to aberrations caused by coma, astigmatism,
field curvature and chromatic aberration. The goal of the optimization was
to ensure that all the spots (across the different wavelengths and angles
of incidence) are kept as compact as possible. Figure 6.6 shows the energy
plots for the different angles of incidence. The plots convey, for each angle
of incidence, the fraction of energy in the point spread function included
within a circle of given radius. As the dotted lines indicate, for all angles of
incidence, about 70% of the total energy in the point spread function lies
within a circle of radius 4 microns. In our case, the pixel size on the CCD
chip is approximately 6.4 x 7.4 microns. Hence, the above system produces
an almost ideal digital image.

Figure 6.7(a) shows an image captured using the sensor. As can be seen,
despite all the complex optical aberrations at work, the sensor produces a
clear image that has a very large depth of field for all angles of incidence.
Figures 6.7(b) and (c) show perspective and panoramic video streams that
are computed from the hemispherical video.
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FIGURE 6.5. Spot diagrams for various wavelengths (columns) and angles of
incidence (rows), computed using the optimized optical design for the camera

shown in Figure 6.4.
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FIGURE 6.6. Encircled energy plots for different angles of incidence, for the
camera shown in Figure 6.4. As indicated by the dotted lines, for all angles of
incidence, 70% of the total energy in the point spread function lies within a circle
of radius 4 microns. The pixel size on the 1/3 inch CCD detector used is 6.4 x

7.4 microns.



(b)

(c)
FIGURE 6.7. (a) Hemispherical video produced by the catadioptric camera shown
in Figure 6.4. Software is used to map the hemispherical video to (b) perspective
and (c) panoramic video streams. The jaggy artifacts are due to the low resolution
(640x480) of the original video. These video streams are generated using user-
selected parameters such as viewing direction and field of view.
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Section 11

Panoramic Stereo Vision Systems

The previous section focusses on central, single-capture systems. In this
section, various alternative hardware-oriented solutions to producing stereo
panoramic images are described. These systems enable both wide-angle
visualization with parallax and depth recovery.

Chapters 7 (Basu and Baldwin) and 8 (Peleg, Ben-Ezra, and Pritch) de-
scribe panoramic systems that capture dynamic stereo panoramic images
at video rates. These systems overcome the problems associated with using
a rotating camera to generate stereo panoramic images. Chapter 7 (Basu
and Baldwin) describes a new approach to designing a real-time stereo
panoramic imaging system using a double-lobed mirror that allows stereo-
vision using just one camera. A technique for calibrating this panoramic
stereo camera using color codes is described, as is the real-time video hard-
ware. A mathematical model for depth estimation using the new stereo
design is also derived; experimental results to validate this model are also
presented.

Chapter 8 (Peleg, Ben-Ezra, and Pritch) presents another mirror-based
stereo system. It introduces two possibilities for capturing stereo panoramic
images using optics and without using any moving parts. In particular, it
describes a mirror that is specially designed to be essentially equivalent to
using a centrally-displaced rotating camera. Such a mirror enables stereo
panoramic movies to be captured using just a regular video camera. The
analysis of the lens and mirror for stereo panorama is also provided in this
chapter; this analysis is based on curves whose caustic is a circle.

The last three chapters in this section describe the various aspects of
a rotating camera system used for panoramic stereo vision. This system
comprises two rotating linear cameras whose optical center is on the ro-
tation axis. Chapter 9 (Benosman and Devars) describes the sensor and
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its geometry. This is followed by description of two stereo head calibration
techniques in Chapter 10 (Benosman and Devars). The first calibration
technique is based on rigid transformations while the second is based on
projective vectors of points in the scene. Finally, Chapter 11 (Benosman
and Devars) describes two real-time methods to match a pair of linear
images taken using the panoramic stereo vision system.

Additional Notes on Chapters

A previous version of Chapter 9 was published in the Journal of Electronic
Imaging in July 1996. A previous version of Chapter 10 was published in
the proceedings of the IEEE Conference on Pattern Recognition, held on
August 1996 and in Pattern Recognition Letters in July 1998. A previous
version of Chapter 11 was published in the proceedings of the IEEE Con-
ference on Pattern Recognition, held in August 1996.
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A Real-time Panoramic Stereo
Imaging System and Its
Applications

A. Basu and J. Baldwin

7.1 Introduction

In the past omni-directional cameras have been designed by several re-
searchers such as [302]. The problem with using normal cameras for vision-
guided navigation is that objects from behind or the sides cannot be seen,
and are thus impossible to avoid collisions with. Yagi addressed this prob-
lem by placing a mirror surface vertically on top of a normal camera. Even
though the quality of the resulting image was not suitable for tasks such
as object recognition, the images could be used very effectively for de-
tecting moving and static obstacles in the scene. A robot was built with
this panoramic imaging system in Osaka, Japan, and the robot could au-
tonomously navigate in an environment cluttered with obstacles. Variations
of this system have been developed by several other researchers later on.

One of the limitations of using panoramic images as viewed by a normal
camera focussed on a mirror surface is that the images are distorted and not
suitable for recognition or inspection type tasks. To alleviate this difficulty
the images need to be warped into its proper geometric shape before being
used for future tasks. One such application involved pipeline inspection
using conical mirrors. Figure 7.1 shows an actual implementation of such
a device [19].

Omni-directional imaging also allows users to have a full 360 degree field
of view, which enables them to have the feeling of immersive presence in a
“virtual” environment. This “virtual” environment is different from graphi-
cally generated scenes in the context of virtual reality in that it allows users
to visualize a real environment without being physically present in it. Tra-
ditional applications of omni-directional sensing have been in autonomous
vision based navigation of mobile robots, security and surveillance, and
military applications. One of the future applications of panoramic sensing
is in providing telepresence without the need for using moving parts or mul-
tiple cameras. A single camera system is desirable in situations where it is
important to minimize the number of components in order to reduce the
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FIGURE 7.1. Omni-directional cameras. The smaller cone on the left is from a
previous version of the system.

possibility of breakdowns. Consider an imaging system that is to be used
in a Lunar Rover. There are two considerations for such an application:

1. Weight: it is very expensive to transport equipment in space. Thus
it is preferable to make the system as light as possible.

2. Redundancy and fault tolerance: in case of breakdowns the sys-
tem should have some backup so that images can still be seen. There-
fore it is desirable to have individual cameras work as independent,
and possibly redundant, units.

Another area in which panoramic sensors can be used is in automatic
missile tracking systems that may be mounted in defence aircraft or navy
vessels. A panoramic stereo device would provide a compact piece of hard-
ware, information from which can be easily processed without the need for
coordinating input from multiple cameras or the use of pan/tilt units for
moving one or more cameras.

In the past, various strategies have been proposed for 3D range imag-
ing. Some of the techniques include projection of light patterns on objects
[233], photon counting [180], range from defocusing [164], and synchronized
scanners [226]. Range imaging has a wide variety of applications including
computer aided design, data acquisition for automated design, and man-
ufacturing of customized orthopedic devices for the handicapped. Even
though range imaging has several useful applications, it is not essential in
many situations where there is a “human in the loop.” Stereo imaging is
often sufficient for human visualization and depth perception. The system
described in this paper is intended for real-time applications that require
fast response. High resolution, but not real-time, systems can be designed
using other methods, such as, a vertically aligned linear sensor system de-
scribed in [22].
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The next section describes some past work done by us which utilized
omni-directional sensing. Section 3 introduces a novel concept for design-
ing a stereo panoramic sensor using a single camera. An alternative way
for calibrating an arbitrary panoramic surface using a colored calibration
surface is discussed in Section 4. An actual hardware design for panoramic
stereo is described in Section 5; followed by snapshots of real-time video
produced by the system in Section 6. Section 7 describes the mathematical
modelling of panoramic stereo for depth estimation, with related experi-
mental results vaildating the model being described in Section 8. Finally,
some future improvements are outlined in Section 9.

7.2 Previous Applications

In the past we conducted research and development on using omni-directional
sensors for pipe inspection. Industrial pipes carrying different kinds of flu-
ids, as well as sewer systems, need to be routinely examined for cracks and
deformities. At present, authorized inspectors make a video tape utilizing
fish-eye type lenses. This type of inspection, however, can be quite subjec-
tive. It is possible to use an omni-directional camera to obtain cyclindrical
image pieces of the interior surfaces of pipes. These images can then be
patched together and displayed as a 3D surface using graphics tools.

FIGURE 7.2. An individual image fragment.

Experiments were conducted using real images. Images from a section of a
pipe were obtained by moving the panoramic camera in small steps inside
the pipe. The image pieces were then warped into rectangular sections
which were registered into composite sections.

Figure 7.2 shows 1 of 25 fragments that were automatically assembled
into the composite image of Figure 7.3 (left). The numbered strip on the
right hand side is shown to compare the accuracy of the registered im-
age with the actual image of the inner surface of the pipe. Note that the
numbered strip was added to illustrate the correctness of the registration.
The image registration algorithm was not given this portion of the images
(which would have made the task considerably easier). The registration
was accurate except for a small portion at the bottom of the image. This
inaccuracy was caused by insufficient lighting — the light was placed at
one end of the pipe, so the image got darker towards the bottom.
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FIGURE 7.3. Registered image pieces (left) and 3D visualization of registered
image (side view).

The registered images were then mapped on to a 3D model of the pipe
using texture mapping techniques (Figure 7.3, right).

7.3 Stereo Design

We were motivated to develop an imaging system which is passive, yet
stereoscopic and omni-directional [28]. Traditionally, work on stereo com-
puter vision systems used multiple cameras facing in the same direction [63]
[151] [205]. In addition, in order to achieve omni-directional vision articu-
lated camera platforms were used. This was expensive, complex and slow.
Our design obviates the need for multiple signals and return telemetry to
the camera by using a single camera and a specially shaped, double-lobed
mirror (Figure 7.4).

The mirror comprises two bi-convex lobes — a minor lobe embedded in a
major lobe; the field of view of each is restricted by the geometry, but covers
well over a hemisphere. At most elevations a point in the environment is
reflected in both lobes and is thus represented twice on the imaging plane of
the camera. Since the object has been effectively imaged from two different
positions in space, the essence of a binocular imagery is present, and depth
can be recovered.

Since we preferred a device with uniform characteristics over the full 360°
range of azimuth, the mirror design reduces to specifying the radial profile
(and the distance from the camera to the mirror). However, several related
design issues hinge around this shape as outlined below.
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Conventional
camera system

Minor lobe
field of view

Major lobe
field of view

Double lobed mirror

FIGURE 7.4. Concentric double convex lobes each provide an image covering
the complete azimuth image, but each over a limted range of elevations. The
overlapped elevation range visible to both lobes is the stereo field of the device.

7.3.1 Vertical Extent of Stereo Field of View

This is the easiest performance measure to calculate. Stereo imaging re-
quires two viewpoints, so a point in the environment must be represented
in the fields of both minor and major lobes of the mirror. For very high
elevations, either the view from the minor mirror will be eclipsed by the
camera body, otherwise the image from the major lobe will be lost because
the minor lobe has started. It is desirable for these two events to occur
at roughly the same high elevation. For very low elevations, either the mi-
nor lobe limits are violated, or the major lobe fails because the grazing
reflection from its edges yield extremely poor image quality.

It is reasonable to accept conservative upper and lower limits to the
stereo field and design the boundaries accordingly.

7.3.2  Effective Eye Separation

In the case of a two camera stereo arrangement with parallel axes, each
camera represents an eye, and so the distance between the eyes (inter-
occular distance) equals the spacing between the cameras. In the double-
lobe mirror case, however, the inter-occular distance is not constant but a
function of the elevation of the point of interest in the field of view. The
effective eye positions are the points of reflection on the surfaces of the
lobes. It is necessary to perform tests with human subjects to see just how
disturbing it might be to perceive one’s eyes separating when panning up,
and converging again when panning down.
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Very low elevations
yield very small effective
eye separations, and
correspondingly poor
scope for depth
recovery

Very high elevations
yield relatively large
effective eye separations,
and high quality

depth information

i

FIGURE 7.5. For typical lobe geometries, the higher the elevation, the larger the
effective eye separation.

If the system downstream of the double-lobed mirror were an artificial
vision system then it might be possible to factor in this deterministic effect
(such that estimations of depth could take into account the eye separation).
Even in this scenario it is fundamentally impossible to fully compensate
for the eye separation; for example, occlusions in the scene could not be
“undone” to fake a constant eye separation.

Clearly not all of these performance parameters are likely to be opti-
mized simultaneously; we need to prioritize them. This is not easy, because
it involves the performance of the human visual system, and so require
tests, and iteration. The devices built thus far have been conservative de-
signs, intended to allow us to further understand the nature of this class of
imaging system. Many of the human tests can be carried out with vector
or ray traced computer graphics simulations.

7.3.8 Orientation of Fye Separation

Two images from slightly displaced view points is the only absolute require-
ment of a stereo arrangement, but when attempting to interface with the
human visual system, we must also consider the orientation of this separa-
tion. Human eyes are displaced horizontally, but the effective eye positions
derived from our mirror are displaced vertically, if the camera/mirror axis
is vertical.
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This is yet another area which requires human subject testing. Note that
for small rotations (say up to 45°), human eyes rotate axially when the head
is tilted, so that vertical lines in the environment continue to create vertical
edges on the retina. This response has likely evolved in order to facilitate
stereo matching, as well as generally providing rotation invariance for small
tilting of the head. When the head is tilted, the effective eye separation now
has a significant vertical component, yet depth perception from stereopsis
does not seem to be impaired. If the human visual system can interpret
stereo image pairs despite a purely vertical effective eye separation, then
the double-lobed mirror is best deployed in the vertical axis mode. If this
separation proves to be a problem, the system can be used in a horizontal
axis mode, but at a cost. The panoramic field of view develops serious blind
zones and left-field /right-field asymmetry is introduced.

—t
Upper blind cone

Port
blind 2 Starboard

cone < blind cone

Lower blind cone

FIGURE 7.6. Left: The vertical axis system has the advantage of uninterrupted
vision across the entire horizon, but suffers from vertical disparity and blind
cones above and below the device. Right: The horizontal axis has the advantages
of horizontal disparity and uninterrupted vision across the entire elevation range,
but only for a limited azimuth range. The significant lateral blind cones and the
inherent asymmetry of the configuration are drawbacks.

7.4 Device Calibration

The hardware based video transformation engine described in the next
section can perform arbitrarily complex transformations because it uses a
two dimensional lookup table to determine where pixels in the transformed
image come from in the source image. It follows that when mirrors are
changed or moved, or when cameras and lens are changed or adjusted, the
resident lookup table becomes invalid. There was thus a need to provide a
rapid way of re-evaluating the transformation table.
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7.4.1 Analog Approach

The first approach to the calibration problem used a continuous color ramp
test pattern. Calibration patterns of (say) grids were difficult to interpret
automatically, especially after they have suffered an arbitrary distortion
because of the mirror under test. With no a priori knowledge of the mirror,
it is not possible to say anything about what the mapped image will contain.
Lines in the calibration pattern cannot be assumed to map to lines in the
distorted image. Additionally, the double-lobed mirrors have discontinuous
profiles, and it was hard to provide smoothing functions to enhance the
continuously curving surfaces without introducing undesirable chamferring
at the interfaces between lobes. So, a scheme which used color and no
spatial patterns at all seemed very attractive.

The idea was to produce a panoramic test scene; formed from a paper
cylinder. The paper was colored using a large-scale ink jet printer, such
that the intensity of green ramped from zero to saturation as we move
from azimuth=0° to azimuth=360°. Red is ramped from zero to saturation
as we move from azimuth=360° to azimuth=0°. Blue is ramped from zero
to saturation as we move from minimum elevation to maximum elevation.

The intention of this arrangement is to arrive at an estimate of the spatial
origin of each pixel by comparing the magnitudes of the three independent
color components:

azimuth estimate = G — R (7.1)
B - (G+R) (7.2)

elevation estimate =
(where R, G and B are unsigned 8 bit quantities, representing the intensi-
ties of the red, green and blue components of the pixel under consideration.)
This procedure gives an azimuth measurement of 9 bit precision, and
an elevation estimate of 8 bits. The formulation of the above equations
attempts to provide some illumination intensity invariance. This approach
assumes nothing about the geometry of the mirror, in particular it does
not require the mirror to be identical in all directions of azimuth. Just by
looking at the color of an individual pixel, it is theoretically possible to
deduce what azimuth and elevation it corresponds to in the environment.
By evaluating these estimates from each pixel, and then applying boundary
constraints and smoothing, we hoped to build up a transformation table
for the system under calibration.
This approach was abandoned for two main reasons:

e The printing facilities available to us could not support 8 bits per
color component, and the resultant dithering patterns resulted in very
poor component isolation. Only 6 bits per color were generated by
the rendering system, even after dithering.
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e Even though software can apply boundary conditions and ensure that
at least the full range of a given parameter is represented (e.g., the
azimuth measurement is forced to correspond to a complete 360°),
there is no way of detecting non-linearities in any of the color ramps.
Steps in the ramp were caused by abrupt changes in the dithering
patterns, and non-linear interactions between the components also
generated distortions. It was also unrealistic to expect open loop lin-
ear responses from the camera system, to 8 bit precision.

Using color in this way to avoid resorting to spatial patterns was an
example of a good idea that did not work in practice.

7.4.2 Digital Approach

Poor signal-to-noise ratio and signal non-linearity were the basic reasons
for failure with the analog calibration approach. The calibration scheme de-
scribed here uses digital signals to overcome these difficulties. In addition,
we retreat from the ideal of making no assumptions about the geometry of
the mirror. This algorithm assumes that the mirror’s properties are invari-
ant over azimuth; in other words the mirror is a cone, but with an arbitrary
conic profile.

We are limiting ourselves to measuring how actual elevation varies as we
move along a radial line from the periphery to the centre of the mirror, so
we need to find a way of encoding height.

A large calibration strip is placed facing the device under test. It is tall
enough to cover the entire anticipated elevation range. Vertical parallel
lines in the calibration strip map to radial lines in the raw camera image,
due to the conical form of the mirror.

7.4.2.1 Design of the Calibration Strip

The calibration pattern takes the form of a Grey code, which have the
useful property that adjacent numbers in the Grey sequence only differ by
1 bit transition from their neighbours.

FIGURE 7.7. Color test pattern.
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This property is used to provide some degree of error detection. Our
pattern uses an 8 bit Grey code; 256 different samples. It is likely that
the most frequently changing bits in the pattern will not be resolved by
a standard video camera. The fractal nature of the pattern (Figure 7.7)
allows us to recover appropriate height information. In areas of the radial
images where the angular gain of the mirror is very high, we can see most
of the bits of the 8 bit code at any given distance from the centre of the
image. In those areas where the angular gain is relatively poor, the higher
frequency bits will not be sampled correctly, but we can fall back to a level
where we can comfortably resolve the height, by disregarding the higher
frequency bits. In this way, the pattern has structure from which we can
calibrate the device at all scales. This is more useful than (say) a regular
grid pattern, which only contributes information at a single frequency. The
grid could be either too coarse (in which case we do not resolve as much
information as we would like) or worse, too fine, in which case the entire
grid is sub-sampled and we either get no calibration information at all or
misleading aliased signals.

The edges of the pattern are red [255,0,0], and the Grey coded interior
uses green [0,255,0] (= binary 0) and blue [0,0,255] (= binary 1). This color
scheme makes good use of the printing device to separate elements of the
pattern, and does not rely on continuous grades of color.!

7.4.2.2 Calibration Algorithm

Having acquired an image through the mirror under test with the digital
calibration strip in place, we use various signal processing algorithms to
derive our calibration parameters. The details of all of these steps would
take too much space, but the process can be broken down as follows :

e Determine the location of the calibration strip. This involves scanning
radial lines for red, and finding the two peaks which correspond to
the edge strips on the calibration pattern.

¢ Having determined (in azimuth) where the device resides, we find the
two internal edges, and knowing the number of bits per Grey code
(in our case, 8), we store the angular centre of each of the 8 sampling
angles.

e Now we sample the image, gathering information for the calibration.
For each bit centre, the radial trajectory is sampled, and the value of
the blue intensity less the green intensity is stored in a linear array
associated with each bit position.

!...the native {Cyan, Magenta, Yellow} colorspace of the printer might have
been chosen to prevent the need for mixing colors on the paper — however
this would have simply deferred the complications to the video stage, where the
primary detectors are {Red, Green, Blue}.
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e We process the 8 linear blue-green signal arrays. In array ¢, we an-
ticipate 2¢ bit transitions. To turn our blue-green signals into arrays
of binary digits, we first apply a low pass filter, then square off the
signal, making use of the number of transitions we expect.

e Further post processing is used to clean the signals and remove anoma-
lies; the Grey code single transition property allows us to detect most
errors. We also make use of the fact that within the range of an in-
terval in array ¢, we expect twice as many intervals in array i + 1.
As resolution failure renders the high frequency components useless,
this is detected and the bits involved are flagged so as to be ignored.

e Once the final height/distance from centre of image relationship is
known, it remains to apply a trigonometric factor to convert the
height reading into an elevation reading, and use the radial device
characteristic to generate the transformation table, which is passed
to the hardware system.

7.5 Hardware Design and Implementation

To straighten out the warped image seen by the video camera aimed at
the conical mirror, a real-time, dedicated hardware system was built. The
complete video system is seen running in Figure 7.8.

The incoming video is digitized, stored in a frame buffer, and an out-
put image is generated from this stored frame using a mapping lookup
table stored in erase-programmable memories. The circuit simultaneously
stores the present incoming video frame, and generates the output image
from the previous frame. This allows a 30 frames/second video signal to be
continuously flowing out, delayed only one frame.

The video is sampled at 10 MHz to provide a 512 x 480 image with 8
bits of greyscale. There are two 256K x 8 bits frame storage buffers of fast
SRAM (Static Ram) each capable of storing one frame. The data coming
from the video ADC (Analog to Digital Converter) is written to one frame
storage, while the other holds the previous frame and is being read from
to generate data for the video DAC (Digital to Analog Converter). A 256
K x 18 bits EPROM (Eraseable Programmable Read Only Memory) array
provides the X and Y coordinates of the stored pixel corresponding to
each pixel in the ouput image. It is an inverse mapping, so that a single
pixel in the input image can appear many times in the output image, thus
producing a magnifying effect.

The frame storage buffers alternate between being written to and read
from at every frame, and all the data is carried through a common bus —
the most efficient implementation. This results in a bus speed of 20 MHz.
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Since this circuit was realized discretely (using only standard off the shelf
components), the 74F logic family was chosen for most of the logic.

A software package was written to generate and test the lookup tables in
software before programming the table into the EPROM array. One pro-
gram takes a lookup table and remaps a test raster image file, another
takes the lookup table and generates the files needed by the EPROM pro-
grammer. A program written specifically for this application generates the
remapping table used; being the only part that must be changed for arbi-
trary remapping.

7.6 Results Produced by System

FIGURE 7.8. The camera, mirror, video hardware and final unwarped output
display.

The hardware designed was first tested by placing the panoshperic stereo
surface inside a box with grids drawn on it. Figure 7.9 (left) shows the re-
sulting image obtained by a standard CCD sensor. The two stereo panoramic
images extracted are shown in Figure 7.9 (right).

The hardware designed was tested with both the horizontal and vertical
field of view options. Figure 7.10 (left) shows the mirror surface placed
horizontally on a table. The resulting stereo output of the hardware is
shown in Figure 7.10 (right).

Figure 7.11 (left) shows the mirror surface held vertically. The corre-
sponding stereo generated by the hardware is shown in Figure 7.11 (right).
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FIGURE 7.9. Grid pattern on panoramic stereo (left) and output of hardware.

FIGURE 7.10. Image of stereo surface (left) and horizontal strips output by hard-
ware.
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FIGURE 7.11. Image of vertical stereo surface (left) and corresponding output of
hardware.

7.7 The Mathematics of Panoramic Stereo

In order to use the stereo panoramic images to compute 3D information it
is necessary to precisely model the system and obtain solutions for 3D posi-
tion from the image projections. This section formalizes the mathematical
notation and obtains such a solution.

We define the coordinate system so that the focal point of the camera is
at the origin (in 3D-space) and the viewing axis pointing along the y-axis
(see Figure 7.12). The image plane is located at a distance f below the
focal point (it can be considered to be a sub-plane of the plane y = —f).
The mirror will be mounted such that the lowest point on the mirror is
at distance d from the focal point. For uniformity of the resulting image,
the mirror must be designed so that it is symmetric about the y-axis. This
allows us to work in only two dimensions (instead of the normal three).

Initially, let us consider a single lobed mirror which is defined as a part
of the sphere:

?+yP 427 =r?

Under our initial conditions (described above and shown in Figure 7.12),
we only need to consider a circle in two dimensions. Also, since the surface
is mirrored, and a light ray cannot pass through the surface, we only need
to consider the lower half of the surface. This gives us the equation of a
curve that represents our mirrored surface in the coordinate system defined
above:

22+ (y—(d+1r))? =r? (7.3)
We wish to determine the point on the image plane where a point in
space will project.
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FIGURE 7.12. Single lobed mirror configuration. The image plane is at y = —f,
the focal point is at the origin (0,0), and the mirror, of radius , is located at
distance d from the origin. A point Py = (zo,—f) is produced from a point
in space along ray R; using ray Ro := y = 'x—’;’, intersecting the mirror at
Py = (z1,41).

First, let us determine the ray, Ry, that corresponds to a point on the
image plane. Given a point Py = (2o, —f) on the image plane, P generates
a ray Ro passing through the origin to intersect the surface of the mirror.
The equation of ray Ry is:

y=—"u (7.4)

This will intersect the surface of the mirror at some point P; = (z1, %xl)
which satisfies:

z? + (;—(J:xl —(d+71)2 =12

giving the solutions:

_zo(fd+ fr— /f?r? — xld® — 2dzlr))
xf + f2
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_ xo(fd+ fr+ V f2r? — z2d? — 2dz§r))
zg + 12
Equation 7.5 can be discarded since it represents a solution that is not
feasible.
For there to be a solution to Equation 7.6, the following equation must
be satisfied:
fr

Vd? + 2dr

The case of equality in Equation 7.7 is the degenerate case of Ry being
tangential to the mirror at point P;.

Ray Ry in Equation 7.4 will reflect about the normal to the curve defined
in Equation 7.3, the mirror, at point P, and generate another ray, R;. The
first object that intersects with this reflected ray R; will appear on the
image plane at the point Fy.

This reflected ray R; has the equation:

(7.6)

|zo| <

I 11 il Gt W 0 e )
o= 2 [([d+1)? — i -]

(x — 1)

For a double lobed mirror (see Figure 7.13), with lobes parameterized
by 71,d; and 72, ds, a point in space can be completely determined from
two points in the image plane (219, —f) and (20, —f). The two points de-
termine two mirror intersection points (one for each lobe) (z11,%11) and
(w21, v21). The intersection of the two reflected rays, Ri1 and Rgi, pro-
vides the point in space that corresponds to the two points in the image
plane. The distance from the x coordinate of the intersection point provides
the distance to the camera axis for the point. We can also determine the
Euclidean distance of the point to the focal point in the standard way.

The point in space P = (z,y) satisfies the two equations:

—y1 11 — (dy +71)1? — 23 [y — (do + 1)

] -z
o ((d+r0)? — vh — o) (@—an) (77)

Yy—yn =

—y1 [y21 — (da +72)]° — 24, [y21 — (d2 +72)]
— = (z—=x 7.8
yoim z21((d2 + 72)? — y3, — 73;) ( z) (78)

with the added constraints:

Y1 = —Tn
T10

_$10(fd1 + fr1+ \/f27"% - x%od% - 2d1$¥07"1))
2 2
xio+ f

T11 =
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FIGURE 7.13. Double lobed mirror configuration. The image plane is at y = —f,
the focal point is at the origin (0,0), the smaller lobe, radius ri, located at
distance di; from the origin, and the larger lobe, radius 7, is located at distance
dy from the origin. The points Pio = (210, —f) and P = (x20, —f) each produce
rays through the origin which intersect the mirror lobes at P11 = (z11,%11) and
P>y = (z21,y21) respectively and meet at a point in space P = (z,y).

Y21 = —IT2n
T

~xp0(fda + fra £ V/f?r5 — a3,d3 — 2daa3yr2))
2 . 2
x5 + f

T21 =

7.8 Experimental Results

The size of the mirror lobes can be physically measured or is known from
the manufacturing process. This gives the radius of the two lobes and an
offset of the center of the smaller lobe from the larger one. This means that
we only need to determine one distance (either the height of the bottom of
the smaller lobe or the height of the center of the larger lobe) rather than
both distances.

To determine the height of the lobes and the focal length f, the distance
from the origin to the image plane, we use the principle of similar triangles.
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We need to take two pictures of an object with known length, 1, positioned
at a known height, h, from the camera. This object projects into a mea-
surable image. The object placed at height h may not be exactly at that
distance from the origin. This means we need a small offset, o, which is
added to any height measurement from a known plane (in our case, the
plate which the camera is mounted to) to get the actual height values. Us-
ing the two calibration pictures and ratios from similar triangles, we can
get a value for f, 618.18046 pixels, and the offset, o = 0.091400234cm. Note
that these two values use different units, pixels and cm; however, this is
not a problem since the pixel units cancel each other out.

We have measured the height of the centre of the large mirror lobe from
the camera mounting plate. Using this value and the offset determined
above, we can get the geometry of the camera and mirror system: r; = 1.941
cm, 1o = 5.775 cm, d; = 8.7527634 cm, dy = 10.3164cm, and f = 618.18046
pixels. Note that focal length and image coordinates are measured in pixels,
whereas other measurements are in cm. This does not cause any problem
since the pixel units cancel each other resulting in ratios without any units.

Several experiments were conducted using different images. The best
results were obtained using images of lights. These produced the best results
because they provided the easiest means of matching points in the two
images. Using bright lights allows easier matches. The first step in the
calculation process is to identify an initial set estimate for the matching
points. Using these initial matches, we calculate the position of the object
and refine our initial match. This refinement process is necessary because
of the poor resolution of the images (especially from the smaller mirror)
and because we are trying to show that we can get reasonable position
results not that the matching process works well (we are matching by eye,
not automatically). Since the equations are based on radial symmetry, once
the initial matches are made, we are only working with the radial distance
from the centre of the image.

We conducted experiments using two different light positions. The results
are presented in Tables 7.1 and 7.2 with the horizontal radial distance
(actual and estimated), the vertical height from the plane of the origin
(actual and estimated), and the Euclidean distance from the origin (actual
and estimated).

distance || actual | estimate

horizontal || 107.65 cm | 106.976 cm
vertical 54.091 cm | 46.584 cm
Euclidean || 120.476 cm | 116.679 cm

TABLE 7.1. For Light 1, radial distance in image: 10 = 27 pixels, 220 = 168
pixels
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distance || actual | estimate

horizontal 214.5 cm 215.878 cm
vertical 43.5914 cm | 51.383 cm
Euclidean || 218.885 cm | 221.909 cm

TABLE 7.2. For Light 2, radial distance in image: x10 = 92.723 pixels, x20 =
200.5005 pixels.

7.9 Further Improvements

The panoramic stereo device is still in the research and development stage.
Several improvements to the current systems are being worked on. These
include: automatically adjusting focus to make maximum use of the mir-
ror surface, thereby increasing the resolution of the images; modifying the
shape of the hemispherical surfaces to equalise the resolution of the two
stereo strips; and adding image interpolation to the hardware so that the
stereo images are of higher perceptual quality.

We are also working on the design and implementation of a hardware
“clipper” which will select only the parts relevant to a given viewing direc-
tion and display them on a head-mounted display.
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Panoramic Imaging with
Horizontal Stereo

S. Peleg, M. Ben-Ezra, and Y. Pritch

8.1 Introduction

The ultimate immersive visual environment should provide three elements:
(i) Stereo vision, where each eye gets a different image appropriate to its
location in space; (ii) complete 360° view, allowing the viewer to look in
any desired direction; (iii) allow free movement. Stereo Panoramas [137,
114, 213, 259] use a new scene to image projection that enables simul-
taneously both (i) stereo and (ii) a complete panoramic view. No depth
information or correspondences are necessary. Viewers of stereo panora-
mas have the ability to freely view, in stereo, all directions. Since the
scene to image projection necessary for stereo panoramic imaging can-
not be done with a regular camera, stereo panoramic images were gen-
erated by mosaicing images taken with rotating cameras [137, 114, 213,
259]. As it is necessary to rotate a video camera a full circle in order to
obtain a single stereo panoramic images, it was impossible to generate
video-rate stereo panoramic movies. In this chapter, we present two pos-
sible camera systems, without any moving parts, that can capture stereo
panoramic movies in video rate. One system uses special mirrors, and the
other system uses special lenses. With such cameras it will be possible to
make stereo panoramic movies of real events: sports, travel, etc. Short in-
troductions are given in this section to panoramic imaging, stereo imaging,
multiple viewpoint projections, and caustic curves.

8.1.1 Panoramic Images

A panoramic image is a wide field of view image, up to a full view of
360°. Panoramas can be created on an extended planar image surface, on
a cylinder, or on a sphere. Traditional panoramic images have a single
viewpoint, also called the “center of projection” [177, 49, 267]. Panoramic
images can be captured by panoramic cameras, by using special mirrors

(195, 149], or by mosaicing a sequence of images from a rotating camera
(267, 214].
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FIGURE 8.1. No arrangement of two single-viewpoint images can give stereo in
all viewing directions. For upward viewing the two cameras should be separated
horizontally, and for side ways viewing the two cameras should be separated
vertically.

8.1.2 Visual Stereo

A stereo pair consists of two images of a scene from two different viewpoints.
The disparity, which is the angular difference in viewing directions of each
scene point between the two images, is interpreted by the brain as depth.
Figure 8.1 shows a conventional stereo setting. The disparity is a function of
the point’s depth and the distance between the eyes (baseline). Maximum
disparity change, and hence maximum depth separation, is along the line
in the scene whose points have equal distances from both eyes (“principal
viewing direction”). No stereo depth separation exists for points along the
extended baseline.

People can perceive depth from stereo images if the viewpoints of the
two cameras generate horizontal disparity in a specific range. Stereo has
been obtained in panoramic images by having two viewpoints,one above
the other [82]. However, since the disparity in this case is vertical, it can
only be used for depth calculation, and not for viewing by humans having
eyes which are separated horizontally.
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8.1.8 Caustic Curves

Definition 1 The envelope of a set of curves is a curve C such that C
is tangent to every member of the set.

Definition 2 A caustic is the envelope of rays emanating from a
pointsource and reflected (or refracted) by a given curve.

A caustic curve caused by reflection is called a catacaustic, and a caustic
curve caused by refraction is called a diacaustic [308]. In Figure 8.10 the
catacaustic curve given the mirror and the optical center is a circle. In
Figure 8.12 and Figure 8.13, the diacaustic curve given the lens and the
optical center is a circle.

8.2 Multiple Viewpoint Projections

Regular images are created by perspective projections: scene points are pro-
jected onto the image surface along projection lines passing through a sin-
gle point, called the “optical center” or the“viewpoint”. Multiple viewpoint
projections use different viewpoints for different viewing direction, and were
used mostly for special mosaicing applications. Effects that can be created
with multiple viewpoint projections and mosaicing are discussed in [297,
222]. Stereo panoramic imaging uses a special type of multipleviewpoint
projections, circular projections, where both the left-eye image and the
right-eye image share the same cylindrical image surface. To enable stereo
perception, the left viewpoint and the right viewpoint are located on an
inner circle (the “viewing circle”) inside the cylindrical image surface, as
shown in Figure 8.2. The viewing direction is on a line tangent to the view-
ing circle. The left-eye projection uses the rays on the tangent line in the
clockwise direction of the circle, as in Figure 8.2(b). The right-eye projec-
tion uses the rays in the counter clockwise direction as in Figure 8.2(c).
Every point on the viewing circle, therefore, defines both a viewpoint and
a viewing direction of its own.

The applicability of circular projections to panoramic stereo is shown in
Figure 8.3. From this figure it is clear that the two viewpoints associated
with all viewing directions, using the “left-eye” projection and the “right-
eye” projection, are in optimal relative positions for stereo viewing for all
directions. The vergence is also identical for all viewing directions [256],
unlike regular stereo that has a preferred viewing direction.

8.3 Stereo Panoramas with Rotating Cameras

Representing all stereoscopic views with only two panoramic images
presents a contradiction, as depicted in Figure 8.1. When two ordinary
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FIGURE 8.2. Circular projections. The projection from the scene to the im-
age surface is done along the rays tangent to the viewing circle. (a) Projection
lines perpendicular to the circular imaging surface create the traditional single-
viewpoint panoramic image. (b-c) Families of projection lines tangent to the inner
viewing circle form the multiple-viewpoint circular projections.
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FIGURE 8.3. Viewing a scene point with“left-eye” and “right-eye” projections.
The two viewpoints for these two projections are always in optimal positions for
stereo viewing.
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FIGURE 8.4. Two models of slit cameras. (a) Side view. (b-c) Top view from
inside the camera. While the camera is moving, the film is also moving in the
film path. The locations of the aperture and the slit are fixed in each camera. (b)
A vertical slit at the center gives a viewing direction perpendicular to the image
surface. (c) A vertical slit at the side gives a viewing direction tilted from the
perpendicular direction.

panoramic images are captured from two different viewpoints, the dispar-
ity and the stereo perception will degrade as the viewing direction becomes
closer to the baseline until no stereo will be apparent. Generation of image-
based stereo panoramas by rotating a stereo head having two cameras was
proposed in [114, 259]. A stereo head with two cameras is rotated, and two
panoramic mosaics are created from the two different cameras.

8.8.1 Stereo Mosaicing with a Slit Camera

Panoramic stereo can also be performed with a single rotating camera, 213,
137, 259]. This is done by simulating a “slit camera” as shown in Figure 8. 4.
In such cameras the aperture is a regular pinhole as shown in Figure 8.4(a),
but the film is covered except for a narrow vertical slit. The plane passing
through the aperture and the slit determines a single viewing direction for
the camera. The camera modeled in Figure 8.4(b) has its slit fixed at the
center, and the viewing direction is perpendicular to the image surface.
The camera modeled in Figure 8.4(c) has its slit fixed at the side, and the
viewing direction is tilted from the perpendicular direction.

When a slit camera is rotated about a vertical axis passing through the
line connecting the aperture and the slit, the resulting panoramic image
has a single viewpoint (Figure 8.2(a)). In particular, a single viewpoint
panorama is obtained with rotations about the aperture. However, when
the camera is rotated about avertical axis directly behind the camera, and
the vertical slit is not in the center, the resulting image has multiple view-
points. The moving slit forms a cylindrical image surface. All projection
lines, which are tilted from the cylindrical image surface, are tangent to
some viewing circle on which all viewpoints are located. The slit camera in
Figure 8.4(c), for example, will generate the circular projection described



148 S. Peleg, M. Ben-Ezra, and Y. Pritch

in Figure 8.2(b). For stereo panoramas we use a camera having two slits:
one slit on the right and one slit on the left. The slits, which move together
with the camera, form a single cylindrical image surface just like a single
slit. The two projections obtained on this shared cylindrical image surface
are exactly the circular projections shown in Figure 8.2. Therefore, the two
panoramic images, obtained by the two slits, enable stereo perception in
all directions.

8.3.2 Stereo Mosaicing with a Video Camera

Stereo panoramas can be created with video cameras in the same manner
as with slit cameras, by using vertical image strips in place of the slits [213].
The video camera is rotated about an axis behind the camera as shown in
Figure 8.5. The panoramic image is composed by combining together nar-
row strips, which together approximate the desired circular projection on
a cylindrical image surface. In manifold mosaicing [214], each image con-
tributes to the mosaic a strip taken from its center. The width of the strip
is a function of the displacements between frames. Stereo mosaicing is very
similar, but each image contributes two strips, as shown in Figure 8.5.
Two panoramas are constructed simultaneously. The left panorama is con-
structed from strips located at the right side of the images, giving the “left-
eye” circular projection. The right panorama, likewise, is constructed from
strips located at the left side of the images, giving the “right-eye” circular
projection.

A schematic diagram of the process creating a pair of stereo panoramic
images is shown in Figure 8.6. A camera having an optical center O and an
image plane is rotated about an axis behind the camera. Strips at the left of
the image are seen from viewpoints Vg, and strips at the right of the image
are seen from viewpoints Vr. The distance between the two viewpoints
is a function of the distance r between the rotation axis and the optical
center, and the distance 2v between the left and right strips. Increasing
the distance between the two viewpoints, and thus increasing the stereo
disparity, can be obtained by either increasing r or increasing v.

8.4 Stereo Panoramas with a Spiral Mirror

Regular cameras are designed to have a single viewpoint (“optical center”),
following the perspective projection. In this section, we show how to create
images having circular projections using a regular camera and a spiral
shaped mirror. The shape of the spiral mirror can be determined for a
given optical center of the camera o, and a desired viewing circle V. The
tangent to the mirror at every point has equal angles to the optical center
and to the tangent to the circle (see Figure 8.7). Each ray passing through
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FIGURE 8.5. Stereo Panoramas can be created using images captured with a
regular camera rotating about an axis behind it. Pasting together strips taken
from each image approximates the panoramic image cylinder. When the strips
are taken from the center of the images an ordinary panorama is obtained. When
the strips are taken from the left side of each image, the viewing direction is tilted
counter clockwise from the image surface, obtaining the right-eye panorama.
When the strips are taken from the right side of each image, the left-eye panorama
is obtained.

Axis of
Rotation

FIGURE 8.6. Schematic diagram of the system to create a pair of stereo
panoramic images. A camera having an optical center “O” is rotated about an
axis behind the camera. Note the “inverted” camera model, with image plane in
front of the optical center.
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FIGURE 8.7. The spiral mirror: All rays passing through the optical center o will
be reflected by the mirror to be tangent to the viewing circle V. This implies that
rays tangent to the viewing circle will be reflected to pass through the optical
center.

the optical center will be reflected by this mirror to be tangent to the
viewing circle. This is true also in reverse: all rays tangent to the circle will
be reflected to pass through the optical center. The mirror is therefore a
curve whose catacaustic is a circle.

The conditions at a surface patch of the spiral shaped mirror are shown
in Figure 8.8. The optical center is at the center of the viewing circle of
radius R, and the mirror is defined by its distance r(6) from the optical
center. A ray passing through the optical center hits the mirror at an angle
a to the normal, and is reflected to be tangent to the viewing circle. Let
the radius of the viewing circle be R, and denote by 7(6), the vector from
the optical center and the mirror at direction 6 (measured from the z-axis).
The distance between the camera center and the mirror at direction 6 will
therefore ber = r(f) =|| 7 ||. The ray conditions can be written as:

R =| 7| sin(2a) =|| T || 2sin(a) cos(c)

sin(a) = ulFII\(_)ﬁ]Fvl” (8.1)

cos(@) = A

using those conditions we can derive the following differential equation,

wherep = p(0) is defined to be I%Q.

20°% = (36)° +¢° (8:2)
This second degree equation in %g has two possible solutions:
20 PP —pVp?-1J" '

The curve is obtained by integration on 6. The solution which fits our
case is:
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1
0=p+ \/p2—1+arctan(—2—1) (8.4)
V2 —

With the constraint that p > 1. The spiral mirror can also be represented
by a parametric equation. Given the position of the camera (p;, p2) and the
radius R of aviewing circle centered around the origin, points (z(t),y(t))
on the mirror can be represented as a function of a parameter ¢:

_ sin(®)(R%4p12—R%*t*>+p,?)—2p, R—2R%t cos(t)
- 2(—p2 cos(t)— Rt+sin(t)p1)

(8.5)
_ —cos(t)(R*+p1®—R%*t2+p22)+2p1 R—2R?tsin(t)
y= 2(—p2 cos(t)— Rt+sin(t)p1)

When the camera is positioned at the origin, e.g. in the center of the
viewing circle, the equations above simplify to:

R(— sin(t)+2t cos(t)+t2 sin(t))
2t

o (8.6)

y =

A curve satisfying these conditions has a spiral shape, and Figure 8.9
shows such a curve extended for three cycles. To avoid self-occlusion, a
practical mirror will use only segments of this curve.

A spiral shaped mirror where the optical center is located at the center
of the viewing circle is shown in Figure 8.10.

The configuration where the optical center is at the center of the viewing
circle is also convenient for imaging together the left image and the right
image. Such a symmetric configuration is shown in Figure 8.11. This con-
figuration has a mirror symmetry, and each mirror covers 132° without self
occlusions. An OmniCamera [195, 149] can be placed at the center of the
viewing circle to capture both the right image and the left image. Since
this setup captures up to 132 degrees, three such cameras are necessary to
cover a full 360 degrees.

—R(— cos(t)—2tsin(t)+t2 cos(t))
2t

8.5 Stereo Panoramas with a Spiral Lens

Circular projections can also be obtained with a lens whose diacaustic is
a circle: the lens refracts the rays getting out of the optical center to be
tangent to the viewing circle, as shown in Figure 8.12. A lens can cover
up to 360 degrees without self-occlusion depending on the configuration.
The spiral of the lens is different from the spiral of the mirror. We have
not yet computed an explicit expression for this curve, and it is generated
using numerical approximations. It is possible to simplify the configura-
tion and use multiple identical segments of a spiral lens, each capturing a
small angular sector. Figure 8.13 presents a configuration of fifteen lenses,
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FIGURE 8.8. Differential conditions at a mirrorpatch: The optical center is at the
center of the viewing circle of radius R, and the mirror is defined by its distance
r(0) from the optical center. A ray passing through the optical center hits the
mirror at an angle o to the normal, and is reflected to be tangent to the viewing
circle.

each covering 24°. The concept of switching from one big lens to multi-
ple smaller lenses that produce the same optical function was first used
in the Fresnel lens. In practice, a Fresnel-like lens can be constructed for
this purpose having thousands of segments. A convenient way to view the
entire panorama is by placing a panoramic omnidirectional camera [195,
149] at the center of the lens system as shown in Figure 8.5. A camera
setup for creating two 360° panoramas simultaneously (one for each eye)
is presented in Figure 8.15. This system consists of two multiple-lens sys-
tems as described in Figure 8.13. A conic beam splitter and a conic mirror
areused. The beam splitter splits each of the rays to two separate identi-
cal rays. The rays which are not reflected by the beam splitter enter the
lower lens system. The rays which are reflected by the beam splitter are
reflected again by the mirror into the upper lens system. One lens system
will produce a panoramic images using a left viewing circle, and the other
lens system will produce a panoramic image using a right viewing circle.
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viewing circle

spiral mirror

optical center

FIGURE 8.9. A spiral shaped mirror extended for three full cycles. The cata-
caustic curve of this spiral is the small inner circle.

Spiral Mirror

Optical Center

Viewing Circle

FIGURE 8.10. A spiral mirror where the optical center is at the center of the
viewing circle.
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Spiral Mirror, acquiring right Spiral Mirror, acquiring left eye
eye circular projection circular projection

Optical Center

FIGURE 8.11. Two spiral shaped mirrors sharing the same optical center and
the viewing circle. One mirror for the left-circular-projection and one for the
right-circular-projection.

Spiral Lenses

Niewing Circle

Optical Center

FIGURE 8.12. A spiral shaped lens. The diacaustic of the lens’ outer curve is a
circle (the viewing circle). Capturing the panorama can be done by an omnidi-
rectional camera at the center of the viewing circle.
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spiral lenses

/ / .I \I \ \\_ \ \\ optical center

FIGURE 8.13. A collection of identical shortspiral lens positioned on a circle.
A Fresnel-like lens can be built with thousands of lens segments. Capturing the
panorama can be done by an OmniCamera at the center of the viewing circle.

Video Camera

Panoramic Cylindrical
Camera System Optical Element
Omnidirectional (i.e.Fresnel)
Mirror

FIGURE 8.14. An omnidirectional camera at the center of the viewing circle
enables the creation of a full 360 degrees left-image or a right-image.
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Optical centers of mirror
and camera system
Incoming
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Camera system acquiring
right circular projection
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beam-splitter

FIGURE 8.15. A setup for simultaneous capture of both left and right panoramas.
A beam splitter is used to split the rays between two lens system. The horizontal
rays enter into the bottom lens system for the right eye. The upward rays are
reflected by a mirror into the upper lens system for the left eye.

The requirement that the cylindrical optical element (e.g., as in Fig-
ure 8.13) just bends the rays in the horizontal direction is accurate for rays
that are in the same plane of the viewing circle. But this is only an approx-
imation for rays that come from different vertical directions. Consider, for
example, Figure 8.16. Let us examine the rays for viewpoint R. Ray A is
in the horizontal plane that includes the viewing circle V. It is deflected by
the Fresnel lens into ray a, and passes through the center O of the viewing
circle, the location of the optical center of the panoramic camera. Ray B,
which also passes through viewpoint R, but from a higher elevation, is also
deflected by the same horizontal angle, but will not reach O. Instead, Ray
B is deflected into ray d, which can intersect the horizontal plane closer
or further to the Fresnel lens than O. In order that ray B will bedeflected
into Ray ¢, that intersects O, the Fresnel lens should deflect it also in the
vertical direction. Each elevation should have a different vertical deflection.
A possible arrangement is that the cylindrical Fresnel lens has vertical el-
ements on one side that take care of the horizontal deflection (which is
constant), and on the other side it has horizontal elements that take care
of the horizontal deflection (which is different for every elevation).
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| Wertical Segment of the Spiral Lens |
_.--‘/

| Wiewing Circle

FIGURE 8.16. Vertical deflection of rays is necessary in order to assure that every
viewing direction will have a single viewpoint on the viewing circle.

FIGURE 8.17. Cylindrical projection.

8.6 Stereo Pairs from Stereo Panoramas

When viewing the stereo panorama on a flat screen, like a computer or
television monitor, or a head-mounted display, the panoramic image is pro-
jected from the cylinder onto a plane. While the cylindrical panoramic
stereo images are created using circular projections (Figure 8.2(b,c)), they
should be projected into the planar image surface using a central projection
(Figure 8.2(a)). As seen in Figure 8.18, central projections introduce fewer
distortions, and are symmetrical for the left and right images. A central
projection about the center of the cylinder, with the image plane tangent
to the panoramic cylinder, is a natural projection; it is symmetric for the
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(@ (b)

Circular Back-Projection Central Back-Projection

FIGURE 8.18. (a) Projecting the cylindrical panorama using the original circular
projection creates a distorted planar image. (b) A central projection creates a
symmetrical planar image which preserves the disparity for a viewer located at
the center of the cylinder.

left side and the right side of the image as well as symmetric between the
left-eye and right-eye projections. This projection also preserves the angu-
lar disparity that exists on the cylinder for a viewer located at the center
of the cylindrical projection, and hence preserves the depth perception. An
example of cylindrical projection is given in image 8.17.

Below is further examination of the process that generates the cylindri-
cal panoramas using the multiple viewpoint circular projection, and creates
planar images from the cylindrical panoramas using the single viewpoint
central projection. Figure 8.19 describes the relation between a conven-
tional stereo pair and cylindrical panoramic stereo having the same base
line of 2d. For a point at depth Z, the disparity of conventional stereo is
260, where 6 = tan“l(%). The disparity of stereo panorama is 2a, where
a= sz’n‘l(%). This disparity is preserved by the central projection of the
panorama onto a planar image. Since the stereo disparities that can be
fused by a human viewer are small, sin(z) =~ tan(z) and the disparities are
practically the same.

8.7 Panoramic Stereo Movies

Unlike the case of panoramic stereo with rotating cameras, stereo
panoramic cameras are capable of capturing a dynamic scene to createa
movie. This movie can than be projected in a theater having a stereo pro-
jector and cylindrical screen. Each viewer, equipped with the appropriate
stereo glasses, is able to view in stereo any desired direction. A more in-
teractive experience can be obtained when an individual viewer is using a
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a) Stereo Pair b) Stereo Panorama

FIGURE 8.19. Comparing disparities between cylindrical panoramas and con-
ventional stereo pairs. (a) The disparity of conventional stereo is 26 where
0= tan_l(%). (b) The disparity of stereo panorama is2a where a = sin_l(%).
This disparity is preserved by the central projection of the panorama onto a
planar image.

head-mounted display. In such a case, the viewer should control the time
axis as well. It is important to control the time axis in panoramic movies
in order to enable repetitions that can be used to view more directions not
viewed before.

8.8 Left-right Panorama Alignment (Vergence)

The imaging process introduces a shift between the left view panorama and
the right view panorama. This shift is not related to the depth parallax, and
in particular points at infinity may not be aligned. Since the stereo disparity
of points at infinity should be zero, aligning the points at infinity will
correct this shift. Figure 8.20 illustrates this process. A point P, located
at infinity is projected by a reference central projection into point S, and by
the left circular projection into P, . The angle 3 between these points is the
misalignment of the left circular projection relative to the reference central
projection. 3 = /(SCP.) = /(CP!.Vg) = sin™! (R/L). For vergence on
points at infinity, such that they will be aligned in both panoramas, the
left panorama and the right panorama should each be rotated towards the
reference circular projection by S.
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FIGURE 8.20. Vergence for left circular projection.
8.9 Concluding Remarks

Two systems, having no moving parts, were presented for capturing stereo
panoramic video. One system is based on spiral mirrors, and the second
system is based on spiral lenses. While not constructed yet at the time of
writing this paper, these systems represent the only known possibilities to
capture real-time movies having the stereo panoramic features.
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Panoramic Stereovision Sensor

R. Benosman and J. Devars

9.1 Rotating a Linear CCD

Panoramic sensors with sequential acquisition are mainly based on rotat-
ing cameras, several approaches can be found in (311, 234, 192, 136, 22,
24]. Before we conceive any panoramic sensor we have to think of a ge-
ometry that will decide of all the treatments that will be applied in the
image side. The architecture of the panoramic stereovision sensor has been
developed to symplifiy to the maximum the calibration stage that is 2D
instead of the usual 3D and ease the features matching with an implicit
epipolar geometry that becomes 1D instead of the usual 2D. When we talk
about panoramic stereovision we mean observing and reconstructing an
unknown scene all around the sensor. The panoramic image that describes
this observation is the set of all equidistant points the optical center. The
projection is then central, it can be cylindrical or spherical. In what follows
the retained solution is the cylindrical one. The equivalent sensor can be
looked at as a cylinder on which will be projected points of the 3D scene,
as shown by Figure 9.1. Once we have defined the elementary panoramic
sensor, we can establish the architecture of the panoramic stereovision sen-
sor. The omnidirectional stereovision sensors have not been developed as a
unique entity. The main drawback of these sensors is that usually they are
an empirical assembly of standard elements putting all the difficulties on
computation. The architecture of the system built is based on two linear
CCD cameras fixed vertically one on the top of the other. They are specially
designed as a part of a whole mechanical entity and accurately mounted
parallel. They are rotated around a vertical axis, the distance between the
two cameras is adjustable between 10 cm and 40 cm, with a 5 cm step. The
linear sensors we use are Thomson 1024 pixels TH7804A, and the lenses
are of 12.5 mm focal length. The motion of the system is conducted by a
stepper motor and the whole system is controlled by computer (Figure 9.2).

The developed sensor shown by Figure 9.3 is equipped with a slip ring
that allows continous rotation, the linear images are sent to the computer
using an optical fiber rotating link that ensures continous rotation. Color
images are obtained by using RGB filters that can automaticaly commute
in front of the lens. Figure 9.4 shows the stereo images given by the sensor.
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FIGURE 9.1. Elementary sensor for panoramic vision with axial cylindrical ge-
ometry.

e
S camera
T
Electronic A
control card\ [ Rotating plate

| AR,

Stepper motor

FIGURE 9.2. The panoramic sensor architecture.
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FIGURE 9.3. The panoramic stereovision sensor.

FIGURE 9.4. Panoramic stereovision upper and lower images.
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9.2 System Function

The computer controls the positioning of the cameras by the stepper motor
(Micro-Control UE30PP) which elementary step is 1/100°. The maximal
frequency of the increment pulse is 400 Hz. The computer controls an ac-
quisition sequence of a column image for each camera. The information
relative to the 2*1024 pixels of the image columns are stored in a RAM.
Each pixel is encoded on 256 levels of gray. Figure 9.6 presents the general
architecture of the system. Once the acquisition ends, the computer leads
the rotation to the next position.

The rotating step is typically 1/10°. The information stored in the mem-
ory is read by the computer during the rotation of the whole system to the
next position. The architecture of the system and the obvious epipolarity
of the images allow a data stream structure of the computational treat-
ment, column by column, as they are taken. The advantages of the system
come from the unusual positioning of the two linear CCD image sensor. As
we built our system we took great care to insure the mechanical precision.
The two linear cameras have several mechanisms which allow the adjus-
ment of the parallelism between the two sensors. The optimization of the
adjustment is controlled by the analysis of series of images of a calibration
pattern composed of vertical black and white lines. In the theoretical case
there is a coincidence between the rotating axis and the optical center.

The parallelism of both linear CCD is function of the angle 9 (see Fig-
ure 9.5) that characterizes the deviation regarding the vertical rotation axis
of the panoramic device. We measure the effect of the adjustment by en-
suring that the motif of the alignment pattern appear on the same columns
in both upper and lower images. A more precise adjustment is then done
by working directly on the columns where there is a transition from a black
strip to a white one, and also by ensuring that all the pixels have the same
values in both upper and lower images. The adjustment mechanism of the
cameras exert a pressure on the support of the linear CCD deforming the
fixing. Such constraints allow us to obtain a setting precision of 5um. The
spacing between the adjustment mechanisms being known, we can then
compute the precision of ¥ around 0.01°.

A non-coincidence is not a critical problem, it involves an imprecision
much smaller than the imprecision due to the spatial sampling of the im-
ages. The system presents lots of advantages, that come mainly from the
fact that both stereo images (upper and lower) acquisitions are taken si-
multaneously. The stereo-matching can be made imediately after the ac-
quisition, this will allow the matching of both linear images corresponding
to the previous angular position while the acquisition of the linear images
corresponding to the next position is made. The matching can be imple-
mented on a specific ASIC that matches pixels giving 3D coordinates of
the objects seen. One of the main drawback of these kind of system is their
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FIGURE 9.5. Alignment of both linear CCD.
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FIGURE 9.6. Global architecture of the system

The system is also limited in real time applications as the acquisition
time of a complete panoramic image is connected to the exposure time of
the linear CCD. We will see in what follows that a solution can be found.
The presented prototype needs 6 minutes to do a complete acquisition, this

time could seem long and can be explained as follows:
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1) The rotation time of the stepper motor. The maximal frequency of
the control card is 400Hz, as a panoramic images needs 36000 steps, the
complete rotation is done in 90s

2) The exposure time is 25ms. It is necessary to wait for another cycle
to start the next acquisition then the total is 50ms for a single acquisition.
If we need 3600 linear images, the complete time for an acquisition is 180
seconds. Adding these two numbers gives a minimal time of 4 minutes 30
seconds, the additional 1 minute and 30 seconds, can be explained by the
stopping and starting time of the stepper motor.

These results are just given as an exemple to show the problems that can
be faced with these kind of sensors. The performances can be bettered using
linear ccd with very short exposure time, even though they will remain too
slow for real-time applications. These kind of sensors are very powerful
as they produce very high and accurate reconstructions, their domain of
applications are maintely the numerization of scenes for cinematographical
and multimedia purposes.

9.3 Toward a Real-time Sensor?

One of the main drawback of panoramic sensors with sequential acquisition
could be overcome by keeping the electronic still and applying the rotation
only on the optical side. Acquisition can be made continuous to avoid the
use of a stepper motor that slows the sensor. It will be then possible to use
just one or two linear ccd that remain still. The problem would be then to
send the rays of light toward this sensor using a rotation periscope based
on mirrors (see Figure 9.7).

linear CCD

FIGURE 9.7. Optical binocular system for sending back the observed image
toward the linear CCD.
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The bibliographical studies show that such a system is feasible, and the
reader is referred to [152]. The main drawback of the proposed periscope is
that it needs the rotation of the electronical system to folllow the rotation.
The solution is in the use of a double periscope with a constant field of
view, that would bring both reflected images from any angular position to
the same plane of view. We can find in the literature an example of such a
periscope.

Incoming

Prism

‘ray

- Semi-converging lens

Derotation prism
Semi-converging lens

@ L Observed ray

FIGURE 9.8. Layout of optical lenses for a panoramic telescope.

Pentagonal prism

The principle of this non-rotation of the incident image is shown by
Figure 9.7. The principle of non-rotation is explained by Figure 9.8. The
solution to this problem can be found using of a double mirror represented
by the dove prism introduced in Figure 9.7. If an incident image is rotated
by an angle a toward left and if the double mirror is rotated by an angle
a/2 also toward left, then the reflected image seen on the double mirror has
not turned. Figure 9.9 illustrates this effect of the derotation prism. The
panoramic sensor using this technology would have a binocular persicope
turning at a speed v with a dove prism turing at a speed v/2 that would
bring the reflected images to the same agular position on the linear CCD
that will remain still.

9.4 Acknowledgment

The authors thank Clause Gastaud, Thierry Maniere, Olivier Romain and
Thomas Ea at University Pierre and Marie Curie for the work done on the



168 R. Benosman and J. Devars

Double mirror

/\

\
/

Alov

Inversed image Image's rotation by 45° Double mirror's rotation by 22,5°

FIGURE 9.9. The non-rotation of a reflected image by a rotating double mirror.
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Calibration of the Stereovision
Panoramic Sensor

R. Benosman and J. Devars

10.1 Introduction

The Panoramic stereovision sensor introduced in the last chapter is based
on two rotating linear cameras. This chapter deals with the calibration
of a stereo head composed of two linear cameras. Though the calibration
of CCD matrix cameras has received a lot of attention, few methods of
calibration of linear CCD are described [111, 68, 23]. The following parts
are organized as follows. The first part presents a calibration method of
the panoramic stereovision sensor using a classical sketch of calibration.
The second part introduces a more unusual calibration method based on
normalized vectors to express points appearing in the scene.

10.2 Linear Camera Calibration using Rigid
Transformation

10.2.1 The Pinhole Model

The model of camera used in the pinhole camera shown by Figure 10.1 A
point P of the 3D space has an image p on the linear image. As a first
approximation we will consider that the camera has a perfect perspective
projection, O, is the projection’s center. The optical axis O. X intersection
the linear image at a point o which coordinate is ug. The distance O.o is
called the focal distance and will be represented by f. The camera coordi-
nates system is (O.X.Y.), the coordinates system of the image line (ox) is
(cu). We then have the following relations:

u _ f

If we change the scaling mesure on (ox) :

ﬁu
z —_—
ko



170 R. Benosman and J. Devars

P.E\Xw)’w)
‘\\\ X
\ AN A
. ~
\\ Y\\
\\ w
Xw\/ \\ uy
~
W ~$ P
~
~ Y
CO \ c
X ~ I
- 0
O
f c

FIGURE 10.1. The pinhole model.
And if we translate the origin
U =>u— U
we obtain the following relation :

g=—2 (10.2)

with k, > 0,

If we set a, = ky.f, (10.1) and (10.2) can be rewritten as a linear relation
of homogeneous coordinates:

su Uy Q@ 0 Te
s =11 0 ol w (10.3)
1 0 O 1 1

The physical significance of the parameters k., a,,, ug is the following;:
Q, is focal length measured in pixels,

% is the dimension of a pixel in meters (tpix = %)

ug is the intersection of the optical axis with the linear image and is
called the center of the image.

(10.3) can be seen as follows:

U=MX (10.4)

As depth can not be retrieved from a single camera, M is defined up to
a scale factor, and is called the perspective transform matrix.

(10.4) can be considered under many aspects, the known and unknown
parameters, if X and M are known, (10.4) gives the coordinates of a the
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point P, while if U and M are known, (10.4) allows a 2D reconstruction,
the reader will notice that in this case (10.4) defines a line.

10.2.2 Applying the Rigid Transformation

A rotation R and a translation t is applied to the coordinates system

(Ow,Xw,Yw):
Xe | _ Xuw
(3 )=r( )+

The matrix M can be written as follows :

Uy @ 0 cos & sina tz
M=|1 0 O —sina cosa ty | =
0 0 1 0 0 1

U COSQ — Qy SIn  uUgcosa + ay sina  ayty + upte
cos o sin o tr
0 0 1

10.2.3 Computing the Calibration Parameters

Let us assume that M has been computed and we would like now to find
the values of the intrinsics and extrinsics parameters «,, k,, f, R and t.
We have the following relation:

su Lo
s =M. | yu
1 1

If we divide M by t,, the system can be rewritten as follows:

su UQ COS X — 0y, Sin & UQ COS -+, sin a ayutytugte

cosa tx si tx tx Tw
— 11 ¢

s - tz tx 11 Yw
1 0 0 = 1

tx

Eliminating s from both equations gives us the expression for the image
point u:

u=h1 X+ hY + hsuX + hquY + hs
with

UQ COS O — Qy, SiN &
hy =

tr



172 R. Benosman and J. Devars

U COS & + Oy Sin o
ho =

tx

h3 =

hy =

oty + uotx
hg = ————
tr

Under a matrix form the relation is written:

u=[XY —uX —uY1.HT

10.2.4 Reconstruction

The equation connecting an image point to its 2D point in the scene is:
REX + hY — hiu'X — hiu'Y + Al —u' =0
We will consider 7 as the camera’s index. In this case ¢ = 1..2.
Computing the 2D coordinates of a point from its images on both upper
and lower cameras needs to solve the following system of equations:

hi —hlu' R} — hju! X n hi —u! —0
h? —h2u® h3—hju?® || Y hZ —u? |

We have a high number of points to solve the system, the problem is then
over-determined, we can find a solution applying a least-squares method.

10.2.5 Experimental Results

The geometry of the multidirectional device brings the calibration problem
to a 2D one. As shown by Fig.10.2 the calibration will be held in the
plane corresponding to a single angular position. In order to perform the
calibration process we need a set of 2D reference points.

The most natural pattern is composed of two lines, assembled so that
their angle is precisely 90° determining the world coordinates system (see
Figure 10.3). The calibration pattern must be positioned so that when the
panoramic sensor reaches the angular position where it is located, both
orthogonal lines and optical centers of each camera belong to the same
plane. Figure 10.4 shows the experimental device.

The reconstruction of calibration pattern’s points from stereo in the cam-
era coordinates system illustrated by Figures 10.5 and 10.6 show good result
with a precision less than 10~3m.
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Lower camera | Upper camera
f en pixels | 979.76 959.62
ug en pixels | 522.67 606.06
t, en m 3.597 3.4742
ty en m -0.396 -0.3589
cos(a) -0.4498 -0.3893
sin(a) -0.8931 -0.9211

TABLE 10.1. Estimating the calibration parameters

FIGURE 10.2. Calibration Plane.
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¥

L.ow linear CCD

FIGURE 10.3. The calibration pattern.

10.3 Calibrating the Panoramic Sensor using
Projective Normalized Vectors

10.5.1 Mathematical Preliminaries

Considering an object point P in the 3D space (see Figure 10.7), and p
its projection on the image line, m, is the vector starting from the view
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FIGURE 10.4. Observed calibration pattern.
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FIGURE 10.5. Reconstruction of the calibration points in the world coordinate
system.
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FIGURE 10.6. Reconstruction of the calibration points in the camera coordinate
system.
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point O and pointing towards P. If we want 7, to represent the absolute
distance between O and P, we have to normalize vector m, in order to
have OP = rp.my,.

y Image line
{
_--"P
rp _ _ — -
L
_
mP
o c
Optical axis X
f

FIGURE 10.7. Normalized image vector.
The non-normalized expression of mg is:
my = (f, (c - p)tpiz)
where f represents the focal length, ¢ the intersection of the optical axis

with the image line and tpix the vertical size of a pixel expressed in meters.
Once the vector is normalized we get its new expression:

T f (c )i
P VI2+ p)? tpiz?’ V2 + (c — p)2.tpix?
To simplify the expression of normalized vector we will set:
tpiz
o= pT,np =1+ (c—p)2.a?

Vector OP can be rewritten as follow:

op (T Tefe-p)a
n,” np

10.8.2 Camera Calibration

Considering Figure 10.8, we associate to each of the pattern points
P,Q,Q, P their corresponding normalized vectors (mp,mq,ms, mp, my)
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FIGURE 10.8. General calibration scheme.

starting from the view point O and pointing respectively towards their
image points (p, q,9,7,7).

The distances between O and pattern points P, Q,Q, P are respectively
noted zp, g, Ty, Tp

If we want to compute vector OQ we then have: 0Q = 00 + 0Q.

We can deduce 0Q = 0Q — 00 = rq.mq — rgng, to finally give the
coordinates of vector OQ:

0Q= ("—Q 0.1 (¢ _ga-1O (c—6).a)
nqQ no nqQ ng

We can then easily deduce the expression of vectors OP,0Q, OP.

The pattern points P and @ are lying on the same axis vectors OQ and
OP are then collinear to each other. Colinearity can be written as follow
0Q = Rqp.OP with Rgp = Q (inversely Rpq = 7£ ) Developing the
colinearity relation gives the two followmg relations :

’r‘Q 7‘6 Tp
— == (1-R — 10.
ng o ( op) + Rop o (10.5)
and
rTp Ure) q—o0
—=—=(1-R . 10.6
p "5( PQ) - (10.6)

Points P and Q are also lying on the same axis vectors OP and 0oQ
are colinear we can then deduce the same relations as (10.5) and (10.6) for
points P and Q.

Each of the vectors OQ and OQ are lying on different axes that are
orthogonal to themselves. We can then apply the Pythagorean theorem
to the triangle formed by the pattern points O, Q, @ giving the following

equation: (OQ OQ) = xQ + :ca



10. Calibration of the Stereovision Panoramic Sensor 177

We have then the following relation:

o2 (TQ(C —q) Tglc-19) ) 2 + (10.7)

nQ n5

T 5\ 2
(—Q—i_)) =xé+z25
nQ nQ

7 i)

Replacing ;"5 and % by their expressions from (10.5) and (10.6) in
Q
(10.7) gives:

A. <i2 +cz> +B.c+C—i2.(i2+(02—5)2> =0 (10.8)
(6] 7‘5 (8

(10.8) is of form A.x + By + z + C = 0, where the unknown z,y and z
are of expression:

1L, 11 2 2
o= (D= = 2+ (@ -9
A, B, C are known and are given by :
_ 52 _ 2.pw B v?
2 22T 3 2 2 2
g +w§ xQ+xa zy -I—xa
with B ~
§= (1= Rop)-B2 — (1~ R B
v=—(1- RQP).z:Z.q -(1- R@),gigﬁ-

uw=p0—=,with g =(1- RQP).ﬁ and vy = (1— R@)_%’%g.

Solving such an equation needs at least 3 quartets of points P, Q, Q and
P taken on the calibration pattern. To obtain a more robust solution of the
equation we need to use as many quartets of calibration points as possible,
combining all the existing points on the calibration pattern together. The
overconstrained system is solved using a least squares method.

10.4 Handling Lens Distortions

In the case of a perfect centered lens the distortion is symmetrical according
the optical axis modifying the Franke [74] polynomial form to adapt it to
the 2D geometry of the problem giving the following formula limited to the
4th order:

(u* = du) = (u— 0u) (K172 + Ka.r*)
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where u is the distorted pixels coordinates, u* is the pixels coordinates
in which the camera distortion is removed, K;and K5 are the distortions
coefficients and du is the shift value to pass from the theoretical optical
center to the real one. The distortion corrections shown by Figure 10.9 are
those of the low sensor.

| u-u*| with lens distortions

~ | u-u¥| without lens distortions
20

15
10

Calibration grid points

FIGURE 10.9. Lens Distortions Calibration.

10.5 Results

The detection of calibration points used in the calibration process uses an
edge detection procedure that allows subpixel accuracy. The edge detec-
tion is done by thresholding the first column image derivative using the
second column image derivative. Edge localization consists of finding the
zero crossing, a zero crossing can be detected when two consecutive pixels
are of different sign. The linear interpolation of the derivative values be-
tween pixels I and I+1 determine the position I, that corresponds to the
real position of the zero crossing. The value I, contains the line value of
edge points with an accuracy of 1/16 of the pixel size. The modified De-
riche algorithm used uses a IIR recursive filter of order 2 with a causal and
anticausal sweep, followed by two convolutions with FIR detection filter on
3 pixels for the first and second derivatives [77]. The identification of point
O is made manually.

The experimental results where carried out using a calibration pattern
shown by Figure 10.3 the points where spaced by a gap of 0.295 meters. Ta-
ble 10.2 presents the estimation of intrinsic parameters. The reconstruction
of the pattern calibration points in the world coordinates system (6,7,?)
compared to the theoretical calibration pattern points’ position is shown
by Figure 10.10. While the reconstruction of the calibration pattern points
in the camera coordinates system (O,X,Y) is illustrated by Figure 10.11.

The calibration pattern is placed so that both OXY and the rotation
axis of the panoramic sensor are parallel, the parallelism method is similar
to the one used to ensure the alignments of both linear CCD but this time
the checking is done on a portion of the panoramic images containing the
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High Sensor | Low Sensor
¢ in pixels 522.57 606.06
L in pixels | 979.76 959.62
t, in meters | 3.697 3.5742
ty in meters | -0.396 -0.3589
cos(a) inrd | -0.4498 -0.3893
sin(a) inrd | -0.8931 -0.9211

TABLE 10.2. Estimation of the calibration parameters by the calibration method
based on rigid transformation.

High Sensor | Low Sensor
¢ in pixels 612.6 497.2
f A o
iz 0 pixels | 1051.6 1032.8
ro in meters | 3.80 3.64

TABLE 10.3. Projective method estimation of the calibration parameters.

calibration pattern by checking that all pixels representing a same strip
appear on the same line with the same grey levels values.

The errors of reconstructions can be lowered by bettering the optical dis-
tortions correction. It appears that the calibration method is very sensible
to optical distortions, better results can be obtained using high quality op-
tic. Compared to the method introduced in the first part of this chapter, the
calibration method reaches similar reconstruction results (see Tables 10.2
and 10.3).

Distance on Y axis in m

Y O Reconstructed points
1 * Theoretical points
05
0 >
035 0 05 1 15

Distance onX axis in m

FIGURE 10.10. Reconstructed points compared to the theoretical calibration
pattern points.
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Distance on Y axis inm

1 X
054Y
op— X
05} _ O
1 s X : .
"0 1 2 3 4
Distance on X axis inm

FIGURE 10.11. Reconstructed calibration reference points in the camera coordi-
nates system.

10.6 Conclusion

The reader may wonder which method to use if a stereo head composed
of two linear cameras is to be calibrated. The first method is very robust
to noise and to errors in the localization of the calibration points and is
quite easy to implement, whereas the second gives also good results but is
very sensitive to noise and needs a subpixel accuracy in the detection of
the calibration points. Both methods reach the same results if it is possible
to be very accurate in the estimatation of the calibration features, but the
reader may prefer the first method if the noise is too important or if the
errors in the localization of the points needed by the calibration are high.
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Matching Linear Stereoscopic
Images

R. Benosman and J. Devars

11.1 Introduction

The stereoscopic sensor presented in the last chapter is different from other
systems due to the use of linear CCDs. The main problem is to find match-
ing techniques to obtain a 3D reconstruction of the observed scenes directly
from two linear images.

This chapter presents matching methods used to give a 3D reconstruction
of unknown scenes, the main purpose is to allow real time reconstruction, we
will start by analysing the geometrical properties of the sensor then we will
introduce two matching algorithms both based on dynamic programing.
The first method uses pixels as a feature while the second is based on
regions.

11.2 Geometrical Properties of the Panoramic
Sensor

The elementary panoramic sensor is a linear CCD swiveling around a ver-
tical axis that we will call Z. The focal distance is denoted f. We have
shown that the projection is cylindrical, f represents the ray of the cylin-
der illustrated by Figure 11.1.

The image coordinates of a 3D point P = (z,y, z) on the cylinder are
given by 0, Z,, where 8 represents the angular position of the point P, Z,
is the vertical distance between the image point and the plane containing
the optical center O, the projection on the cylinder is defined as follows :

6 = arctan(y/z),with § € (-%,%). Z, = \/—ZIT% 0 € (—%,3r), obtained
@24y

by transforming : § — 6 + 7. A 3D line D observed in the scene has the

o) (0]
following equation : D :x=1{ yo |+ | ¢t it € (—oo, +00) and it is
20 O

projected on the cylinder as follows : Zp = cos(f) * (f*zo> ;20 > 056 €

o
(-%.%)
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Z
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Jﬁ
A 74

A
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FIGURE 11.1. General scheme of cylindrical projection
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Cylinder of brojectjo

FIGURE 11.2. Curvature’s maxima position.

The result shows that the vertical ridges of a wall in the scene are pro-
jected in the form of sinusoidal curves. The apex of these curves corre-
sponds to the angular orientation of the sensor where the distance between
the cameras and the wall is minimal, Figure 11.2 illustrates this principle.

Parallel lines of the form:

¢ * T 0]
D:x=1 w +| t |;te(—o0,+00);ceIN
c*2p 0]

have the same image on the cylinder, this shows that we can not retreive
any depth infromation from a single panoramic view, which is an expected
result.
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11.3 Positioning the Problem

Using the natural deformation of the projection of lines of the scenes is of
great interest for environment modelisation. The aim of the approach is to
retrieve the position of walls in the scenes. A matching algorithm based
on the detection of curvature’s maxima of the projected lines is used. The
angular position of the apex of each line is saved and if a line apex is
detected at the same angular position in both upper and lower images, a
wall is then detected.

Number of
maxima

B
|

Angular position

FIGURE 11.3. Wall detection.

As shown by Figure 11.3, the principle is simple. We have to detect
maxima of curvature of each detected curve. An histogram of the angular
occurence of these maxima shows a peak corresponding to the presence of a
wall in the unknown scene [234]. The main reproach to this method is that
the algorithm used to detect walls, is based on features that are strictly
linked to the scene and may not appear if the scenes are too complex or
if the lines are severely truncated. In some cases the rooms are assumed
to be squared to simplify computation[179]. The use of the deformation of
horizontal lines is a very attractive idea to solve the problem of obstacle
detection and 3D reconstruction but remains too incertain, in what follows
we will introduce two matching methods that give 3D reconstruction of an
unknown scene, both allowing real time processing.



184 R. Benosman and J. Devars

11.4 A Few Notions on Dynamic Programing

11.4.1 Principle

The dynamic programing can be seen as a measure of cost to transform
a chain of elements that we will call the entry chain into another chain
of element that we will call the reference chain. To make the entry chain
correspond to the reference one, a set of editing operations are defined. The
goal is to minimise the distance between the entry chain and the reference
applying these edition operations.

In what follows we are interested principaly in the family of algorithms
of dynamic programing allowing only operations of inserting, deletion and
substitution where all the chain features are treated in the order of appear-
ance.

11.4.2 The Family of Dynamic Programming Used

Let A and B be the entry chain and the reference chain each containing
respectively n4 and np elements indexed from 0 & n4 — 1 and from 0 to
np — 1. Let d(i, ) be the distance between the j** element of A and the
ith element of B.

The minimal cost to match the sub-chains A(j), j € {0..n; —1} and B(3),
i € {0..n; — 1}, g(n;,n;), is defined as being the distance between A(j) and
B(i) to which we add the minimal costs :

1. g(n;—1,n;), inserting the element A(n;—1) in the chain at a position
le,

2. g(n; — 1,n; — 1), substitution,
3. g(nj,n; — 1), suppressing the element.

For the computation at the bounds g(0,.) and g(.,0), the costs g(-1,.) and
g(.,-1) are used and are given high costs to forbid these possibilities. The
path chosen by the min operator is stored and allows at the end of the
processing to give the best match corresponding to the optimal path. This
can be summerized by the following algorithm:

Dynamic Programing Algorithm
A, entry chain, n4 elements indexed from 0 to ngq — 1;
B, the reference chain, npg elements indexed from 0 to np — 1
g(—1,.) and g(.,—1) have a maximal cost.
for j going from 0 to ng — 1 do
for i going from 0 to ng — 1 do
compute d(j, )
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evaluate g(]» ’L)Id(], 7‘) + mm(g(g - 1al)vg(.] i 1)7 g(],Z - 1))
store the chosen argument argmin(j, ).
end for
end for

Retrieve the optimal path, i.e retreive the list of arguments matched to
retrieve the optimal path going back from point (ng — 1,np — 1) toward
the origin (0, 0).

11.5 Matching Linear Lines

During the acquisition process of the panoramic sensor, the positionning is
done by a rotating plate which elementary path is 0.01°. The linear images
are stored in a temporary RAM memory. To allow online reconstruction
of the observed scene the computation has to be done while the system
is rotating toward its new position. It appears judicious to use the linear
images while they are acquired. The matching algorithm has to be quick and
also robust as it is dealing with raw linear images without any information
on the previous columns, making the maching much harder.

11.5.1 Principle

————— Upper linear image
2007 Grey level —— Lower linear image

0 200 400 600 800 1000 Pixels

FIGURE 11.4. Linear images to be matched.

In order to fulfill the online constraint, the best matching is the one
that works directly on the linear images while they are acquired. In what
follows the lower linear image is called cb while the upper is represented by
ch, cb(i) is the grey level value of the i** pixel of the lower linear image,
and we have the same for the upper sensor where ch(j) is the grey level
value of the j** pixel as shown by Figure 11.4. The aim is to match the
pixels of both images to allow a 3D reconstruction of the environment.
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11.5.2 Cost Function

The cost function evaluates the distance that separates a point from an-
other, it must be simple in order to be computed quickly. We can consider
that the difference between the grey levels of pixels values as a good cost
function. In fact a scene point seen by both cameras will have the same
grey level values in case of non specularity. We will call F this function
which expression is

F(i,5) = |eb(i) — ch(j)]|

Seen from a purely computational point of view, this cost function is
simple because it uses a substraction and an absolute value, Figure 11.5
gives a 3D representation of the cost table of between two linear images.

FIGURE 11.5. 3D representation of the cost table.

11.5.83 Optimal Path Retrieval and Results

Applying the dynamic programing algorithm we obtain a distance table and
an optimal path corresponding to the matching illustrated by Figure 11.6.

The optimal path gives pairs of matched points, the matching of the two
linear images is shown by Figure 11.7.

A filtering on matched pairs must be done, to minimise matching errors
we will keep pairs of points where only both of them are edges in their
images.

At this stage, the principle of the matching procedure has been explained,
if we apply it directely on the linear images coming from the panoramic
sensor, the number of false matches will be high. In order to lower the
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S0 Distance

FIGURE 11.6. 3D representation of the distance table and the optimal path.

--=== Upper lincar image
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FIGURE 11.7. Matched linear images.

number of false matches we need to add several constraints that will refine
the matching.

11.5.4 Matching Constraints

Local and photometric ressemblance criterions are generaly not enough
restrictive to avoid false matchings. To overcome this drawback a certain
number of global constraints must be added.

11.5.4.1 Geometric Constraint

This constraint is the only one that does not assume anything about the
scene it derives directly from the geometry of the panoramic sensor. Linear
stereovision is possible if a point is seen from both upper and lower cameras.

Let P be a point of the scene seen by both upper and lower cameras. Let
i1 the index of the pixel representing the position of its image point in the
upper linear camera image and i representing the same thing but for the
lower linear camera. Whatever the position of points in the scene is, we will
always have i; > i5. This constraint is directly linked to the layout of the
linear cameras which is of great help in this case and leads to great simpli-
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FIGURE 11.8. Geometric constraint.

fication in the matching process, appart from giving an implicit epipolar
geometry the architecture of the sensor divides by two the matching space
as illustrated by Figure 11.9. This constraints has also great effects on the
execution time as the number of operations to be done is also divided by
two.

Cost I 12000
a0 ] &
J son &
200

1200
Upper lingyy ; image

400

FIGURE 11.9. Influence of the geometrical constraint on the cost table.

11.5.4.2 Sign Constraint

This photometric constraint assumes that both upper and lower features
corresponding to the same scene point, present localy derivatives having
the same sign. A sign is affected to each point, a positive derivative corre-
sponds to a transition from dark to light while the negative sign is due to a
transition from light to dark, see Figure 11.10. The linear image is derivated
applying the first derivative of Deriche [77]. The extrema correspond to the
position of edge points. The position of these points is computed from the
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second derivative of the image to obtain a sub-pixel precision. Two edge
points can be matched if their derivatives present the same sign if not they
are considered as a false match.

f(x)

Linear image
df (x) 4;

First derivative

FIGURE 11.10. The sign constraint.

11.5.4.3 Conclusions and Experimental Results

The presented matching procedure uses two constraints, the geometric
constraint linked to the architecture of the sensor and the photometric
constraint linked to the derivative of the linear image. When points are
matched after applying dynamic programing and retreiving the optimal
path, two edge points are considered matched if they fullfill the geometrical
and the sign constraints. Images of Figure 11.11 represent a 180° panoramic
image and their reconstruction is shown by Figure 11.12. Figure 11.13 is a
360° panoramic image of a meeting room.

Some comments are useful to the interpretation of the reconstruction
shown by Figure 11.14:

1. The position of the panoramic sensor, is at the center of the coordi-
nates system of the reconstructed scene.

Reconstructed edges of the table,
Chair,

- oW N

White screen,

5. Brick Wall, false matches are unavoidable due to the repeatitivity of
the pattern,
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FIGURE 11.11. Panoramic images covering 180° of an indoor scene.

Windows
Calibration
2- pattern

-4
“65
g
5]
\
2 \r/a/(z/

FIGURE 11.12. 3D Reconstruction on 180°.

6. Cupboard, and

7. Round table.

The meeting room contains few information to allow a good 3D recon-
struction, where the geometric structure of the observed room could ap-
pear. We then added extra patterns on the walls to recover the shape as
shown by Figure 11.15, figures 11.16 and 11.17 present the results of the
3D reconstruction.



11. Matching Linear Stereoscopic Images 191

FIGURE 11.13. 360° panoramic images.
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FIGURE 11.14. 3D reconstructed scene: upper view.

11.5.4.4 Conclusions

The matching results show a good reconstruction giving the shape of the
observed room with very few false matched points, the added constraints
enabled us to lower their number, but also to divide by two the computation
time.

The presented method is very easy to implement, the unique reproach
we can formulate concerns the fact that the matching procedure is based
on a dynamic programming method that deals with images of resolution
1024 x 1024. A feasability research shows that a hardware architecture
computing the dynamic programming procedure is possible, this is due to
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FIGURE 11.15. Meeting room with extra patterns on the walls.
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FIGURE 11.16. 3D reconstruction of the meeting room: a lateral view.

the fact that we use do not use all the image’s point of the 360° image for
the matching. However, to lower computation time and memory size we
only use edge points as an entry to achieve the matching.
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FIGURE 11.17. The recovered metric of the reconstructed room.

11.6 Region Matching

11.6.1 Introduction

The information needed by the method we will present in this section is
the regions delimited by two edge points in a linear image, we are dealing
with linear images, a region is simply a segment .

Matching linear images is a subject where few research has been done.
The approach presented is similar to the one developped by [37], they are
both based on the same principle, they differ by the fact that the presented
method is not based on recursivity.

In what follows the constraints enouced in the previous sections are still
valid. The sequential analysis of the linear images reduces the features
matching. If we consider the order constraint of stereovision the constraints
presented can be applied sequentially, a pair of matched features can de-
termine the next matching, if two features are matched they can be used
as a reference to match the following features.

11.6.2 Principle of Method

The main idea of the method is first to extract from each linear image the
edge points and to assign to each point a sign corresponding to the fact
that they are even a transition from light to dark or the inverse.

The algorithm uses a dynamic programming procedure that has as an
entry two edge points. The fundamental principle consists of using the last
matched couple as a valid match {H (%), B(¢)}. The matching will always
start from a valid node to find another pair to match. There is a duality
between edge points and regions. Each edge point separates two regions.
Let us consider an edge point H (i+1) delimiting two regions [H (i); H (i+1)]
and [H(¢ 4+ 1); H(i + 2)]. The region [H(i + 1); H(i + 2)] is delimited by
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two edge points H (i + 1) and H (i + 2). It is then possible to state that if a
point H (i) delimitates a region R in the upper image and its homologous
B(j) in the lower image delimitates a region R then R corresponds to R .

11.6.3 Computing Similarity between Two Intervals

To judge the quality of the matching between two regions, we will have to
measure the similarity between two edge points of a linear image.

If we want to compute the interval defined by the edge point H (i+k) with
the edge point B(i+k’), we will consider the intervals [H (3); H (i+k+e€)] and
[B(i); B(i + k + €')] €,¢ € {0,1} with € + €’ # 0 defined by the last valid
pair {H (i), B(i)}.

The two defined intervals will be used to measure the similarity, but
before using them few operations are needed. The output of the upper and
lower cameras have different levels of gain, it appears then the necessity
to bring the pixels of each interval to a value where the mean value equals
Z€ero.

If the length of the interval is denoted by [, and the gray levels of the
interval are expressed by ndg(j) the mean m of the interval is defined as
follows :

1 z=l-1
m= g Z ndg(x)
=0

The gray levels are modified so that they have a mean equal to zero.
Let ndgm(z), be the new gray levels obtained after applying the following
relation:

ndgm(z) = ndg(z) —m, x=0,1..1 -1

This modification is applied to all the intervals. The second stage con-
cerns the length of intervals, their length has few probabilities to be equal.
Comparing two intervals that do not have the same size is much too com-
plicated. To achieve that, the pixels of the smalest interval of length [ are
kept unchanged. The pixels of the longest interval of length L are rescaled.
We compute the rescaled interval called ndgg as follows:

ndgr(z) = H(int(#

the similarity measure between two intervals associated to the feature
points H (i + k) B(i + k') to be matched is then :

), z=0,1..1—-1

N
. ) 1
SH(i+k+e),Bli+k +¢€)) = ¥ > Indgn (x) — ndgp(z)|
=0
N corresponds to the number of pixels in the normalized interval. S is
the measure of similarity between two intervals, the more it is close to zero
the more the similarity is great.
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11.6.4 Matching Modulus

In what follows we will explain the matching procedure without taking into
account the epipolar constraint or the sign of the gradient, to simplifiy the
understanding.

We want to match the point H(i+k) with the edge point B(j+k/) taking
into account the intervals [H(2); H(i + k + €)] and [B(j); B(j + k + €')].

To match the pair {H(7), B(j)} we check if the pair {H(i+1),B(j+1)}
is valid. In the affirmative if the pair is valid the problem is solved, if not
it starts to be more complicated. In the case where H (i + 1) and B(j + 1)
is not a valid match we will compute three similarity measures :

Sa2 = S[H(i+2),B(j +2)]
S12 = S[H(i +1), B(j + 2)]
So1 = S[H(i+2),B(j +1)]
Suv represents a similarity measure and can be seen as a rectangle which

sides are formed by the intervals [H(i); H(i + v)] and [H(j); H(j + v)].
Figure 11.18 expresses graphicaly these similarity measures

Hii) Hii+1) Hii+2)

Valid node Valid node

Bii+1)

/ Bii+2) /

Node to be matched Node to be matched

Computation of § 5,

H{i+1)

Hii+2) BG)

Valid node WValid node

Bi+1) Bii+1)

Bii+2)

Bii+2)

Node to be matched Node to be matched

Computation of § 5 Computationof 8§ 5,

FIGURE 11.18. Computing similarities measures.
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11.6.5 Matching Algorithm

We start from {H(:), B(j)} and we want to match {H(i + 1), B(j + 1)}.
We consider the intervals [H (i), H(i+ 1+ ¢€)] and [B(j), B(j + 1+ ¢€')] with
€,e€{0,1} and e + € #0.

We must compute:

Soo = S[H(Z + 2),B(j + 2)]

S12 = S[H(’L + 1),B(j + 2)]

So1 = S[H(i +2), B(j +1)]
We differentiate between the following three possible cases:

1. Sao is the most reliable measure : H (i + 1) is matched with the edge
point B(j + 1), the matching is considered as valid. the next valid
pair is then {H(i+ 1), B(j +1)}. We then start from the pair {H (i +
2), B(j + 2)} that becomes the pair to be matched.

2. S is the most reliable measure : this means that the point H (i + 1)
has no homologous in the lower image, it is then ignored and replaced
by H(i + 2). The pair {H(7), B(j)} is still the valid pair and {H( +
2), B(j + 1)} becomes the pair to be tested.

3. S is the most reliable measure : this means that the point B(j +
1) has no homologous in the upper image , it is then ignored and
replaced by the point B(j + 2). The pair {H(¢), B(j)} is still valid
and {H (i + 1), B(j + 2)} becomes the new pair to be tested.

11.6.6 Adding Constraints

In the previous section we introduced two constraints that simplified con-
siderabely the matching procedure, minimizing the risks of false matchings.
These two constraints are the epipolar and the sign constraints linked to
the derivative sign of the linear image. In what follows we are adding these
two constraints in the previous matching algorithm.

11.6.6.1 Epipolar Constraint

We have shown that the index of to features in their respective images
verify the following relation:

Ty < ZTB
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B() B(j+1) B(j+2)

H() H(i+1) H(i+2)

FIGURE 11.19. Verification of the epipolar constraint.

On Figure 11.19 the features of the lower and upper images are repre-
sented by two axis. Each axis symbolises a camera and the position of the
features in this image.

The valid pair is H(z) et B(j). If H(i + 1) and B(j + 1) verify the con-
straints then the matching can be continued. At the contrary, the solution is
to ignore feature B(j+1). More generaly we need to find a feature B(j+k)
with 2 < k < N — j which verifies the constraint with the feature H (i 4 1).
If no feature B(j + k) verifying the constraint is found, H (i + 1) has no
homologous.

11.6.6.2 Sign Constraint

The sign constraint linked to the derivative of the image signal is applied
right after the epipolar constraint. It consists on verifing that the pair
{H(i +1),B(j + 1)} have the same sign. We start from the valid pair
{H (%), B(j)} and we try to match the pair {H(: +1),B(j + 1)}.

1. If H(i + 1) and B(j + 1) have the same sign and verified the epipolar
constraint, we then can apply the matching procedure described in the
previous sections.

2. If Hi+ 1) and B(j + 1) have different signs it means that one of
the features has no homologous. We consider then the two pairs {H (i +
1),B(j +2)} and {H(i + 2),B(j + 1)}. We test for each pair that they
fullfill the constraints and we compute the similarity measures. For the
compatible pairs we apply the matching algorithm.

We obtain then four cases, the matching has been tested:

1. On the two pairs {H(i +1),B(j +2)} and {H(i +2),B(j +1)}.
2. On only one pair {H(i+1),B(j +2)}.
3. On only one pair {H(: +2),B(j + 1)}.

4. On no pair.
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We will analyze the results based on the case:

Case 1:

S22 is not the smalest measure for any pair, we start then from pair
{H(i+2),B({+2)}

Soo is the smalest measure for only one pair, according to the cases
{H(i+1),B(j+2)} (respectively {H(i+2), B(j+1)}) becomes the present
valid pair. Pairs {H(i + 2), B(j + 3)} (respectively {H (i + 3), B(j + 2)})
become the new pairs to be matched.

Soo is the smalest value for both pairs, we keep then the pair which value
is the smalest.

Cases 2 and 3:

In these cases only one pair is valid. The matching algorithm is applied
normaly. The result is taken into account only if Sa5 is the smallest measure.
The new valid pair becomes {H(i + 1), B(j + 2)} (respectively {H (i +
2),B(j+1)}). The pair {H(i+2), B(j +3)} (respectively {H (i +3), B(j +
2)}) becomes the pair to be matched.

Case 4:

Both pairs do not fullfill the constraints, the new pair to be matched is
then {H(i +2),B(j +2)}.

11.6.7 FEzperimental Results

Figures 11.21 and 11.22 show the results of the stereomatching on images
of Figure 11.20. We can see the following objects:

1. Cupboard,
2. Postion of the panoramic stereovision system,
3. Edges of the table, and

4. White screen.

We can notice a high number of false matching due to the periodicity of
the brick wall. The main objects of the scene appear, but many edge points
are not correctly matched. The method is less robust than the previous one
and seems to have the drawback of the classical matching method based on
regions. In case of too many regions not easely distinguishable, this method
reaches its limits.
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FIGURE 11.20. Panoramic stereovision images to be matched.

FIGURE 11.22. 3D reconstruction by matching of regions: lateral view.



Section III

Techniques for Generating Panoramic Images

The first two sections in this book describe a variety of hardware-oriented
approaches for creating panoramic images. The chapters in this section,
on the other hand, focus on software approaches for generating panoramic
images. In addition, except for the approach described in Chapter 15 (Nayar
and Karmarkar), all the other approaches use just conventional off-the-
shelf cameras. The types of panoramic images described here range from
cylindrical ones (with 360° horizontal field of view) to spherical ones to
those with arbitrary coverage.

Chapter 12 (Kang and Weiss) examines the characterization of errors
in compositing cylindrical panoramic images. The cylindrical panoramic
image is created by stitching images captured while rotating the camera
about a vertical axis. The cross-sectional circumference of the cylindrical
panorama is called the compositing length. If the camera focal length is
unknown, it is shown here that the error in camera focal length can be
corrected by iteratively using the compositing length to compute a new and
more correct focal length. This compositing approach to camera calibration
has the advantages of not requiring both feature detection and separate
prior calibration.

In Chapter 13 (Shum and Szeliski), a system for constructing full view
image mosaics from sequences of images is described. The mosaic repre-
sentation associates a transformation matrix with each input image, rather
than explicitly projecting all of the images onto a common surface (e.g.,
a cylinder). In particular, to construct a full view panorama, they intro-
duce a rotational mosaic representation that associates a rotation matrix
with each input image. A patch-based alignment algorithm is developed to
quickly align two images given motion models. Techniques for estimating
and refining camera focal lengths are also presented. In order to reduce
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accumulated registration errors, they apply global alignment (block adjust-
ment) to the whole sequence of images, which results in an optimally reg-
istered image mosaic. To compensate for small amounts of motion parallax
introduced by translations of the camera and other unmodeled distortions,
the local alignment technique of deghosting is used.

An inverse texture mapping algorithm for efficiently extracting environ-
ment maps from the panoramic image mosaics is also presented in Chap-
ter 13 (Shum and Szeliski). By mapping the mosaic onto an arbitrary
texture-mapped polyhedron surrounding the origin, the virtual environ-
ment can be explored using standard 3D graphics viewers and hardware
without requiring special-purpose players.

In the first two chapters in this section, the camera internal parameters
are assumed fixed while it is moved. The work described in Chapter 14
(Agapito, Hayman, Reid, and Hartley) goes a step further: while the cam-
era is rotated, it is also allowed to zoom. The basis of the approach is to
make use of the so-called infinite homography constraint which relates the
unknown calibration matrices to the computed inter-image homographies.
A number of self-calibration methods are described, namely, an iterative
non-linear method, a fast linear method, and the use of an optimal Maxi-
mum Likelihood estimator.

Thus far, relatively narrow field-of-view cameras are used to acquire im-
age data. This poses problems when computing a complete spherical mo-
saic. First, a large number of images are needed to capture a sphere. Second,
errors in mosaicing make it difficult to complete the spherical mosaic with-
out noticeable seams. Third, with a hand-held camera it is hard for the
user to ensure complete coverage of the sphere. Chapter 15 (Nayar and
Karmarkar) presents two approaches to spherical mosaicing. The first is
to rotate a 360° camera about a single axis to capture a sequence of 360°
strips. The unknown rotations between the strips are estimated and the
strips are blended together to obtain a spherical mosaic. The second ap-
proach seeks to significantly enhance the resolution of the computed mosaic
by capturing 360 slices rather than strips. A variety of slice cameras are
proposed that map a thin 360° sheet of rays onto a large image area. This
results in the capture of high resolution slices despite the use of a low reso-
lution video camera. A slice camera is rotated using a motorized turntable
to obtain regular as well as stereoscopic spherical mosaics. Several experi-
mental results are presented that demonstrate the quality of the computed
mosaics.

The mosaicing methods described in the first three chapters are based
on projecting all images onto a pre-determined single manifold: a plane
is commonly used for a camera translating sideways, a cylinder is used
for a panning camera, and a sphere is used for a camera which is both
panning and tilting. While different mosaicing methods should therefore
be used for different types of camera motion, more general types of camera
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motion, such as forward motion, are practically impossible for traditional
mosaicing.

In Chapter 16 (Peleg, Rousso, Rav-Acha, and Zomet), a new method-
ology to allow image mosaicing in more general cases of camera motion is
presented. Mosaicing is performed by projecting thin strips from the images
onto manifolds which are dynamically determined by the camera motion.
While the limitations of existing mosaicing techniques are a result of using
predetermined manifolds, the use of dynamic manifolds overcomes these
limitations. With manifold mosaicing it is now possible to generate high-
quality mosaicing even for the very challenging cases of forward motion and
of zoom.

Additional Notes on Chapters

The material in Chapter 12 has originally appeared in the article with
the same name in Computer Vision and Image Understanding, vol. 73, no.
2, 1999. The material in Chapter 13 has originally appeared in the article
“Systems and experiment paper: Construction of panoramic image mosaics
with global and local alignment,” International Journal of Computer Vi-
sion, vol 36, no. 2, 2000. Different parts of Chapter 16 have appeared in
the following articles: “Panoramic mosaics by manifold projection,” IEEE
Computer Society Conference on Computer Vision and Pattern Recog-
nition, 1997, “Universal mosaicing using pipe projection,” International
Conference on Computer Vision, 1998, and “Rectified mosaicing: Mosaics
without the curl,” IEEE Computer Society Conference on Computer Vi-
sion and Pattern Recognition, 2000. Parts of Chapter 15 have appeared in
the proceedings of the IEFE Conference on Computer Vision and Pattern
Recognition held in June 2000.
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Characterization of Errors in
Compositing Cylindrical
Panoramic Images

S.B. Kang and R. Weiss

12.1 Introduction

A cylindrical panoramic image has a 360° horizontal field of view.
Panoramic images of scenes have interesting applications in computer vi-
sion and visualization because they contain full information about the scene
from a given viewpoint. For example, Apple’s QuickTime VRTM [49] prod-
uct uses panoramas for scene visualization. In computer vision, applying
the stereo algorithm on multiple panoramas allows the entire 3D scene data
points to be extracted (Chapter 17) and subsequently modeled [145]. In or-
der to have metrically correct models, it is necessary to have an accurate
estimate of the focal length.

A panoramic image can be produced by following a series of steps: First,
a sequence of images is taken while rotating a camera about a vertical axis
that approximately passes through the camera optical center. Each image
in the sequence is then projected onto a cylindrical surface whose cross-
sectional radius is an initially estimated focal length (see Figure 12.1). The
panoramic image is subsequently created by determining the relative dis-
placements between adjacent images in the sequence and using a refinement
of phase correlation and compositing the displaced sequence of images. The
length of the panoramic image is termed the compositing length.

There are alternatives to or variants of this approach to produce
a panoramic image. Ishiguro et al. [136], for example, generate each
panoramic image by rotating a camera about a vertical axis at very small
angular increments (a fraction of a degree) and stacking the same vertical
columns from the image sequence. However, while the resulting panoramic
image is precise, the camera motion has to be controlled accurately, and
the acquisition rate is slow. More recently, Szeliski and Shum [273] (Chap-
ter 13) developed a technique to merge multiple images taken with a camera
at different unknown tilt and pan orientations. In this case, care must be
taken to ensure that the projection centers associated with all the con-
stituent views coincide if the resulting mosaic is to be physically exact. In
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the case that this is not true, they [258] apply a deghosting technique based
on image subdivision and patch alignment to minimize the effects of mis-
registration due to motion parallax. A more detailed survey of panoramic
image generation techniques can be found in (144].

12.1.1 Analyzing the Error in Compositing Length

In this chapter, we describe the effect of errors in intrinsic camera param-
eters on the compositing length. We are not aware of any prior work in
this specific area. In particular, we consider the focal length and the radial
distortion coefficient. The camera focal length is important for two reasons:
it is necessary for accurate 3D modeling, and it affects the amount of blur-
ring in compositing the images. An important consequence of the analysis
is that a much better estimate of the camera focal length can be calculated
from the current compositing length. Hence by iterating the process of pro-
jecting onto a cylindrical surface (whose cross-sectional radius is the latest
estimation of the camera focal length) and compositing the new sequences,
we quickly arrive at the camera focal length within a specified error tol-
erance. We show later that the convergence towards the true focal length
is exponential. This method constitutes a simple means of calibrating a
camera.

12.1.2 Camera Calibration

Conventional means of camera calibration use a calibration or control
pattern (e.g., points [270, 284, 291], lines [20, 42, 288]), or take advan-
tage of feature structural constraints (e.g., roundness of spheres [215,
263], straightness of lines 34, 263]). In practice, these methods may not be
desirable because they are domain dependent or require some form of inter-
vention. There are also self-calibration techniques that do not require cali-
bration or control patterns. One example is [64], which describes a method
for self-calibration with the assumption that the direction of the camera
motion is known. However, features have to be tracked, and the resulting
motion sequence is not suitable for producing a panoramic image. In a more
general approach, Hartley [97] uses a two-step technique, comprising pro-
jective structure recovery, followed by iterative minimization of feature pro-
jection errors in Euclidean reconstruction. Again, image mosaicking cannot
be done concurrently with calibration, and selecting reliable feature points
for tracking is domain dependent.

In a more related work, Hartley [98] proposes a calibration technique that
uses multiple views taken with a camera rotated about its optical center.
This technique uses information from image correspondence to estimate the
five intrinsic camera parameters. We propose a method for featureless cam-
era calibration based on an iterative scheme of projecting rectilinear images
to cylindrical images and then compositing. In addition to determining the
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camera, focal length, this technique results in a panoramic image (i.e., with
360° horizontal field of view) that is both physically correct (ignoring radial
distortion effects) and seamlessly blended.

The basis of the compositing approach to camera calibration is the dis-
covery that the relative compositing length error due to camera focal length
error is disproportionately much less (i.e., in terms of percentages) than the
relative focal length error. When a planar image is projected to a cylinder
as in the compositing process, mis-estimation of the radius of the cylinder
will produce an erroneous warping of the image that will affect the length
of the final composite image. However, it turns out that near the center of
the overlap between successive images, the amount of combined warping
for both images is minimal and so is the effect of the mis-estimation. The
result of this is that the percent error in length of the composite image is
less than the percent error in the focal length. This makes it possible to
use the composite length to recover a better estimate of the camera focal
length.

The proposed technique has the advantage of not having to know the
camera focal length when a panorama is to be generated from a sequence
of images. This is in contrast to Apple’s QuickTime VRTM [49], which we
believe that a reasonably good estimate of camera focal length is required a
priori. This is also the case for McMillan and Bishop’s method of creating
panoramas [181]. Their method of estimating the camera focal length ne-
cessitates small panning rotations and relies on translation estimates near
the image centers.

The method of calibration that is closest to ours is that of Stein’s [263],
in which features are tracked throughout the image sequence taken while
the camera is rotated a full 360°. While this technique results in accurate
camera parameters, it still requires feature detection and tracking. Our
technique directly uses the given image sequence of the scene to determine
camera focal length without relying on specific tracked features.

12.1.83 Motivation and Outline

The motivation for generating panoramic images is to directly recover 3D
scene data points over a wide field of view using stereo for subsequent
modeling and photorealistic rendering [145]. Traditional approaches to re-
covering 3D data of a wide scene is to take stereo snapshots of the scene
at various poses and then merge these 3D stereo depth maps. This is not
only computationally intensive, but the resulting merged depth maps may
be subject to merging errors, especially if the relative poses between depth
maps are not known exactly. The 3D data may also have to be resampled
before merging, which adds additional complexity and potential sources of
€rrors.

The outline of this chapter is as follows: Section 12.2 reviews how a
panoramic image is produced from a set of images. This is followed by sec-
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FIGURE 12.1. Compositing multiple rotated camera views into a panorama. The
’x’ marks indicate the locations of the camera optical and rotation center.

tion 12.3 which gives a detailed analysis of the compositing error due error
in the camera focal length in Section 12.3. A consequence of this analysis
is the iterative compositing approach to camera calibration. Section 12.4
looks at the effect of misestimating the radial distortion coefficient on the
panoramic compositing length. We then describe the effect of errors in both
focal length and radial distortion coefficient on the reconstructed 3D data
in section 12.5 before summarizing in section 12.7.

12.2 Generating a Panoramic Image

A panoramic image is created by compositing a series of rotated camera
image images, as shown in Figure 12.1. In order to create this panoramic
image, we first have to ensure that the camera is rotating about an axis
passing through its optical center, i.e., we must eliminate motion parallax
when panning the camera around. To achieve this, we manually adjust the
position of camera relative to an X-Y precision stage (mounted on the tri-
pod) such that the motion parallax effect disappears when the camera is
rotated back and forth about the vertical axis [263]. If the axis of rota-
tion is not perpendicular to the camera axis, this could be detected in the
alignment procedure by searching for vertical displacement. This was not
necessary for obtaining good experimental results.

In previous work described elsewhere in this book, the camera was first
calibrated to extract its intrinsic parameters, namely «, the radial distor-
tion coefficient, and f, the camera focal length. This was accomplished by
taking snapshots of a calibration dot grid pattern at known spacings and
using the iterative least squares algorithm described in [270]. As a result
of our analysis reported here, this calibration step can be skipped if the
radial distortion coeflicient is insignificant, which is the case for standard
commercial lenses.

A panoramic image is created using the following steps:
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1. Capture a sequence of rotated camera views about a vertical axis
passing through the camera optical center;

2. Undistort the sequence to correct for x;

3. Warp the undistorted (rectilinear) sequence to produce a correspond-
ing cylindrical-based image sequence whose cross-sectional radius is
equal to the camera focal length f; and finally

4. Composite the sequence of images [267].

The compositing technique comprises two steps: rough alignment using

phase correlation, and iterative local refinement to minimize overlap inten-
sity difference between successive images (see, for example, [267]). In both
steps, the translation is assumed to be in one direction only, namely in
the x-direction (since the cylindrical-based images have been “flattened”
or unrolled). This is a perfectly legitimate assumption, since camera mo-
tion has been constrained to rotate about a vertical axis during image
sequence capture. (In practice, however, this may not be exactly true. In
this chapter, we assume that any vertical camera motion that may occur is
insignificant.) If the estimated focal length is exact, then the error in the
composited length is due to the digitization and image resampling effects,
the limit in the number of iterations during local matching, and computer
truncation or rounding off effects.
- The rough alignment step has been made more robust by adding the
iterative step of checking the displacement corresponding to the peak—if
the intensity RMS error in matching the overlap regions is high, the peak
is tagged as false and the next highest peak is chosen instead.

12.3 Compositing Errors due to Misestimation of
Focal Length

Compositing errors occur as a result of using a wrong value of the camera
focal length in converting the rectilinear images to cylindrical-based images
prior to compositing. If the correct focal length used, say firyue, then the
expected length of the composited panoramic image! is

L =27 forue (12.1)

If the focal length f used is incorrect, then the mapped cylindrical im-
ages are no longer physically correct. The compositing step will attempt to

n creating the panoramic image, the order of compositing is Iy, I, ..., In—1,
Iy, I, where I} is the kth image in the sequence and N is the number of images
in the sequence. The compositing length L is actually the displacement of the
first frame I; relative to its original location.
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minimize the error in the overlap region of successive images, but there is
still a net error in compositing length L.

Since each column in a rectilinear image is projected to another column
in the cylindrical image and translation is constrained to be along the x-
direction, it suffices to consider only a scanline in our analysis. We assume
for simplicity that the images are “fully textured” so that alignment of
corresponding pixels is unambiguous. We also assume, for ease of analysis,
that the amount of camera rotation between successive frames is the same
throughout the sequence (this need not be so in practice). In our analysis,
the net translation is computed by minimizing the sum of squares of the
pixel displacements from their matching locations. In other words, even
after translation with interpolation, the pixels in the second image will not
match the pixels in the first image at the same location. Each pixel will
match one at a displaced location. The translation which minimizes the
sum of their squares is the one that results in zero average displacement.

12.8.1 Derivation

In order to model the displacement of each pixel u; in the second cylindrical
image, we map it back to t; in the image plane, find the corresponding pixel
s; in the first image based on the actual rotation o, and map that back to v;
in the cylindrical image. For simplicity of analysis, we assume equal angles
of rotation, but this is not part of the algorithm. (Note that boldface letters
are used to represent the points themselves, while the same letters in italic
represent their respective x-coordinates in the image.) This is illustrated
in Fig. 12.2, where I; and I are the first and second cylindrical images,
respectively. Iy trye is the true cylindrical first image while « is the amount
of actual camera rotation between successive frames, i.e., 2r/N, N being
the number of images in the sequence. Recall that the cylindrical images
are formed by warping the images into a cylindrical surface whose cross-
sectional radius is the estimated focal length. The mappings are given by
the following equations:

t;, = ftan(%)

8i = firuetan (tan_l( ts >+a> (12.2)

ftrue
o (3)

As before, o = 2m/N and firye is the correct focal length while f is the
estimated focal length used.

Il

Vi
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FIGURE 12.2. Effect of inexact focal length: (a) actual mapping from second
cylindrical image; (b) theoretical displacement; (c) actual mapping to first cylin-
drical image. See text.

Using Mathematica™ [296], we find that, up to the third order in w;
and a,

2 r2 2,,2 2 2
+ f ftrue+.f i _ftrueuia

vi(u) = Fofo
+ (f - ftrue) (f + ftrue) (3f2ft2rueui + 3f2 ? B 5ft2rueu?) Oé2
3% firue
— 2 r2 2,2 _ 2 2
+ (f ftrue) (f + ftrue)g&if{ilte + 4f i 6ftrueuz ) a3(12.3)

The displacement between two successive frames at u; is d;(u;) = v; (u;)—
u;; the plot of the variation of d;(u;) versus u; for firye = 274.5 and N = 50
for different values of misestimated values of f is shown in Fig. 12.3. It is
interesting to note that the minimum displacement due to focal length error
occurs near the center of the overlap. The change in the displacement error
distribution due to the amount of overlap (changing number of frames N)
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FIGURE 12.3. Graph of error in displacement vs. pixel location for varying esti-
mated focal length f. firue = 274.5, N = 50, and | = 232.
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FIGURE 12.4. Graph of error in displacement vs. pixel location for varying num-
ber of frames N. firye = 274.5, f = 294.5 and | = 232.
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FIGURE 12.5. Overlap between successive images Ix—1 and I, with centers at
Og—1 and Oy, respectively.

is shown in Fig. 12.4. As can be observed, as N increases, the amount
of overlap increases, and interestingly enough, the overall error decreases.
Having a large overlap is important in the alignment process but is not
needed for the compositing. If everything is kept constant except for the
image length [, the error distribution remains the same save for u; and
ug, the two end pixel locations of the overlap area (see Fig. 12.5). They
shrink to decrease the amount of horizontal overlap as ! decreases. The
mean displacement between two successive frames is

Zﬁfzul (vi (us) — ug)

Uy —up + 1

D=

(12.4)

Note that if the interframe displacement is equal throughout the sequence
and that the length of each image is [, then us = 1/2 and uy = 27 firye /N —
/2. The mean total displacement, i.e., the composite length, is given by

L=ND (12.5)

If N is increased and [ is decreased at the same time, this results in a situ-
ation similar to that used by Ishiguro et al. [136], except that the rotation
is recovered from the overlap.

Suppose we reestimate the focal length from the composite length,
namely f' = L/(2rm). The question is: Is f’ a better estimate of the fo-
cal length than f? It turns out that for initial estimates of f close to the
true value, the answer can be shown to be yes. To see this, if f =~ firye,
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then from (12.3), (12.4) and (12.5), we get
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-— | &
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noting that a = 27 /N, and where
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Hence
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Thus (12.10) becomes

ftrue - f/
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= N (ftrue — f) (12.14)

If N is large, which is typical (in practice, N is about 50), then |firye —
f'| < |ftrue — f|- This implies that the estimated focal length based on the
composited length is a significantly better estimate.

12.3.2  Image Compositing Approach to Camera Calibration

The previous result suggests a direct, iterative method of simultaneously
determining the camera focal length and constructing a panoramic image.
This iterative image compositing approach to camera calibration has the
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advantages of not requiring both feature detection and separate prior cali-
bration. The pseudocode associated with this method is as follows:

Let the initial estimate of focal length be fj.
Determine compositing length Ly from fj.
Set k=1.
1. Calculate fy = Lx_1/(27).
2. Determine compositing length L from f.
3. If (lLk—Lk—llzf) {
k—k+1
Go to Step 1.
}
else
fr is the final estimated focal
length.

Since we know that the iterated value of fx converges toward firye, it
would be interesting to determine its rate of convergence. (12.14) can be
rewritten as a recurrence equation (assuming equality rather than approx-
imation)

ftrue = fk =1 (ftrue — fr—1) (12.15)
Rearranging, we have
fe = nfe=1 =1 =) frrue, (12.16)
from which the solution can be found to be
fr = firue + (fo = frrue) 7" (12.17)

Hence, the convergence of fj towards fi e is exponential in the vicinity
of the true focal length, as shown by (12.17). This also indicates that the
convergence is faster if the number of frames N increases, the image length
l decreases, or the true focal length fi.,e increases. As an example, for
N =50, 1 =232, and fiye = 274.5, n = 0.117.

The graph in Figure 12.6 shows the convergence of estimated focal length
from different initial estimates. (A sequence of the synthetic room is shown
in Figure 12.7 and the corresponding composited image is shown in Fig-
ure 12.8.) It is interesting to note that the actual estimated focal lengths
are smaller than theoretically predicted ones. One of the reasons could be
due to effects of resampling using bilinear interpolation. In addition, we
also make the assumption that each point is “fully textured,” which is dif-
ficult to realize in practice and even in simulations. Finally, shifts greater
than 1 pixel are not likely to influence the net shift correctly.

A panorama of the synthetic room is shown in Figure 12.9. As can be
seen, the effect of misestimating the focal length in compositing is a blur-
ring effect, presumably about the correct locations. When a rectilinear im-
age is projected onto a cylindrical surface of the wrong cross-sectional ra-
dius, which is also the estimated focal length, the error in pixel placement
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FIGURE 12.6. Graph of estimated focal length vs. number of iteration. f0 is the
initial estimated focal length; the actual focal length is 274.5. The solid lines
represent actual values whereas dashed lines represent predicted values.

increases away from the central image column. Having many cylindrical-
converted images superimposed would thus have the effect of locally smear-
ing the correct locations. This suggests that a good scheme of compositing
many images to form a panorama is to down-weight the pixels away from
the central image column during compositing. Indeed, Figure 12.10 shows
the effect of using such a simple scheme. Here each pixel is weighted by a
factor proportional to |¢ — ccenter|”?, Where c is the current pixel column,
Ccenter the central pixel column, and z; = —5. This yields a panorama that
visually appears almost as good as that shown in Figure 12.8. Note, how-
ever, that the panorama in Figure 12.10 is still not quite physically correct;
the aspect ratio is still not exact.

To further illustrate the robustness of this approach, we have also started
the iterative process with the original rectilinear images, (i.e., fo = o0),
which would be the worst case focal length initialization. The convergence
of the focal length value is: oo — 281.18 — 274.40 — 274.24. As before, the
actual focal length is 274.5. The process arrives at virtually the correct focal
length in just two iterations. This result is very significant; it illustrates that
in principal, we can start without a focal length estimate.

Note that in general, the process of iterative local image registration can
converge to a local minimum. This did not pose a problem to us because
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Image 1 Image 2 Image (N-1) Image N
FIGURE 12.7. Example undistorted image sequence of synthetic room.

FIGURE 12.8. Panorama of synthetic room after compositing the sequence in
Figure 12.7.

FIGURE 12.9. Panorama of synthetic room corresponding to an erroneous focal
length.

the consecutive images taken have significant overlap (> 50%). The reason
that we start off with f = oo is to show the rapid rate of convergence at
the worst case when converging to the right minimum.

12.4 Compositing Errors due to Misestimation of
Radial Distortion Coeflicient

Since we are estimating the focal length alone, it is important to show
that we can ignore errors in the other intrinsic camera parameters for this
process. Another intrinsic parameter that is likely to cause errors in the
compositing length is the radial lens distortion. If (z,, ¥,,) is the undistorted

FIGURE 12.10. Panorama of synthetic room corresponding to an erroneous focal
length, but using a simple weighted compositing technique.
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image location and (z4,y4) is its radially distorted counterpart, then

Ty = za(l+ K173+ Korg +...)
Yo = Ya(l+rKir]+ Rorg+...) (12.18)

ra =\/2% + y3

For our work, we use only the first radial coefficient term x = k;:

where

T, = zq(l+rkr3)
Yu = ya(l+krl) (12.19)
with the inverse
Ty = Tu
4 T + nr?i
Yu
= 12.20
vd 1+ kr? ( )
where
3
1 2\ 1 1 g
2 _ Ju ) _ 4w
e = \/(27/{3 + 2&2) 720r6 T 273 T 242
1 2
- 12.21
7 a2

2
1 r2 1 1 r2 2
9(\/(m§+ﬁ%) —ng_nermﬂLz’:f) K

(12.21) is found using Mathematica™ [296]. Details of lens distortion mod-
eling can be found in [260]. Note that this analysis makes the assumption
that the first radial distortion coefficient is dominant; if this is not true,
then a similar analysis that includes the other significant distortion coeffi-
cients will have to be included.

The transformations required to show the effect of incorrect focal length
and radial distortion coefficient are depicted in Figure 12.11. We assume
that the cylindrical images are displaced by an angular amount a. To see
how these transformations come about, consider the right half of the series
of transformations beyond “rotate by a.” We require the mapping from
the correct cylindrical image point to the actual cylindrical image point,
given estimates of f and k. To generate the correct undistorted rectilinear
image, we have to unproject from the cylindrical surface to the flat recti-
linear surface (f;,.,) and then radially undistort (k;,.,.). Subsequently we
perform radial distortion (k) and cylindrical projection (f) to arrive at the
estimated cylindrical image. This is similarly done for the second image.
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FIGURE 12.11. Mapping of pixels from the second cylindrical image to the first.
The transformation f indicates mapping from cylindrical to rectilinear coordi-
nates with focal length f while transformation x indicates the radial distortion
mapping with radial distortion factor k. Terms with the subscript “true” repre-
sent the correct entities while those without this subscript represent estimated
ones. Rect0 is the undistorted rectilinear image. See text.

Equations (12.3), (12.19), (12.20), and (12.21) are used in series to deter-
mine the theoretical displacement, as is similarly done in section 12.3. The
difference is that in calculating the mean displacement, the displacements
are averaged over all the pixels in the image. This is because radial dis-
tortion changes both x and y coordinates, while the cylindrical projection
changes the x component independently of y. In addition, if the camera
axis passes through the image center row, the average displacement in y is
zero.

The effect of misestimating the radial distortion coefficient « for a typical
value of f = 274.5 and k = 2.8 x 10~7 is shown in Figure 12.12. As can
be seen, the effect is almost linear, and despite significant errors in &, the
resulting error in the effective focal length is small (< 1%). This illustrates
that for typical real focal lengths and radial distortion coefficients, the
dominant factor in the compositing length error is the accuracy of the
focal length.

The appearance of the panorama due to error in radial distortion coeffi-
cient k is not very perceptible if the radial distortion is typically small (of
the order of 1077). An extreme case that corresponds to a large error in
radial distortion coefficient (by 107°) can be seen in Figure 12.13. Here, a
simple scheme of compositing by direct averaging is performed, and there is
a perceptible ghosting effect (note especially the area between the second
and third columns in Figure 12.13). However, using the weighted com-
positing scheme results in a much sharper image, as shown in Figure 12.14.
There is still some blurring effects, which is more pronounced away from
the central horizontal row of the panorama, but this is to be expected with
€errors in K.

There are two ways of measuring compositing length error: mismatch be-
tween observed compositing length and expected compositing length based
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12.12. Graph of equivalent focal length error vs. error in k, the ra-

dial distortion factor. The true focal length (firue) is 274.5 and the true radial
distortion factor (k¢rue) is 2.8 x 1077,

FIGURE

12.13. Another panorama of synthetic room corresponding to a large

erroneous radial distortion coefficient (by 1.0 x 107°).

FIGURE

12.14. Panorama of synthetic room (same camera location as in Fig-
ure 12.13) corresponding to an erroneous focal length.
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on estimated focal length, and mismatch between the correct compositing
length and expected compositing length. The first error (dL0) measures the
consistency between the estimated focal length and the observed composite
length. The second error (dL1) metric measures the error due to the current
estimate of the focal length, and cannot be calculated unless the true focal
length is known. Figure 12.15 shows the variation of both types of com-
positing length error as a function of errors in estimated focal length and
radial distortion coefficient. (The nominal focal length and radial distortion
coefficient are 274.5 and 2.8 x 10~ respectively.) The error dL0 is L — 27 f,
where L is the compositing length and f is the estimated focal length. This
is relevant if the estimated focal length is assumed to be correct and the
composited length is adjusted to be compatible with the estimated focal
length. In this case, the image displacement errors are distributed over all
the frames (the simpliest method being uniform distribution). This proce-
dure involves the least amount of computation as the images do not require
reprojection onto a cylindrical surface of a difference cross-sectional radius
(i-e., focal length). It may be used in the case of accurately estimated focal
lengths. Meanwhile, the error dL1 is 2m(f — firue), fitrue Deing the correct
focal length. This is relevant in the case of using the newly estimated focal
length based on the composited length. As can be observed, both types of
compositing length errors are more sensitive to the error in the estimated
focal length, with dL0 much more so.

12.5 Effect of Error in Focal Length and Radial
Distortion Coefficient on 3D Data

The recovered 3D data do depend on the accuracy of the estimated focal
length and radial distortion coefficient. This can be seen from Figures 12.17
and 12.18. The length and breadth of the synthetic room are 10 and 8
units respectively. Stereo data was recovered from 3 camera locations; two
camera locations are 0.31/2 units away from the first or reference camera
location. An example of a distribution of recovered stereo data correspond-
ing to the correct focal length of 274.5 and no radial distortion is shown in
Figure 12.16. Surprisingly, despite the increased numerical errors, the re-
covered 3D data corresponding to the other (erroneous) focal lengths and
radial distortion coefficient do not appear significantly different from that
shown in Figure 12.16. This suggests that if exact reconstruction is not
required and that the panorama does not have to be of high quality, then
just using the estimated focal length directly would suffice.

From Figure 12.17, it can be observed that the effect of underestimating
the focal length is greater than overestimating it. This is most likely due
to the greater relative change in the curvature error (the curvature of the
cylindrical surface being inversely proportional to the cross-sectional radius,
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FIGURE 12.15. Variation of compositing length error vs. errors in both focal
length and radial distortion coefficient. The deviations are all in terms of per-
centages. The nominal focal length and radial distortion coefficient are 274.5 and
2.8 x 1077 respectively. See text for descriptions of dL0 and dL1.

which is the focal length) in underestimating the focal length. In addition,
the effect of misestimating the focal length appears to be more significant
on the accuracy of the reconstructed 3D points than does misestimating
the radial distortion coefficient (assuming typical values of  of the order
of 10~7). This suggests that as long as the field of view is not too large
as to result in significant radial distortion, we can get by with a simple
estimation of k, or by assuming no radial distortion.

If necessary, k can be determined using pairs of adjacent images and
performing a bounded search to minimize the sum of residual intensity error
in fitting global 2D projective transformation (we implemented Brent’s 1D
parabolic interpolation search [220]). Simulations have shown that the error
in the recovered value of & is less than 10% (with actual x = 5.0 x 1076
and the individual image size of 216 x 232).

12.6 An Example using Images of a Real Scene

An example of 3D recovery of a real scene is described in this section.
This example is based on one of the examples in this book. One of the
eight panoramic images created using the iterative compositing approach
is shown in Figure 12.19. These eight panoramas were taken at about 3
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FIGURE 12.16. Example recovered 3D data (corresponding to the correct focal
length of 274.5).

X

RMS 3-D error

9 : : ! Ly
e HSSO,O 260.0 270.0 280.0 290.0 300.0
Estimated focal length

FIGURE 12.17. Graph of RMS 3D error of recovered stereo data vs. estimated
focal length. The true focal length is 274.5 (indicated by the vertical dashed line).
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FIGURE 12.18. Graph of RMS 3D error of recovered stereo data vs. error in
radial distortion coefficient k. Typical real values of k is of the order of 1077.
The zero error in & is indicated by the vertical dashed line.

FIGURE 12.19. Two of eight composited panoramic images of the laboratory.

inches apart (ordered roughly in a zig-zag fashion) in the lab are extracted.
The longest dimensions of the L-shaped lab is about 15 feet by 22.5 feet.

The 3D point distributions (original and filtered) are shown in Fig-
ure 12.20. The 3D point distribution in Figure 12.20(a) was obtained by
applying multibaseline stereo on the panoramic images. As can be seen,
the shape of the lab has been reasonably well recovered; the “noise” points
at the bottom of Figure 12.20(a) corresponds to the positions outside the
laboratory, since there are parts of the transparent laboratory window that
are not covered. This reveals one of the weaknesses of any correlation-based
algorithm (namely all stereo algorithms); they do not work well with image
reflections and transparent material.
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FIGURE 12.20. Extracted 3D point distribution of a laboratory scene using six
panoramic images.

12.7 Summary

We have analyzed the compositing error in terms of two intrinsic camera
parameters, namely the focal length and the radial distortion coefficient.
Given typical values of the radial distortion coefficient, the effect of the
focal length on the compositing error is more significant than that of the
radial distortion coefficient. An important discovery from this analysis is
that the relative compositing length error due to camera focal length error
is disproportionately much less than the relative focal length error. This
enables the use of the resulting compositing length to recover a better
estimate of the camera focal length, and forms the basis of the iterative
compositing approach to camera calibration. This method has the advan-
tage of not having to know the camera focal length when a panorama is
to be generated from a sequence of images. In addition, it does not rely on
feature detection and tracking or on a separate prior calibration process.

It has also been found that the resulting composite panorama is of a
much higher visual quality if a weighted scheme in combining overlapping
regions is used. Specifically, in blending images, we employ a weighting
distribution of an exponential form that favors pixels closer to the central
column of the image to which they belong.

Work has also been done on evaluating the effect of radial distortion on
the composited length of the panorama. It turns out that for reasonably
small radial distortion coefficients (of the order of 10~7), the effect on the
composited length is small (less than 1 percent error). We have not tried
to recover the other intrinsic camera parameters, because it seemed they
would have a much smaller effect on the modeling errors. In principle, the
analysis presented here could be extended to some of the other intrinsic
parameters.



13

Construction of Panoramic
Image Mosaics with Global and
Local Alignment

H.-Y. Shum and R. Szeliski

13.1 Introduction

The automatic construction of large, high-resolution image mosaics is an
active area of research in the fields of photogrammetry, computer vi-
sion, image processing, and computer graphics. Image mosaics can be
used for many different applications [163, 122]. The most traditional
application is the construction of large aerial and satellite photographs
from collections of images [186]. More recent applications include scene
stabilization and change detection [93], video compression [125, 122,
167] and video indexing [240], increasing the field of view [105, 177,
266] and resolution [126, 50] of a camera, and even simple photo edit-
ing [38]. A particularly popular application is the emulation of traditional
film-based panoramic photography [175] with digital panoramic mosaics,
for applications such as the construction of virtual environments [181,
267] and virtual travel [49].

In computer vision, image mosaics are part of a larger recent trend,
namely the study of wvisual scene representations [5]. The complete de-
scription of visual scenes and scene models often entails the recovery
of depth or parallax information as well [161, 239, 271]. In computer
graphics, image mosaics play an important role in the field of image-
based rendering, which aims to rapidly render photorealistic novel views
from collections of real (or pre-rendered) images [48, 181, 49, 84, 168,
144].

A number of techniques have been developed for capturing panoramic
images of real-world scenes (for references on computer-generated environ-
ment maps, see [86]). One way is to record an image onto a long film strip
using a panoramic camera to directly capture a cylindrical panoramic im-
age [182]. Another way is to use a lens with a very large field of view such
as a fisheye lens [298]. Mirrored pyramids and parabolic mirrors can also
be used to directly capture panoramic images [195].
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A less hardware-intensive method for constructing full view panoramas
is to take many regular photographic or video images in order to cover
the whole viewing space. These images must then be aligned and compos-
ited into complete panoramic images using an image mosaic or “stitching”
algorithm (177, 266, 122, 49, 181, 267].

For applications such as virtual travel and architectural walkthroughs, it
is desirable to have complete (full view) panoramas, i.e., mosaics that cover
the whole viewing sphere and hence allow the user to look in any direction.
Unfortunately, most of the results to date have been limited to cylindrical
panoramas obtained with cameras rotating on leveled tripods adjusted to
minimize motion parallax [181, 49, 263, 267, 148]. This has limited the
users of mosaic building to researchers and professional photographers who
can afford such specialized equipment.

The goal of our work is to remove the need for pure panning motion with
no motion parallax. Ideally, we would like any user to be able to “paint” a
full view panoramic mosaic with a simple hand-held camera or camcorder.
In order to support this vision, several problems must be overcome.

First, we need to avoid using cylindrical or spherical coordinates for
constructing the mosaic, since these representations introduce singularities
near the poles of the viewing sphere. We solve this problem by associating
a rotation matrix (and optionally focal length) with each input image, and
performing registration in the input image’s coordinate system (we call
such mosaics rotational mosaics [273]). A postprocessing stage can be used
to project such mosaics onto a convenient viewing surface, i.e., to create an
environment map represented as a texture-mapped polyhedron surrounding
the origin.

Second, we need to deal with accumulated misregistration errors, which
are always present in any large image mosaic. For example, if we reg-
ister a sequence of images using pairwise alignments, there is usually a
gap between the last image and the first one even if these two images
are the same. A simple “gap closing” technique can be used to force the
first and last image to be the same, to refine the focal length estimation,
and to distribute the resulting corrections across the image sequence [273,
148]. Unfortunately, this approach works only for pure panning motions
with uniform motion steps. In this paper, we present a global optimiza-
tion technique, derived from simultaneous bundle block adjustment in pho-
togrammetry [295], to find the optimal overall registration.

Third, any deviations from the pure parallax-free motion model or ideal
pinhole (projective) camera model may result in local misregistrations,
which are visible as a loss of detail or multiple images (ghosting). To over-
come this problem, we compute local motion estimates (block-based optical
flow) between pairs of overlapping images, and use these estimates to warp
each input image so as to reduce the misregistration [258]. Note that this
is less ambitious than actually recovering a projective depth value for each
pixel [161, 239, 271], but has the advantage of being able to simultaneously
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FIGURE 13.1. Panoramic image mosaicing system

model other effects such as radial lens distortions and small movements in
the image.

The overall flow of processing in our mosaicing system is illustrated in
Figure 13.1. First, if the camera intrinsic parameters are unknown, the user
creates a small mosaic using a planar projective motion model, from which
we can compute a rough estimate of the focal length (Section 13.5). Next,
a complete initial panoramic mosaic is assembled sequentially (adding one
image at a time and adjusting its position) using our rotational motion
model (Section 13.3) and patch-based alignment technique (Section 13.4).
Then, global alignment (block adjustment) is invoked to modify each im-
age’s transformation (and focal length) such that the global error across
all possible overlapping image pairs is minimized (Section 13.6). This stage
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also removes any large inconsistencies in the mosaic, e.g., the “gaps” that
might be present in a panoramic mosaic assembled using the sequential
algorithm. Lastly, the local alignment (deghosting) algorithm is invoked to
reduce any local misregistration errors (Section 13.7). The final mosaic can
be stored as a collection of images with associated transformations, or op-
tionally converted into a texture-mapped polyhedron or environment map
(Section 13.9).

The structure of our paper essentially follows the major processing stages,
as outlined above. In addition, we show in Section 13.2 how to construct
cylindrical and spherical panoramas, which are special cases of panoramic
image mosaics with a known camera focal length and a simple translational
motion model. Section 13.8 presents our experimental results' using both
global and local alignment, and Section 13.10 discusses these results and
summarizes the components in our system.

13.2 Cylindrical and Spherical Panoramas

Cylindrical panoramas are commonly used because of their ease of con-
struction. To build a cylindrical panorama, a sequence of images is taken
by a camera mounted on a leveled tripod. If the camera focal length or field
of view is known, each perspective image can be warped into cylindrical
coordinates. Figure 13.2a shows two overlapping cylindrical images—notice
how horizontal lines become curved.

To build a cylindrical panorama, we map world coordinates? p =
(X,Y, Z) to 2D cylindrical screen coordinates (6, v) using

6 = tan"}(X/2) (13.1)
v = Y/\VX24 22 (13.2)

where 6 is the panning angle and v is the scanline [267]. Similarly, we can
map world coordinates into 2D spherical coordinates (6, ¢) using

6 tan'(X/Z) (13.3)
¢ = tan"N(Y/V X2+ Z2). (13.4)

Once we have warped each input image, constructing the panoramic mo-
saics becomes a pure translation problem. Ideally, to build a cylindrical or

I

lExample image sequences and results are also online
www.research.microsoft.com/users/hshum/ijcv99/ijcv.htm.

2To convert from image coordinates (z,y) to world coordinates (directions),
we use (X,Y,Z) = (z + cz,y + ¢y, f), where (cz,cy) are the coordinates of the
camera’s optical center, and f is the focal length measured in pixels (see Section
13.3.2).



13. Construction of Panoramic Image Mosaics 231

spherical panorama from a horizontal panning sequence, only the unknown
panning angles need to be recovered. In practice, small vertical translations
are needed to compensate for vertical jitter and optical twist. Therefore,
both a horizontal translation ¢, and a vertical translation ¢, are estimated
for each input image.

To recover the translational motion, we estimate the incremental dt =
(64, 6t,) by minimizing the intensity error between two images®,

B(ot) = Y[ (xi +8) — I(x)]? (13.5)

where x; = (z;,y;) and x} = (2}, v.) = (x; + t5,y; + ty) are corresponding
points in the two images, and t = (t,t,) is the global translational motion
field which is the same for all pixels [25].

After a first order Taylor series expansion, the above equation becomes

E(5t) ~ ) (gl ot + ei]? (13.6)

where e; = I (x}) — I(x;) is the current intensity or color error, and g¥’ =
VI,(x}) is the image gradient of I; at x. This minimization problem has
a simple least-squares solution,

(Z g ) ot = — (Z e,»g,) . (13.7)

7

Figure 13.2b shows a portion of a cylindrical panoramic mosaic built
using this simple translational alignment technique. To handle larger initial
displacements, we use a hierarchical coarse-to-fine optimization scheme [25].

When blending the images into a composite mosaic, in order to reduce
discontinuities in intensity and color between the images being composited,
we apply a simple feathering algorithm, i.e., we weight the pixels in each
image proportionally to their distance to the edge [267]. More precisely,
for each warped image being blended, we first compute the distance map,
d(x), which measures either the city block distance [228] or the Euclidean
distance [54] to the nearest transparent pixel (a = 0) or border pixel. We
then blend all of the warped images using

> w(d(x)) I (x)
C(x) = (13.8)
>pw(d(x))
where w is a monotonic function (we currently use w(z) = x). An alterna-
tive to such weighted blending is to select pixels from only one image, but
this can be tricky in practice [185, 214, 297, 56].

3For robust versions of this metric, see [27, 240].
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FIGURE 13.2. Construction of a cylindrical panorama: (a) two warped images;
(b) part of cylindrical panorama composited from a sequence of images.

Once the alignment and blending steps are finished, we can clip the ends
(and optionally the top and bottom) and write out a single panoramic
image. An example of a cylindrical panorama is shown in Figure 13.2b. The
cylindrical /spherical image can then be displayed with a special purpose
viewer like QTVR or Surround Video. Alternatively, it can be wrapped onto
a cylinder or sphere using texture-mapping. For example, the Direct3D
graphics API has a CreateWrap primitive which can be used to wrap a
spherical or cylindrical image around an object using texture-mapping.
However, the object needs to be finely tessellated in order to avoid visible
artifacts.
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Creating panoramas in cylindrical or spherical coordinates has sev-
eral limitations. First, it can only handle the simple case of pure pan-
ning motion. Second, even though it is possible to convert an image
to 2D spherical or cylindrical coordinates for a known tilting angle, ill-
sampling at north pole and south pole causes big registration errors.
Third, it requires knowing the focal length (or equivalently, field of
view). While focal length can be carefully calibrated in the lab [284,
263, estimating the focal length of lens by registering two or more im-
ages is not very accurate, as we will discuss in Section 13.5.

13.3 Alignment Framework and Motion Models

In our system, we represent image mosaics as collections of images with
associated geometrical transformations. The first stage of our mosaic con-
struction algorithm computes an initial estimate for the transformation
associated with each input image. We do this by processing each input
image in turn, and finding the best alignment between this image and the
mosaic constructed from all previous images.> This reduces the problem
to that of parametric motion estimation [25]. We use the hierarchical mo-
tion estimation framework proposed by Bergen et al., which consists of four
parts: (i) pyramid construction, (ii) motion estimation, (iii) image warping,
and (iv) coarse-to-fine refinement [25)].

An important element of this framework, which we exploit, is to per-
form the motion estimation between the current new input image and
a warped (resampled) version of the mosaic. This allows us to estimate
only incremental deformations of images (or equivalently, instantaneous
motion), which greatly simplifies the computation of the gradients and Hes-
sians required in our gradient descent algorithm (e.g., compare the Hessians
computed below with those presented in [267]). Thus, to register two im-
ages Io(x) and I;(x’), where x’ is computed using some parametric motion
model m, i.e., x' = f(x;m), we first compute the warped image

I (x) = I (f(x; m)) (13.9)

(in our current implementation, we use bilinear pixel resampling). The task
is then to find a deformation of I;(x) which brings it into closer registra-
tion with Ip(x) and which can also be used to update the parameter m.
The warp/register/update loop can then be repeated. In the next three

“Note that cylindrical coordinates become undefined as you tilt your camera
toward north or south pole.

5To speed up this part, we can optionally register with only the previous image
in the sequence.
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subsections, we describe how this can be done for two different transfor-
mation models, namely 8-parameter planar projective transformations and
3D rotations, and how this can be generalized to other motion models and
parameters.

138.3.1 8-parameter Perspective Transformations

Given two images taken from the same viewpoint (optical center) but in
potentially different directions (and/or with different intrinsic parameters),
the relationship between two overlapping images can be described by a
homography or planar perspective motion model [177, 266, 122, 267 (for
a proof, see Section 13.3.2 below). The planar perspective transformation
warps an image into another using

mog MmMmp M T
X' ~Mx=| m3 msg ms y |, (13.10)
me M7 Mg 1

where x = (z,y,1) and x’ = (2/,y,1) are homogeneous or projective co-
ordinates, and ~ indicates equality up to scale.’ This equation can be
re-written as
o = Tertmytm (13.11)
mex + mry + msg
T
y = merhmaytms (13.12)
mex + mzy + mg

To recover the parameters, we iteratively update the transformation
matrix’ using

M « M(I+ D) (13.13)
where
do di da
D=|dy di ds |. (13.14)
de d7 dg

Resampling image I; with the new transformation x’ ~ M(I + D)x is
the same as warping the resampled image I; by x” ~ (I+D)x,® i.e.,

" (1+do)r +d1y +d2
- 13.15
T dex + d7y + (1 + dg) ( )
g = Gt(+ddytds (13.16)

dex + d7y + (1 +d8).

6Since the M matrix is invariant to scaling, there are only 8 independent
parameters.

“To improve conditioning of the linear system and to speed up the convergence,
we place the origin (z,y) = (0,0) at the center of the image.

8Ignoring errors introduced by the double resampling operation.
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We wish to minimize the squared error metric

Ed) = Y [L(x)—Io(x:)]? (13.17)
= Solhe) + V00 G~ T = Slel 97 +a59)

where e; = I1(x;) — Io(x;) is the intensity or color error®, g7 = VI(x;) is
the image gradient of I; at x;, d = (dy,...,ds) is the incremental motion
parameter vector, and J; = Jq(x;), where

000 —22 —ay —z]"
z g 1 y _y} (13.19)

axll T
Ja(x) = 3q = [ 0 —zy -y

od 0

is the Jacobian of the resampled point coordinate x! with respect to d.'°
This least-squares problem (13.18) has a simple solution through the
normal equations [220]

Ad = —b, (13.20)
where
A=) JigglI (13.21)
is the Hessian, and
b=> edig; (13.22)

is the accumulated gradient or residual. These equations can be solved using
a symmetric positive definite (SPD) solver such as Cholesky decomposition
[220]. Note that for our problem, the matrix A is singular unless we elimi-
nate one of the three parameters {dp, d4, dg}. In practice, we set dg = 0, and
therefore only solve an 8 x 8 system. A diagram of our alignment framework
is shown in Figure 13.3.

Translational motion is a special case of the general 8-parameter per-
spective transformation where J is a 2 x 2 identity matrix because only the
two parameters mqy and ms are used. The translational motion model can
be used to construct cylindrical and spherical panoramas if we warp each
image to cylindrical or spherical coordinates image using a known focal
length, as shown in Section 13.2.

The 8-parameter perspective transformation recovery algorithm works
well provided that initial estimates of the correct transformation are close
enough. However, since the motion model contains more free parameters

9Currently three channels of color errors are used in our system, but we can
use the luminance (intensity) error instead.

0The entries in the Jacobian correspond to the optical flow induced by the
instantaneous motion of a plane in 3D [25].
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FIGURE 13.3. A diagram for our image alignment framework
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than necessary, it suffers from slow convergence and sometimes gets stuck
in local minima. For this reason, when we know that the camera is ro-
tating around its optical axis, as opposed to undergoing general motion
while observing a plane, we prefer to use the 3-parameter rotational model
described next.

13.3.2 8D Rotations and Zooms

For a camera centered at the world origin, i.e., (X,Y,Z) = (0,0,0), the
relationship between a 3D point p = (X,Y, Z) and its image coordinates
x = (z,y,1) can be described by

x ~ TVRp, (13.23)
where
1 0 ¢ f 00 Too To1 To02
T=]01 ¢ |, V=0 f 0|,andR=| r0 r11 712
0 0 1 0 01 Too To1 T22

are the image plane translation, focal length scaling, and 3D rotation ma-
trices. For simplicity of notation, we assume that pixels are numbered so
that the origin is at the image center, i.e., ¢z = ¢y = 0, allowing us to
dispense with T (in practice, mislocating the image center does not seem
to affect mosaic registration algorithms very much).!! The 3D direction
corresponding to a screen pixel x is given by p ~ R™1V~!x.

For a camera rotating around its center of projection, the mapping (per-
spective projection) between two images k and [ is therefore given by

M ~ ViRR; 'V = ViR V! (13.24)

where each image is represented by ViRy, i.e., a focal length and a 3D
rotation.

Assume for now that the focal length is known and is the same for all
images, i.e, Vi = V. Our method for computing an estimate of f from an
initial set of homographies is given in Section 13.5. To recover the rotation,
we perform an incremental update to Ry based on the angular velocity
Q= (wx»wy»wz)a

Ry~ RuR(Q) or M« VRuR(Q)V™? (13.25)

where the incremental rotation matrix R(ﬂ) is given by Rodriguez’s for-
mula (8], )
R(1,0) = I+ (sin )X (h) + (1 — cos §)X (n)? (13.26)

1The above equation also assumes a unit aspect ratio, no skew, and no radial
distortion.
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(a) (b)
FIGURE 13.4. 3D rotation registration of four images taken with hand-held cam-
era: (a) four original pictures; (b) image mosaic using 3D rotation.

with 0 = |||, n = /6, and

0 —Ww, Wy
—Wy  Wg 0

is the cross product operator.!? Keeping only terms linear in 2, we get

M’ ~ VRyR; ' [I+ X(Q)]V~! = M(I + Dg), (13.27)
where
0 —w,  fuwy
Do=VX(Q)V1=| w, 0 —fu,
_wy/f wz/f 0

is the deformation matrix which plays the same role as D in (13.13).
Computing the Jacobian of the entries in Do with respect to € and

applying the chain rule, we obtain the new Jacobian,'3
ox" _ ox" od ~ay/f  ft+a/f -y ]
- - = . 13.2
To=3a = ad an [ ~f=v*/f wy/f = (13.28)

12This is also called the twist or exponential map representation in robotics
[193].
13This is the same as the rotational component of instantaneous rigid flow [25].
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This Jacobian is then plugged into the previous minimization pipeline to
estimate the incremental rotation vector (w, wy w,), after which Ry can
be updated using (13.25).

Figure 13.4 shows how our method can be used to register four images
with arbitrary (non-panning) rotation. Compared to the 8-parameter per-
spective model, it is much easier and more intuitive to interactively adjust
images using the 3-parameter rotational model.'*

13.3.3 Other Motion Models

The same general strategy can be followed to obtain the gradient and Hes-
sian associated with any other motion parameters. For example, the focal
length fi can be adjusted by setting fr < (1 + ex) fx, i.e.,

M+~ M(I + elem) (1329)

where D19 is a diagonal matrix with entries (1, 1,0). The Jacobian matrix
Je, is thus the diagonal matrix with entries (z,y), i.e., we are estimating
a simple re-scaling (dilation). This formula can be used to re-estimate the
focal length in a video sequence with a variable focal length (zoom).

If we wish to update a single global focal length estimate, f < (1+e¢)f,
the update equation and Jacobian are more complicated. We obtain

M (I + 6D110)VR]CR[_1V—1(I — €D110) ~ M(I + eDe) (1330)

where
D. = Dy;0 — MDy;)M ™! (13.31)

(further simplifications of the second term are possible because of the spe-
cial structure of D1;10). The Jacobian does not have a nice simple structure,
but can nevertheless be written as the product of Jq and dd/de, which is
given by the entries in D,. Note, however, that global focal length adjust-
ment cannot be done as part of the initial sequential mosaic creation stage,
since this algorithm presupposes that only the newest image is being ad-
justed. We will address the issue of global focal length estimate refinement
in Section 13.6.

The same methodology as presented above can be used to update any
motion parameter p on which the image-to-image homography M(p) de-
pends, e.g., the aspect ratio.!> We simply set

M—la_M

M «— M(p + dp) ~ M(I+ o

0p). (13.32)

With only a mouse click/drag on screen, it is difficult to control 8 parameters
simultaneously.

1%Updating parameters such as radial distortion which affect the image forma-
tion process in a non-linear way requires a different method, i.e., directly taking
derivatives of image pixel locations w.r.t. these parameters.
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Hence, we can read off the entries in 0d/dp from the entries in
M~1(6M/dp).

13.4 Patch-based Alignment Algorithm

The normal equations given in the previous section, together with an ap-
propriately chosen Jacobian matrix, can be used to directly improve the
current motion estimate by first computing local intensity errors and gra-
dients, and then accumulating the entries in the parameter gradient vector
and Hessian matrix. This straightforward algorithm suffers from several
drawbacks: it is susceptible to local minima and outliers, and is also unnec-
essarily inefficient. In this section, we present the implementation details
of our algorithm which makes it much more robust and efficient [257].

18.4.1 Patch-based Alignment

The computational effort required to take a single gradient descent step
in parameter space can be divided into three major parts: (i) the warping
(resampling) of I (x') into I; (x), (ii) the computation of the local intensity
errors e; and gradients g;, and (iii) the accumulation of the entries in A
and b (13.21-13.22). This last step can be quite expensive, since it involves
the computations of the monomials in J; and the formation of the products
in A and b.

Notice that equations (13.21-13.22) can be written as vector/matrix
products of the Jacobian J(x;) with the gradient-weighted intensity errors,
eigi, and the local intensity gradient Hessians g;g! . If we divide the image
up into little patches P;, and make the approximation that J(x;) = J; is
constant within each patch (say by evaluating it at the patch center), we
can write the normal equations as

AxD JA0]  with  Aj=) ggl (13.33)
J 1€P;
and
b~ ZJjbj with bj = Z €;8g;. (1334)
J i€P;

A ; and b; are the terms that appear in patch-based optical flow algorithms
(172, 25]. Our algorithm therefore augments step (ii) above with the accu-
mulation of A; and b; (only 10 additional multiply/add operations, which
could potentially be done using fixpoint arithmetic), and performs the com-
putations required to evaluate J; and accumulate A and b only once per
patch.

A potential disadvantage of using this approximation is that it might
lead to poorer convergence (more iterations) in the parameter estimation
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algorithm. In practice, we have not observed this to be the case with the
small patches (8 x 8) that we currently use.

13.4.2 Correlation-style Search

Another limitation of straightforward gradient descent is that it can get
trapped in local minima, especially when the initial misregistration is more
than a few pixels. A useful heuristic for enlarging the region of convergence
is to use a hierarchical or coarse-to-fine algorithm, where estimates from
coarser levels of the pyramid are used to initialize the registration at finer
levels [221, 4, 25]. This is a remarkably effective technique, and we typically
always use 3 or 4 pyramid levels in our mosaic construction algorithm.
However, it may still sometimes fail if the amount of misregistration exceeds
the scale at which significant image details exist (i.e., because these details
may not exist or may be strongly aliased at coarse resolution levels).

To help overcome this problem, we have added a correlation-style search
component to our registration algorithm.® Before doing the first gradient
descent step at a given resolution level, the algorithm can be instructed to
perform an independent search at each patch for the integral shift which will
best align the Iy and I; images (this block-matching technique is the basis
of most MPEG coding algorithms [166]). For a search range of +s pixels
both horizontally and vertically, this requires the evaluation of (2s + 1)2
different shifts. For this reason, we usually only apply the correlation-style
search algorithm at the coarsest level of the pyramid (unlike, say, [4], which
is a dense optic flow algorithm).

Once the displacements have been estimated for each patch, they must
somehow be integrated into the global parameter estimation algorithm. The
easiest way to do this is to compute a new set of patch Hessians A; and
patch residuals b; (c.f. (13.33-13.34)) to encode the results of the search.
Recall that for patch-based flow algorithms [172, 25], A, and b; describe
a local error surface

E(u)) = uj Aju; +2uib; +c = (u; —u))TAj(u; —uj) + ¢ (13.35)

where

ul = —-A;'b; (13.36)

is the minimum energy (optimal) flow estimate.

We have applied two techniques for computing A ; and b; from the results
of the correlation-style search. The first is to fit (13.35) to the discretely
sampled error surface which was used to determine the best shift ug. Since
there are 5 free parameters in A; and b; (A; is symmetric), we can simply

6To compensate for even larger misregistration, phase correlation could be
used to estimate a translation for the whole image [267].
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fit a bivariate quadratic surface to the central E value and its 4 nearest
neighbors (more points can be used, if desired). Note that this fit will
implicitly localize the results of the correlation-style search to sub-pixel
precision (because of the quadratic fit).

A second approach is to compute A ; and b; using the gradient-based ap-
proach (13.33-13.34), but with image I(x) shifted by the estimated amount
uo. After accumulating the new Hessian A; and residual b; with respect
to the shifted image, we can compute the new gradient-based sub-pixel
estimate

) = —A;'b;. (13.37)
Adding G} to the correlation-style search displacement uy, i.e.,
u; =40; +up (13.38)
is equivalent to setting
A;j=A;, b;j=b;—Aju,. (13.39)

We prefer this second approach, since it results in A; estimates which
are non-negative definite (important for ensuring that the normal equations
can be solved stably), and since it better reflects the certainty in a local
match.1”

13.5 Estimating the Focal Length

In order to apply our 3D rotation technique, we must first obtain an esti-
mate for the camera’s focal length. We can obtain such an estimate from
one or more perspective transforms computed using the 8-parameter algo-
rithm. Expanding the ViRV ! formulation, we have

my mp Mo 700 T01 r02fo
M = m3 Mg M5 ~ T10 T11 7'12f0 (1340)
meg my 1 roo/f1 To1/f1 reafo/fr

where R = [r;;].

In order to estimate focal lengths fy and fi, we observe that the first
two rows (or columns) of R must have the same norm and be orthogonal
(even if the matrix is scaled), i.e.,

m02 + m12 + m22/f02 = m32 + m42 + m52/f02 (13.41)

momga + mimg + m2M5/f02 =0 (13.42)

17An analysis of the relationship between these two approaches can be found
in [277].
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and

mo? + msZ + m62f12 =mi2+ma + m72f12 (13.43)

momy + m3my + m6m7f12 =0. (13.44)

From this, we can compute the estimates

2 2
2 ms5® — My . 9 9 2 2
fof = — 5 5 5 i mo” +m1® # mg® + my
mo“ + Mm% — ms* — my
or
maMms .
f02 =———=—  if mgmgzg # —myimy.

mom3 + mimy

Similar result can be obtained for f; as well. If the focal length is fixed for
two images, we can take the geometric mean of fy and f; as the estimated
focal length f = +/f1fo. When multiple estimates of f are available, the
median value is used as the final estimate.

13.5.1 Closing the Gap in a Panorama

Even with our best algorithms for recovering rotations and focal length,
when a complete panoramic sequence is stitched together, there will invari-
ably be either a gap or an overlap (due to the accumulated errors in the
rotation estimates). We solve this problem by registering the same image
at both the beginning and the end of the sequence.

The difference in the rotation matrices (actually, their quotient) directly
tells us the amount of misregistration. This error can be distributed evenly
across the whole sequence by converting the error in rotation into a quater-
nion, and dividing the quaternion by the number of images in the sequence
(for lack of a better guess). We can also update the estimated focal length
based on the amount of misregistration. To do this, we first convert the
quaternion describing the misregistration into a gap angle, 6;. We can
then update the focal length using the equation f’ = f(1 — 6,/360°).

Figure 13.5a shows the end of registered image sequence and the first
image. There is a big gap between the last image and the first which are
in fact the same image. The gap is 32° because the wrong estimate of focal
length (510) was used. Figure 13.5b shows the registration after closing the
gap with the correct focal length (468). Notice that both mosaics show very
little visual misregistration (except at the gap), yet Figure 13.5a has been
computed using a focal length which has 9% error. Related approaches have
been developed by [98, 181, 263, 148] to solve the focal length estimation
problem using pure panning motion and cylindrical images. In next section,
we present a different approach to removing gaps and overlaps which works
for arbitrary image sequences.
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(a) (b)
FIGURE 13.5. Gap closing: (a) a gap is visible when the focal length is wrong
(f = 510); (b) no gap is visible for the correct focal length (f = 468).

13.6 Global Alignment (Block Adjustment)

The sequential mosaic construction techniques described in Sections 13.3
and 13.4 do a good job of aligning each new image with the previously
composited mosaic. Unfortunately, for long image sequences, this approach
suffers from the problem of accumulated misregistration errors. This prob-
lem is particularly severe for panoramic mosaics, where a visible gap (or
overlap) will exist between the first and last images in a sequence, even if
these two images are the same, as we have seen in the previous section.

In this section, we present our global alignment method, which reduces
accumulated error by simultaneously minimizing the misregistration be-
tween all overlapping pairs of images. Our method is similar to the “simul-
taneous bundle block adjustment” [295) technique used in photogrammetry
but has the following distinct characteristics:

e Corresponding points between pairs of images are automatically ob-
tained using patch-based alignment.

e Our objective function minimizes the difference between ray di-
rections going through corresponding points, and uses a rotational
panoramic representation.

e The minimization is formulated as a constrained least-squares prob-
lem with hard linear constraints for identical focal lengths and re-
peated frames.'®

8We have found that it is easier to use certain frames in the sequence more
than once during the sequential mosaic formation process (say at the beginning
and at the end), and to then use the global alignment stage to make sure that
these all have the same associated location.
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13.6.1 Establishing the Point Correspondences

Our global alignment algorithm is feature-based, i.e., it relies on first es-
tablishing point correspondences between overlapping images, rather than
doing direct intensity difference minimization (as in the sequential algo-
rithm).

To find our features, we divide each image into a number of patches (e.g.,
16 x 16 pixels), and use the patch centers as prospective feature points.
For each patch center, its corresponding point in another image could be
determined directly by the current inter-frame transformation Mle—l.
However, since we do not believe that these alignments are optimal, we
instead invoke the correlation-style search-based patch alignment algorithm
described in Section 13.4.2. (The results of this patch-based alignment are
also used for the deghosting technique discussed in the next section.)

Pairs of images are examined only if they have significant overlap, for
example, more than a quarter of the image size (see [242] for a general dis-
cussion of topology inference). In addition, instead of using all patch cen-
ters, we select only those with high confidence (or low uncertainty) measure.
Currently we set a threshold for the minimum eigenvalue of each 2 x 2 patch
Hessian (available from patch-based alignment algorithm) so that patches
with uniform texture are excluded [253]. Other measures such as the ratio
between two eigenvalues can also be used so that patches where the aper-
ture problem exists can be ignored. Raw intensity error, however, would
not make a useful measure for selecting feature patches because of poten-
tially large inter-frame intensity variations (varying exposures, vignetting,
etc.).

13.6.2 Optimality Criteria

For a patch j in image k, let | € N be the set of overlapping images
in which patch j is totally contained (under the current set of transforma-
tions). Let X1 be the center of this patch. To compute the patch alignment,
we use image k as Iy and image [ as I; and invoke the algorithm of Section
13.4.2, which returns an estimated displacement u;; = u;‘-. The correspond-
ing point in the warped image I, is thus Xji = X;jk + u;. In image [, this
point’s coordinate is x;j; ~ MIM,:lijl, or Xj ~ VlRlRIZIV;Iiﬂ if the
rotational panoramic representation is used.

Given these point correspondences, one way to formulate the global align-
ment is to minimize the difference between screen coordinates of all over-
lapping pairs of images,

E({Mi}) = Y Ilxie — P(MeM; x0) |12 (13.45)
Jik,lEN

where P(M;M; 'x;;) is the projected screen coordinate of x;; under the
transformation Mle"1 (Mj, could be a general homography, or could be
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FIGURE 13.6. Illustration of simultaneous bundle block adjustment: we adjust
the bundle of rays going through corresponding point features x;x on overlapping
images so that they converge to the ray going through x;.

based on the rotational panoramic representation). This has the advantage
of being able to incorporate local certainties in the point matches (by mak-
ing the above norm be a matrix norm based on the local Hessian A ;). The
disadvantage, however, is that the gradients with respect to the motion pa-
rameters are complicated (Section 13.3). We shall return to this problem
in Section 13.6.4.

A simpler formulation can be obtained by minimizing the difference
between the ray directions of corresponding points using a rotational
panoramic representation with unknown focal length. Geometrically, this
is equivalent to adjusting the rotation and focal length for each frame so
that the bundle of corresponding rays converge, as shown in Figure 13.6.

Let the ray direction in the final composited image mosaic be a unit
vector p;, and its corresponding ray direction in the kth frame as p;x ~
R;lvglxjk. We can formulate block adjustment to simultaneously opti-
mize over both the pose (rotation and focal length {Ry, fx}) and structure
(ray direction {p;}) parameters,

E({Ri, fib, {pi) = Y Ipie — pil> = D IR %6 — psI>  (13.46)
J.k g,k
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FIGURE 13.7. Comparison between two global registration methods: (a) mini-
mizing the difference between all rays p;, (with measured feature locations x ;)
and p; (at the predicted location x;); (b) minimizing the difference between all
pairs of rays p;r and pj; (with feature locations x5 and x;; in overlapping im-
ages). (c) The desired flow for deghosting ;. is a down-weighted average of all
pairwise flows uy;.

where
.’L‘jk
Xjk = | Yk | /lik (13.47)
fr

is the ray direction going through the jth feature point located at (z;x, y;x)
in the kth frame, and

ljk = \/xjkz + yjkz + sz (13.48)

(note that this absorbs the f parameter in Vi into the coordinate defini-
tion).

The advantage of the above direct minimization (13.46) is that both pose
and structure can be solved independently for each frame. For instance, we
can solve p; using linear least-squares, Ry, using relative orientation, and
fr using nonlinear least-squares. The disadvantage of this method is its
slow convergence due to the highly coupled nature of the equations and
unknowns.!?

For the purpose of global alignment, however, it is not necessary to ex-
plicitly recover the ray directions. We can reformulate block adjustment to
only minimize over pose ({Rk, fx}) for all frames k, without computing the
{p;}. More specifically, we estimate the pose by minimizing the difference
in ray directions between all pairs (k and [) of overlapping images,

E{Ri, fi) = > lpsx—pall>= Y IR % — Ry %,
j,k,lENjk Ik LEN; Kk
(13.49)

Imagine a chain of spring-connected masses. If we pull one end sharply, and
then set each mass to the average of its neighbors, it will take the process a long
time to reach equilibrium. This situation is analogous.
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Once the pose has been computed, we can compute the estimated direc-
tions p; using the known correspondence from all overlapping frames Nk
where the feature point j is visible,

1 -
P~ > Rk (13.50)
7k T e (N R UK}

where nji = |Njyi| is the number of overlapping images where patch j is
completely visible (this information will be used later in the deghosting
stage).

Figure 13.7 shows the difference between the above two formulations.
Figure 13.7a shows how the difference being minimized (dashed lines) is
between the expected feature location x; (or the expected ray p; going
through) and all feature locations xji (or the rays p;x going through),
while Figure 13.7b shows minimizing the difference between all pairs of
features x,i (or the rays p;x going through) on the overlapping images.

18.6.3 Solution Technique

The least-squares problem (13.49) can be solved using regular gradient
descent method. To recover the pose {Rg, fr}, we iteratively update the
ray directions pjx(X;k; Rk, fx) to

R;! « R(Q )R, and fi « fic + Ofi. (13.51)

The minimization problem (13.49) can be rewritten as

E({Ri, fi}) = Y, [Hyx — Huyi + ¢/ (13.52)
Ik, IENK
where
€; = Pjk— Pji
_ |
Ye = [ 5fk ])
opjk
Ofk
and
1 —w w.
opjx _ 0I+X(2)pjx _ 9 2 My
= = S v = —X(pir),
oy, o0y, oS _wwy Wy cluz Pik (i)

(13.53)
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op. O%.; B — ik S
p]k — R]:l xJk — Rk 1 _y]kfk /ljks' (1354)
Ofk of; Lix? — fi?

We therefore have the following linear equation for each point j matched
in both frames k£ and I,

[ Hjx —Hj | [ ;’i ] =-e (13.55)

which leads to normal equations
Ay=-b (13.56)

where the 4 x 4 (k, k)th block diagonal term and (k, {)th block off-diagonal
term 20 of the symmetric A are defined by

Ape =Y HHj, (13.57)
J
Ay =-) H; Hy (13.58)
J
and the kth and Ith 4 x 1 blocks of b are
b =Y Hye; (13.59)
J
bl = - ZHﬂTej. (13.60)
J

Because A is symmetric, the normal equations can be stably solved using
a symmetric positive definite (SPD) linear system solver. By incorporat-
ing additional constraints on the pose, we can formulate our minimization
problem (13.49) as a constrained least-squares problem which can be solved
using Lagrange multipliers. Details of the constrained least-squares can be
found in Appendix 13.11. Possible linear constraints include:

e (p = 0. First frame pose is unchanged. For example, the first frame
can be chosen as the world coordinate system.

o §fy = 0 for all N frames j = 0,1,...,N — 1. All focal lengths are
known.

*0The sequential pairwise alignment algorithm described in Section 2 and Sec-
tion 3 can be regarded as a special case of the global alignment (13.56) where the
off-diagonal terms A; (13.58) and b; (13.60) are zero if frame k is set fixed.
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e 0fiy = 0fg for j = 1,...,N. All focal lengths are the same but un-
known.

o 5fi = 4&f1, Qi = O, Frame j is the same as frame k. In order to apply
this constraint, we also need to set fx = f; and Ry = R;.

The above minimization process converges quickly (several iterations) in
practice. The running time for the iterative non-linear least-squares solver
is much less than the time required to build the point correspondences.

13.6.4 Optimizing in Screen Coordinates

Now we return to Equation (13.45) to solve global alignment using screen
coordinates. If we update My and M; by

M+ (I+ Dk)Mk and M; + (I+ D;)M;,, (13.61)
we get

Mkl — (I + Dkl)Mkl
(I+Dp)MM;(I-D))
(I+ Dy — MlelM;ll)Mkl.

Because of linear relationship between Dy; and Dy, D;, we can find out
the Jacobians

adkl adkl
aa, 4 Ji= 5,

In fact, J; = L. Since we know how to estimate Dy; from patch-based
alignment, we can expand the original 8 x 8 system (assuming perspective
case) Adg; = b to four blocks of 8 x 8 system, much like equations (57)-
(60). An example of global alignment in screen coordinates is shown in
Section 13.8.

i (13.62)

13.7 Deghosting (Local Alignment)

After the global alignment has been run, there may still be localized mis-
registrations present in the image mosaic, due to deviations from the ide-
alized parallax-free camera model. Such deviations might include camera
translation (especially for hand-held cameras), radial distortion, the mis-
location of the optical center (which can be significant for scanned pho-
tographs or Photo CDs), and moving objects.

To compensate for these effects, we would like to quantify the amount
of mis-registration and to then locally warp each image so that the overall
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mosaic does not contain visible ghosting (double images) or blurred details.
If our mosaic contains just a few images, we could choose one image as the
base, and then compute the optical flow between it and all other images,
which could then be deformed to match the base. Another possibility would
be to explicitly estimate the camera motion and residual parallax [161, 239,
271], but this would not compensate for other distortions.

However, since we are dealing with large image mosaics, we need an
approach which makes all of the images globally consistent, without a
preferred base. One approach might be to warp each image so that it
best matches the current mosaic. For small amounts of misregistration,
where most of the visual effects are simple blurring (loss of detail), this
should work fairly well. However, for large misregistrations, where ghost-
ing is present, the local motion estimation would likely fail. Another ap-
proach is to select pixels from only one image at a time [185, 214, 297,
56).

The approach we have adopted is to compute the flow between all pairs of
images, and to then infer the desired local warps from these computations.
While in principle any motion estimation or optical flow technique could be
used, we use the the patch-based alignment algorithm described in Section
13.4.2, since it provides us with the required information and allows us to
reason about geometric consistency.

Recall that the block adjustment algorithm (Section 13.50) provides an
estimate p; of the true direction in space corresponding to the jth patch
center in the kth image, x;,. The projection of this direction onto the kth
image is

1
Xk ~ ViRg > R'VP xﬂ_T Xk + Y %o

le{N;kUk} lENK )
(13.63

njk—l—l

This can be converted into a motion estimate

> uy. (13.64)

leNk

1
Ujr = Xk — Xjk = E (Xj1 — xjk) =
J J J J J
n,; 1
Jk+ IGNjk

njk + 1
This formula has a very nice, intuitively satisfying explanation (Fig-
ure 13.7c). The local motion required to bring patch center j in image k into
global registration is simply the average of the pairwise motion estimates
with all overlapping images, downweighted by the fraction njx/(njx + 1).
This factor prevents local motion estimates from “overshooting” in their
corrections (consider, for example, just two images, where each image warps
itself to match its neighbor). Thus, we can compute the location motion
estimate for each image by simply examining its misregistration with its
neighbors, without having to worry about what warps these other neighbors
might be undergoing themselves.
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Once the local motion estimates have been computed, we need an algo-
rithm to warp each image so as to reduce ghosting. One possibility would
be to use a forward mapping algorithm [294] to convert each image I}, into
a new image I;. However, this has the disadvantage of being expensive to
compute, and of being susceptible to tears and foldovers.

Instead, we use an inverse mapping algorithm, which was already present
in our system to perform warpings into cylindrical coordinates and to op-
tionally compensate for radial lens distortions [273]. Thus, for each pixel in
the new (warped) image I}, we need to know the relative distance (flow)
to the appropriate source pixel. We compute this field using a sparse data
interpolation technique [202]. The input to this algorithm is the set of neg-
ative flows —u,; located at pixel coordinates x;; = X;i + U;x. At present,
we simply place a tent (bilinear) function over each flow sample (the size
is currently twice the patch size). To make this interpolator locally repro-
ducing (no “dips” in the interpolated surface), we divide each accumulated
flow value by the accumulated weight (plus a small amount, say 0.1, to
round the transitions into regions with no motion estimates?!).22

The results of our deghosting technique can be seen in Figures 13.11-
13.14 along with some sample computed warp fields. Note that since the
deghosting technique may not give perfect results (because it is patch-
based, and not pixel-based), we may wish to iteratively apply the algorithm
(the warp field is simply incrementally updated).

Even though we have formulated local alignment using rotational mosaic
representation, the deghosting equation (13.63) is valid for other motion
models (e.g., 8-parameter perspective) as well. We need only to modify
(13.63) to

1 1

Xig ~ Mp—— M x; = X X
ik knjk +1 Z 1l njk +1 ik + z it

Le{N;kUk} LEN;k

(13.65)

13.8 Experiments

In this section we present the results of applying our global and local align-
ment techniques to image mosaicing. We have tested our methods on a
number of real image sequences. In all of the experiments, we have used
the rotational panoramic representation with unknown focal length. In gen-
eral, two neighbor images have about 50% overlap.

The speed of our patch-based image alignment depends on the following
parameters: motion model, image size, alignment accuracy, level of pyra-

21This makes the interpolant no longer perfectly reproducing.
221n computer graphics, this kind of interpolation is often called splatting [292].
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(a) (b)
FIGURE 13.8. Reducing accumulated errors of image mosaics by block adjust-

ment. (a): image mosaics with gaps/overlap; (b): corresponding mosaics after
applying block adjustment.

mid, patch size, and initial misalignment. Typically, we set the patch size
16, the alignment accuracy 0.04 pixel, and we use a 3 level pyramid. Using
our rotational model, it takes a few seconds (on a Pentium 200MHz PC) to
align two images of size 384 x 300, with an initial misregistration of about 30
pixels. The speed of global alignment and local alignment mainly depends
on the correlation-style search range while building feature correspondence.
It takes several minutes to do the block adjustment for a sequence of 20
images with a patch size of 16 and a search range of 4.

13.8.1 Global Alignment

The first example shows how misregistration errors quickly accumulate in
sequential registration. Figure 13.8a shows a big gap at the end of register-
ing a sequence of 24 images (image size 384 x 300) where an initial estimate
of focal length 256 is used. The double image of the right painting on the
wall signals a big misalignment. This double image is removed, as shown
in Figure 13.8b, by applying our global alignment method which simulta-
neously adjusts all frame rotations and computes a new estimated focal
length of 251.8. To reduce the search range for correspondence, we append
the first image at the end of image sequence and enforce a hard constraint
that the first image has to be the last one.

In Section 13.5, we proposed an alternative “gap closing” technique to
handle the accumulated misregistration error. However, this technique only
works well for a sequence of images with uniform motion steps. It also
requires that the sequence of images follow a great circle on the view-
ing sphere. The global alignment method in Section 13.6, on the other
hand, does not make such assumptions. For example, our global alignment
method can handle the misalignment (Figure 13.9¢, which is the close-up
of double image on the middle left side of Figure 13.9a) of an image mosaic
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(c) (d)

FIGURE 13.9. Reducing accumulated errors of image mosaics by block adjust-
ment. (a): image mosaics with gaps/overlap; (b): corresponding mosaics after
applying block adjustment; (c) and (d): close-ups of left middle regions of (a)
and (b), respectively.

which is constructed from 6 images taken with a camera leveled and tilted
up. Figures 13.9b and 13.9d (close-up) show the image mosaic after block
adjustment where the visible artifacts are no longer apparent. In this ex-
ample we do not enforce the constraint that the first frame has to be the
last one (i.e., do not add the first image to the end of sequence), nor do
the images form a great circle on the viewing sphere (only six images are
used).

As discussed in Section 13.6.4, our global alignment method also works
for non-rotational motion models (e.g., perspective) where optimization is
formulated in screen coordinates. Figure 13.10a shows an image mosaic
composed of 5 whiteboard images using 8-parameter perspective model.
The double image in the top left region of Figure 13.10a (or Figure 13.10c
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FIGURE 13.10. Reducmg accumulated errors of image mosaics by global align-
ment in screen coordinates. (a): image mosaic with error accumulation (at the
top left region); (c): corresponding mosaic after applying global alignment; (b)
and (d): close-ups of (a) and (c) respectively.

for a close-up) due to accumulated registration error is significantly reduced
after applying our global alignment method, as shown in Figure 13.10b and
13.10d.

13.8.2 Local Alignment

The next two examples illustrate the use of local alignment for sequences
where the global motion model is clearly violated. The first example con-
sists of two images taken with a hand-held digital camera (Kodak DC40)
where some camera translation is present. The parallax introduced by this
camera translation can be observed in the registered image (Figure 13.11a)
where the front object (a stop sign) causes a double image because of the
misregistration. This misalignment is significantly reduced using our local
alignment method (Figure 13.11b). However, some visual artifacts still ex-
ist because our local alignment is patch-based (e.g. patch size 32 is used
in Figure 13.11b). To overcome this problem, we repeatedly apply local
alignment with successively smaller patches, which has the advantage of
being able to handle large motion parallax and refine local alignment. Fig-
ure 13.11c shows the result after applying local alignment three times with
patch sizes of 32, 16 and 8. The search range has been set to be half of
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(c) (d)
FIGURE 13.11. Deghosting an image mosaic with motion parallax: (a) image
mosaic with parallax; (b) after single deghosting step (patch size 32); (c) after
multiple deghosting steps (patch sizes 32, 16 and 8); (d) flow field of the left
image.

the patch size for reliable patch motion estimation. Figure 13.11d shows
the flow field corresponding to the left image (Figure 13.11e). Red values
indicate rightward motion (e.g. the stop sign).

The global motion model is also invalid when registering two images with
strong optical distortion. One way to deal with radial distortion is to care-
fully calibrate the camera. Another way is to use local alignment, making
it possible to register images with optical distortion without using explicit
camera calibration (i.e., recovering lens radial distortion).23 Figure 13.12d
shows one of two images taken with a Pulnix camera and a Fujinon F2.8
wide angle lens. This picture shows significant radial distortion; notice how
straight lines (e.g., the door) are curved. The registration result is shown in
Figure 13.12a. The mosaic after deghosting with a patch size 32 and search
range 16 is shown in Figure 13.12b. Figure 13.12c shows an improved mosaic
using repeated local alignment with patch sizes 32, 16, 8. The flow fields
in Figure 13.12e—f show that the flow becomes larger towards the corner
of the image due to radial distortion (bright green is upward motion, red
is rightward motion). Notice however that these warp fields do not encode

23The recovered deformation field is not guaranteed, however, to be the true
radial distortion, especially when only a few images are being registered. Recall
that the minimum norm field is selected at each deghosting step.
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(e) (f)
FIGURE 13.12. Deghosting an image mosaic with optical distortion: (a) image
mosaic with distortion; (b) after single deghosting step (patch size 32); (c) after
multiple deghosting steps (patch sizes 32, 16 and 8); (d) original left image; (e—f)
flow fields of the two images after local alignment.
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FIGURE 13.13. Panoramic image mosaics constructed from images taken with
a hand-held camera: (a) significant accumulated error is visible in the center
(repeated numbers 1-2-3); (b) with block adjustment, only small imperfections
remain, such as the double image on the right pilot’s chair; (c) with deghosting,
the mosaic is virtually perfect.

the true radial distortion. A parametric deformation model (e.g., the usual
quadratic plus quartic terms) would have to be used instead.

13.8.8 Additional Examples

We present two additional examples of large panoramic mosaics. The first
mosaic uses a sequence of 14 images taken with a hand-held camera by
an astronaut on the Space Shuttle flight deck. This sequence of images
has significant motion parallax and is very difficult to register. The accu-
mulated error causes a very big gap between the first and last images as
shown in Figure 13.13a (notice the repeated “1 2 3” numbers, which should
only appear once). We are able to construct a good quality panorama (Fig-
ure 13.13b) using our block adjustment technique (there is some visible
ghosting, however, near the right pilot chair). This panorama is further
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FIGURE 13.14. Four views of an image mosaic of lobby constructed from 3
sequences of 50 images.

refined with deghosting as shown in Figure 13.13c. These panoramas were
rendered by projecting the image mosaic onto a tessellated spherical map.

The final example shows how to build a full view panoramic mosaic.
Three panoramic image sequences of a building lobby were taken with the
camera on a tripod tilted at three different angles (with 22 images for the
middle sequence, 22 images for the upper sequence, and 10 images for the
top sequence). The camera motion covers more than two thirds of the view-
ing sphere, including the top. After registering all of the images sequentially
with patch-based alignment, we apply our global and local alignment tech-
niques to obtain the final image mosaic, shown in Figure 13.14. These four
views of the final image mosaic are equivalent to images taken with a very
large rectilinear lens. Each view is twice as big as the input image (300 x 384
with focal length 268), therefore, is equivalent to vertical field of view 110
degrees. A tessellated spherical map of the full view panorama is shown in
Figure 13.15. Our algorithm for building texture-mapped polyhedra from
panoramic image mosaics is described in the next section.
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FIGURE 13.15. Tessellated spherical panorama covering the north pole (con-
structed from 50 images). The white triangles at the top are the parts of the
texture map not covered in the 3D tessellated globe model (due to triangular
elements at the poles).

13.9 Environment Map Construction

Once we have constructed a complete panoramic mosaic, we need to convert
the set of input images and associated transforms into one or more images
which can be quickly rendered or viewed.

A traditional way to do this is to choose either a cylindrical or spher-
ical map (Section 13.2). When being used as an environment map, such
a representation is sometimes called a latitude-longitude projection [86].
The color associated with each pixel is computed by first converting the
pixel address to a 3D ray, and then mapping this ray into each input im-
age through our known transformation. The colors picked up from each
image are then blended using the weighting function (feathering) described
earlier. For example, we can convert our rotational panorama to spherical
panorama using the following algorithm:

1. for each pixel (0, @) in the spherical map, compute its corre-
sponding 3D position on unit sphere p = (X,Y,Z) where X =
cos(¢)sin(6),Y = sin(¢), and Z = cos(¢)cos(6);

2. for each p, determine its mapping into each image k using x ~
Ty ViRp;

3. form a composite (blended) image from the above warped images.

Unfortunately, such a map requires a specialized viewer, and thus can-
not take advantage of any hardware texture-mapping acceleration (without
approximating the cylinder’s or sphere’s shape with a polyhedron, which
would introduce distortions into the rendering). For true full-view panora-
mas, spherical maps also introduce a distortion around each pole.

As an alternative, we propose the use of traditional texture-mapped mod-
els, i.e., environment maps [86]. The shape of the model and the embedding
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of each face into texture space are left up to the user. This choice can range
from something as simple as a cube with six separate texture maps [86], to
something as complicated as a subdivided dodecahedron, or even a latitude-
longitude tessellated globe.2* This choice will depend on the characteristics
of the rendering hardware and the desired quality (e.g., minimizing distor-
tions or local changes in pixel size), and on external considerations such as
the ease of painting on the resulting texture maps (since some embeddings
may leave gaps in the texture map).

In this section, we describe how to efficiently compute texture map color
values for any geometry and choice of texture map coordinates. A gener-
alization of this algorithm can be used to project a collection of images
onto an arbitrary model, e.g., non-convex models which do not surround
the viewer.

We assume that the object model is a triangulated surface, i.e., a col-
lection of triangles and vertices, where each vertex is tagged with its 3D
(X,Y, Z) coordinates and (u,v) texture coordinates (faces may be assigned
to different texture maps). We restrict the model to triangular faces in or-
der to obtain a simple, closed-form solution (projective map, potentially
different for each triangle) between texture coordinates and image coordi-
nates. The output of our algorithm is a set of colored texture maps, with
undefined (invisible) pixels flagged (e.g., if an alpha channel is used, then
a + 0).

Our algorithm consists of the following four steps:

1. paint each triangle in (u,v) space a unique color;
2. for each triangle, determine its (u,v,1) — (X, Y, Z) mapping;
3. for each triangle, form a composite (blended) image;

4. paint the composite image into the final texture map using the color
values computed in step 1 as a stencil.

These four steps are described in more detail below.

The pseudocoloring (triangle painting) step uses an auxiliary buffer the
same size as the texture map. We use an RGB image, which means that
224 colors are available. After the initial coloring, we grow the colors into
invisible regions using a simple dilation operation, i.e., iteratively replacing
invisible pixels with one of their visible neighbor pseudocolors. This opera-
tion is performed in order to eliminate small gaps in the texture map, and
to support filtering operations such as bilinear texture mapping and MIP
mapping [293]. For example, when using a six-sided cube, we set the (u,v)

24This latter representation is equivalent to a spherical map in the limit as
the globe facets become infinitesimally small. The important difference is that
even with large facets, an exact rendering can be obtained with regular texture-
mapping algorithms and hardware.



262 H.-Y. Shum and R. Szeliski

coordinates of each square vertex to be slightly inside the margins of the
texture map. Thus, each texture map covers a little more region than it
needs to, but operation such a texture filtering and MIP mapping can be
performed without worrying about edge effects.

In the second step, we compute the (u,v,1) — (X,Y,Z) mapping for
each triangle T by finding the 3 x 3 matrix My which satisfies

u; = Mrp;

for each of the three triangle vertices i. Thus, My = UP~!, where U =
[ug|uz|ug] and P = [po|p1|p2] are formed by concatenating the u; and
P: 3-vectors. This mapping is essentially a mapping from 3D directions in
space (since the cameras are all at the origin) to (u,v) coordinates.

In the third step, we compute a bounding box around each triangle in
(u,v) space and enlarge it slightly (by the same amount as the dilation
in step 1). We then form a composite image by blending all of the in-
put images j according to the transformation u = MTR,ZlV,;lx. This is
a full, 8-parameter perspective transformation. It is not the same as the
6-parameter affine map which would be obtained by simply projecting a
triangle’s vertices into the image, and then mapping these 2D image coor-
dinates into 2D texture space (in essence ignoring the foreshortening in the
projection onto the 3D model). The error in applying this naive but erro-
neous method to large texture map facets (e.g., those of a simple unrefined
cube) would be quite large.

In the fourth step, we find the pseudocolor associated with each pixel in-
side the composited patch, and paint the composited color into the texture
map if the pseudocolor matches the face id.

Our algorithm can also be used to project a collection of images onto an
arbitrary object, i.e., to do true inverse texture mapping, by extending our
algorithm to handle occlusions. To do this, we simply paint the pseudocol-
ored polyhedral model into each input image using a z-buffering algorithm
(this is called an item buffer in ray tracing [290]). When compositing the
image for each face, we then check to see which pixels match the desired
pseudocolor, and set those which do not match to be invisible (i.e., not to
contribute to the final composite).

Figure 13.15 shows the results of mapping a panoramic mosaic onto a
longitude-latitude tessellated globe. The white triangles at the top are the
parts of the texture map not covered in the 3D tessellated globe model (due
to triangular elements at the poles). Figures 13.16-13.18 show the results
of mapping three different panoramic mosaics onto cubical environment
maps. We can see that the mosaics are of very high quality, and also get
a good sense for the extent of viewing sphere covered by these full-view
mosaics. Note that Figure 13.16 uses images taken with a hand-held digital
camera.

Once the texture-mapped 3D models have been constructed, they can be
rendered directly with a standard 3D graphics system. For our work, we
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4

FIGURE 13.16. Cubical texture-mapped model of conference room (from 75 im-
ages taken with a hand-held digital camera).

FIGURE 13.17. Cubical texture-mapped model of lobby (from 50 images).

are currently using a simple 3D viewer written on top of the Direct3D API
running on a personal computer.

13.10 Discussion

In this paper, we have presented our system for constructing full view
panoramic image mosaics from image sequences. Instead of projecting all
of the images onto a common surface (e.g., a cylinder or a sphere), we use
a representation that associates a rotation matrix and a focal length with
each input image. Based on this rotational panoramic representation, we
use block adjustment (global alignment) and deghosting (local alignment)
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FIGURE 13.18. Cubical texture-mapped model of hallway and sitting area (from
70 images).

techniques to significantly improve the quality of image mosaics, thereby
enabling the construction of mosaics from images taken by hand-held cam-
eras.

When constructing an image mosaic from a long sequence of images, we
have to deal with error accumulation problems. Our system simultaneously
adjusts all frame poses (rotations and focal lengths) so that the sum of
registration errors between all matching pairs of images is minimized. Geo-
metrically, this is equivalent to adjusting all ray directions of corresponding
pixels in overlapping frames until they converge. Using corresponding “fea-
tures” in neighboring frames, which are obtained automatically using our
patch-based alignment method, we formulate the minimization problem to
recover the poses without explicitly computing the converged ray direc-
tions. This leads to a linearly-constrained non-linear least-squares problem
which can be solved very efficiently.2’

To compensate for local misregistration caused by inadequate motion
models (e.g., camera translation?® or moving object) or imperfect camera
projection models (e.g., lens distortion), we refine the image mosaic using
a deghosting method. We divide each image into small patches and com-
pute patch-based alignments. We then locally warp each image so that the
overall mosaic does not contain visible ghosting. To handle large parallax

251f we were only adjusting one rotation matrix at a time, we could use Horn’s
absolute orientation algorithm [112, 113, 143]. Unfortunately, this would be con-
verge more slowly than solving a single global optimization problem.

26We assume in our work that the camera translation is relatively small. When
camera translation is significant, a “manifold mosaic”[214] can still be constructed
from a dense sequence of images using only center columns of each image. How-
ever, the resulting mosaic is no longer metric.
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or distortion, we start the deghosting with a large patch size. This deghost-
ing step is then repeated with smaller patches so that local patch motion
can be estimated more accurately. In the future, we plan to implement a
multiresolution patch-based flow algorithm so that the alignment process
can be sped up and made to work over larger displacements. We also plan
to develop more robust versions of our alignment algorithms.

Our deghosting algorithm can also be applied to the problem of extract-
ing texture maps for general 3D objects from images [236]. When construct-
ing such texture maps by averaging a number of views projected onto the
model, even slight misregistrations can cause blurring or ghosting effects.
One potential way to compensate for this is to refine the surface geometry
to bring all projected colors into registration [76]. Our deghosting algo-
rithm can be used as an alternative, and can inherently compensate for
problems such as errors in the estimated camera geometry and intrinsic
camera models.

To summarize, the collection of global and local alignment algorithms
presented in this paper, together with our efficient patch-based implemen-
tation, make it easy to quickly and reliably construct high-quality full
view panoramic mosaics from arbitrary collections of images, without the
need for special photographic equipment. We believe that this will make
panoramic photography and the construction of virtual environments much
more interesting to a wide range of users, and stimulate further research
and development in image-based rendering and the representation of visual
scenes.

13.11 Appendix: Linearly-constrained
Least-squares

We would like to solve the linear system

Ax=Db (13.66)
subject to

Cx=q. (13.67)
It is equivalent to minimizing

> (ATx - b)? (13.68)

7

subject to
c]Tx -q;=0 (13.69)

for all j, where c; are rows of C.
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13.11.1 Lagrange Multipliers

This problem is a special case of constrained nonlinear programming (or
more specifically quadratic programming). Thus, it can be formulated using
Lagrange multipliers by minimizing

e=> (ATx—b:)"+) 2)(CTx —q). (13.70)
i J

Taking first order derivatives of e with respect to x and )\, we have

gi =) AATx-D biA+> A\C=0 (13.71)
% % 7
and 5
€
o, = Clxj+4q;=0 (13.72)
or T
H C x d
EBINEM 1579

where H= 3", A;AT d =3, Ajbi, x = [z5], A = [\;], and g = [g;].
If H is invertible, we can simply solve the above system by

1) 5]

where

P = (CH!ch)!
K = HCTp

Unfortunately, this requires additional matrix inversion operations.

13.11.2 FElimination Method

We now present a simple method to solve the linearly-constrained least-
squares problem by eliminating redundant variables using given hard con-
straints.

If there are no hard constraints (i.e., Cx = q), we can easily solve the
least-squares problem Ax = b using normal equations, i.e.,

Hx =d (13.75)

where H = ATA, and d = ATb. The normal equations can be solved
stably using a SPD solver. We would like to modify the normal equations
using the given hard linear constraints so that we can formulate new normal
equations Hx = d which are also SPD and of the same dimensions as H.
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Without loss of generality, we consider only one linear constraint and
assume the biggest entry is [ = 1. Let Hy be the kth column of H, and
A; be the kth column of A. If we subtract the linear constraint properly
from each row of A so that its k-th column becomes zero, we change the
original system to

Ax=d (13.76)
su’bject to
cTx=¢q (13.77)
where A = A — AycT andd=d — Ayq.
Because the constraint (13.77) is linearly independent of the linear sys-
tem (13.76), we can formulate new normal equations with

H = ATA +ccT
= (A-Arc"TA - Apc? +ccT
= H- CH{ — HkCT + (1 + hkk)CCT

and

Qn

= ATd+ cq
= d—Hgq—cdi + (1+ hpi)cq

where Hy, is the kth column of H and hy, = AT Ay is the kth diagonal
element of H.

It is interesting to note that the new normal equations are not unique
because we can arbitrarily scale the hard constraint.?” For example, if we
scale Equation (13.77) by hyk, we have H = H — cHY — HycT + 2hypccT
and d = d — Hyq — cdj, + 2hiicq.

To add multiple constraints, we simply adjust the original system multi-
ple times, one constraint at a time. The order of adding multiple constraints
does not matter.

13.11.8 QR Factorization

The elimination method is very efficient if we have only a few constraints.
When the number of constraints increases, we can use QR factorization to
solve the linearly-constrained least-squares [83]. Suppose A and C are of
full ranks, let

cT=qQ [ 1;‘ ] (13.78)

*"One can not simply scale any soft constraints (i.e., the linear equations
Ajz; = b;) because it adds different weights to the least-squares formulation,
that leads to incorrect solutions.
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be the QR factorization of ¢I where Q is orthorgonal, QQT = I. If we
define QTx = [ );1 ], AQ = (A1, A,), we can solve x; because R is
2

upper diagonal and

Cx = CQQTx
= RTx;=q.
Then we solve x3 from the unconstrained least-squares ||Asxz — (b —
A;x)||? because
AQQ"x-b
Aix1+Asxs—Db
A2X2 - (b — Alxl).

Ax—-b

I

Finally x = Q [ il ] . Note that this method requires two factorizations.
2
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Self-Calibration of Zooming
Cameras from a Single
Viewpoint

L. de Agapito, E. Hayman, I.D. Reid, and
R.1. Hartley

14.1 Introduction

A configuration that commonly occurs in many imaging applications is
that in which a camera has its optic centre fixed in location but which may
rotate and zoom, thus changing its internal parameters. This is the case
in applications such as surveillance, broadcasting and panoramic viewing,
where a wide field of view is captured from a single viewpoint by rotating
a camera which is typically mounted on a tripod or a pan-tilt platform and
which may also be allowed to zoom.

In this chapter we are concerned with the problem of determining the
internal parameters of such a camera using unstructured visual data. The
internal parameters of a camera determine the mapping from image loca-
tions to rays in 3D Euclidean space, and for this reason camera calibration
has been the subject of much research from the start of the short history
of machine vision.

Traditional approaches to calibration (see, e.g., [285]) made use of
known scene structure such as accurately manufactured grids, and it was
only relatively recently that the possibility of self-calibration of a cam-
era simply by observing an unknown scene was realised and explored.
The first major work to consider the problem was [70], which showed
that self-calibration was theoretically and practically feasible for a cam-
era moving through an unknown scene with constant but unknown in-
trinsics. Since that time numerous methods have been developed [98, 174,
282] including some that deal with special motions such as pure rotation [99)]
or pure translation [187].

These methods required the calibration of the camera to be fixed over
a sequence of images — no zooming was allowed. Subsequently, inter-
est in zooming cameras led to methods for self-calibration of cameras
with changing internal parameters ([107, 218, 100]). Recent work in self-
calibration of rotating and zooming cameras includes our own work [58, 59,
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60] which we will describe in this chapter, and work by Seo and Hong [245,
246).

This chapter is organised as follows. We begin with background material,
describing pinhole projection equations and discussing the specific case of
zero translation (section 14.2.1). We then develop a constraint which is the
basis for self-calibration (section 14.2.3). Two methods for self calibration,
a non-linear and a linear method, are considered (section 14.3) and we
present results for a variety of experiments with both synthetic and real
data (section 14.4). We go on to consider optimal parameter estimation
(section 14.5) using bundle-adjustment and we conclude with a discussion
of the work and future directions (section 14.6).

14.2 The Rotating Camera

14.2.1 Camera Model

The projection of scene points onto an image by a perspective camera ma¥
be modelled by the central projection equation x = PX, where x = [z y 1]
are the image points in homogeneous coordinates, X = [X Y Z 1]T are the
world points and P is the 3 x 4 camera projection matrix. This equation
only holds up to scale. The matrix P is a rank-3 matrix which may be
decomposed as P = K [R| — Rt], where the rotation R and the translation t
represent the Euclidean transformation between the camera and the world
coordinate systems and K is an upper triangular matrix which contains the
internal parameters of the camera in the form

K=| 0 o, v |. (14.1)

The elements a,, and o, represent the focal length of the camera expressed
in horizontal and vertical pixel units respectively. The aspect ratio is r =
iy /. The principal point is (ug,vp) and s is a skew parameter which
is a function of the angle between the horizontal and vertical axes of the
sensor array. Usually the axes of the sensor array may be assumed to be
orthogonal in which case the skew parameter is zero.

Here we consider the problem of calibrating a camera which is fixed in
location, free to rotate but not translate, and which can vary its internal
parameters by zooming. Choosing the origin of the coordinate system to
be located at the optic centre of the camera, common to all views, the
projection matrix for each view i may be written as

P; = K; [R;]0]. (14.2)
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e

optic centre

FIGURE 14.1. Corresponding image points are related by the infinite homogra-
phy Hoo

The projection of a scene point X =[X Y Z 1]T onto an image point x
may now be expressed as

X = K,; [R,|O]

X
Y —
7 | =Kk | Y | =KRX. (14.3)
1

Since the last row of the projection matrix is zero, the depth of the world
points along the ray is irrelevant and we only consider the projection of 3D
rays X. Therefore, in the case of a rotating camera, the mapping of 3D rays
to image points is encoded by the 3 x 3 invertible projective transformation

P; = K;R,. (14.4)

14.2.2  The Inter-image Homography

Given a 3D ray X, its projections onto two different images will be

x; = KRX (14.5)
x; = KjRX (14.6)

Eliminating X from both equations it is easy to see that in the case of
a rotating camera there exists a global 2D projective transformation (ho-
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mography) H;; that relates corresponding points in two views:
x; = Hijx;. (14.7)
The analytic expression of this homography is
H;; = K;R;R; 'Kt = K;Ry;K; (14.8)

The inter-image homographies H;; may be calculated directly from image
measurements, for instance from point or line correspondences, or direct
methods, based on pixel intensity.

14.2.8 The Infinite Homography Constraint

We will now derive the constraint that relates the homographies to the
calibration matrices for each view. Since R;; = Kj"lHij K; is a rotation matrix,

it satisfies the property that R=R~ ", leading to
K; TH; K, T =K HK; (14.9)

and
(KjK; ) = Hij (KK: ) Hij T (14.10)

This equation is known as the infinite homography constraint and it re-
lates the camera calibration matrices to the inter-image homographies and
constitutes the constraint we will use for self-calibration.

This same expression is also obtained by projecting a point on the plane
at infinity, X = [X Y Z 0] T, onto a camera with a non-zero fourth column
in P;. The observed inter-image homographies H;; are thus the homogra-
phies induced by the plane at infinity, i.e., the infinite homographies Hy,
(Figure 14.1).

This constraint may also be interpreted geometrically in terms of the
absolute conic and its projection on the image plane. The absolute conic
is a point conic in 3 space which is invariant to Euclidean transformations.
It consists of points X = [X Y Z 0] T on the plane at infinity such that
X24Y?247? = 0 or alternatively X " X = 0. This implies that its expression
in the Euclidean frame is given by the identity matrix I.

Since points on the absolute conic are on the plane at infinity they
project onto the image plane following the expression x = KRX, where
X =[X Y Z] 7. Therefore, points on the image of the absolute conic (IAC)
w must satisfy: x " (KKT)~!x = 0 and the expression of the IAC is thus given
by w = (KK")~1. What is important to note here is that the IAC only de-
pends on the calibration parameters of the camera, therefore determining
the location of the IAC is equivalent to knowing the calibration of the
camera.
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FIGURE 14.2. The absolute conic (2o is a point conic that lies on the plane
at infinity IIo, which is invariant to euclidean transformations. It projects onto
the image of the absolute conic (IAC) w, which depends only on the internal
parameters of the camera at each frame. Its dual space line conic is the dual
image of the absolute conic (DIAC) w*. The infinite homography Ho, maps the
DIAC w* between views: w} = Hoow] Hoo ! .

Noting that its inverse is the dual space line conic, also called the dual
image of the absolute conic (DIAC, Figures 14.2 and 14.3) w* = KK', we
may rewrite the infinite homography constraint (14.10) as

W} =Hjjw/H; . (14.11)

When the internal parameters of the camera are varying, the DIAC is
different for each frame and the infinite homography constraint describes its
mapping between image planes [174]. It relates the 2D projective transfor-
mations H;; to the calibration matrices for each frame K; and will constitute
the basis for the self-calibration algorithms we will describe.

14.2.3.1 An Alternative Derivation of the Infinite Homography
Constraint

In [282], Triggs introduced a clean way of expressing the self-calibration
problem (in his case for a moving camera with fixed but unknown intrinsics)
in terms of a quadric in 3 invariant under Euclidean transformations. We
now show that for a rotating camera with varying intrinsics, we can derive
a similar constraint, and that it is equivalent to the infinite homography
constraint.
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The quadric in question is the degenerate dual space disc quadric whose
rim is the absolute conic in the plane at infinity. The representation of the
quadric in a Euclidean frame is given by the rank-3 4 x 4 symmetric matrix

Q% = [ (I) g J . (14.12)

It is easy to verify that any Euclidean transformation T maps Q% onto
itself: TQZ T' = Qf,. Triggs's self-calibration method comprises locating
the quadric in an initial projective frame and then using it to recover the
transformation from projective to Euclidean structure. Q% is recovered us-
ing its projection constraint: Q% projects onto the dual of the image of the
absolute conic (DIAC)

wi =KK;| =P;Q5P;" (14.13)

irrespectively of the projective basis chosen for the projection matrices P;.

While Triggs introduced this constraint in the context of self-calibration
of a moving camera with fixed intrinsics [282], Pollefeys et al. extended the
method to the case where the camera parameters may vary [218]. We now
derive the projection constraint of Q% for the case of a stationary rotating
camera with varying intrinsic parameters.

Without loss of generality we may choose the first frame to be the pro-
jective basis in which the camera matrices are expressed. Therefore

Po = [I|0], P;=[H;|0], (14.14)

where we define H; to be the infinite homography between views 0 and i,
and

KoKoT  —KoKJa ] (14.15)

*
U = [ —a'KoK] a'KoKja

where [aT 1] is a 4-vector describing the location of the plane at infinity
1
We can rewrite equation (14.13) as:

KoKo!  —KoK{a
s _wwT _ o Ko oKg T
w; =KK; =P; [ _aTKok] aTKoKJa ] P; (14.16)

Combining equations (14.15) and (14.16) the projection constraint be-
comes
wi =KK; " =HKoKo 'H; = Hwy H; " (14.17)

Thus in the case of a rotating camera the projection constraint of Q%
reduces to the infinite homography constraint.
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ES
Qo
absolute dual

quadric

dual of the image of
the absolute conic

FIGURE 14.3. Q% is the degenerate dual space disc quadric whose rim is the
absolute conic 2 on the plane at infinity. It projects onto the dual image of the
absolute conic (DIAC) w.

14.3  Self-calibration of Rotating Cameras

14.3.1 Problem Formulation

The problem of self-calibrating a rotating and zooming camera is that of
determining the calibration matrices for each frame, given only correspon-
dences between views.

The infinite homography constraint

KjKjT = HiniKiTHijT. (1418)

relates the calibration matrices K; to the 2D projective transformations
H;; which may be computed directly from corresponding features between
images. Given at least 4 point or line correspondences between views the
infinite homographies H;; may be calculated and the infinite homography
constraint may be used to compute the calibration matrices K;.

14.8.2  Constant Intrinsic Parameters

In the case where the camera’s internal parameters remain fixed throughout
the sequence (K; =K,i = 1,...,n) the infinite homography takes the form

KKT = w* = H;jw*H; | (14.19)

Hartley demonstrated in [99] that this expression may be used to generate
a set of linear equations in the entries of the dual image of the absolute
conic, w*, which may be used to solve for w*, and subsequently for K by
Choleski factorization.



276 L. de Agapito, E. Hayman, I.D. Reid, and R.I. Hartley

14.3.83 Varying Intrinsic Parameters

Our main contribution has been to extend the self-calibration capability to
the case where the internal parameters of the camera change throughout
the sequence. This would be useful to self-calibrate a sequence taken by a
zooming camera where the focal length and perhaps other parameters are
changing between views.

Here we describe two different algorithms: a non-linear algorithm which
is more versatile in the nature of the constraints which can be imposed on
the intrinsic parameters of the camera, and a simple linear algorithm which
is more restrictive in the type of constraints which can be imposed on the
internal parameters of the camera.

14.3.3.1 Non-linear Algorithm

It is possible to use the infinite homography constraint (14.11) using an
approach similar to Pollefeys et al. [218] to solve for the camera calibration
matrices K; given the set of 2D projective transformations H;; which relate
corresponding points between views. Without loss of generality we may
choose the origin of the coordinate system to be aligned with the first
frame such that Hypp = I and Hp; = H;. We may now write the infinite
homography constraint as

K;K; T = H;KoKo "H; T (14.20)

which only holds up to scale.

If U is the number of unknown intrinsics in the first frame, and V is the
number of intrinsics which may subsequently vary, then the total number
of unknowns is U + V' (n — 1) where n is the number of frames. A condition
for a solution is therefore

U+V(n—1)< P(n—1) (14.21)

where P is the number of independent equations provided by (14.20) which
is clearly less than or equal to 5 since each side of the equation is a symmet-
ric matrix defined only up to scale. We therefore require V' < 5 (i.e. strictly
less than 5), meaning that not all the intrinsic parameters may be allowed
to vary throughout the sequence and therefore some constraints on the pa-
rameters must be provided. When this is the case, equation (14.20) may
be solved and the calibration matrices K;,j = 0, ...,n may be determined.
The minimal assumption for this algorithm is that at least one parameter
must remain fixed throughout the sequence.

A solution may be obtained using a non-linear least squares algorithm. In
our implementation [58], a Levenberg-Marquardt algorithm is used, where
the parameters to be computed are the unknown intrinsic parameters of

each calibration matrix K; (o, ad,ul, v}, s?) and the cost function to be
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minimized is
n—1

D=3 | KK; T — HKoKo TH, T [I% (14.22)
=1

where K;K; T and H;KoKo ' H; " are normalised so that their Frobenius norms
are equal to one to eliminate the unknown scale factor.

Once the calibration matrices have been determined it is straightforward
to compute the rotation matrices R; which express the relative orientation
of each frame with respect to the reference frame using the expression
R; = Kj_lHjKo. In practice we fit an orthonormal matrix to R; by setting
the singular values of the SVD to unity.

The interesting feature of this algorithm is the flexibility it provides
to incorporate any constraints available on the intrinsic parameters since
the parameterization of the calibration matrices K; explicitly makes use
of the intrinsic parameters of the camera. Parameters may be assumed to
be known, unknown but constant throughout the sequence or varying. In
particular, one may impose standard constraints such as zero camera skew
or known aspect ratio or less restrictive ones such as constant but unknown
skew, aspect ratio or principal point.

Another important aspect is that the initial estimate for the non-linear
minimization need not be very close to the global minimum to ensure con-
vergence. We have observed that the algorithm converges to the global
minimum even when initialized far from it. In practice we use the output
from the linear algorithm described below as the starting point for the
non-linear minimization.

14.3.3.2 A Linear Algorithm

The use of the infinite homography constraint (14.11) does not provide a
simple way of imposing minimal constraints on the calibration parameters
(such as zero skew or known aspect ratio) linearly. However, it was first
noticed in [313] and more recently used in [59], that a simple trick leads to
some linear constraints on the intrinsic parameters, provided the skew of
the camera is zero.

Taking the inverse of (14.11) gives:

w; =H; " TweH; !, (14.23)

where now the inverse of the infinite homography constraint is expressed
in terms of the image of the absolute conic, w; = Ki_TK; 1

One may verify that if the skew of the camera is zero (s = 0) the form
of the image of the absolute conic w; in each frame is:

w; = K 'K!
1/a? 0 —up/a?
= 0 1/a? —vp /a2
—uo/ey,  —vo/ey 1+ug/ay +vi/ag
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This assumption leads to a linear constraint in the coefficients of each w;:
the coeflicient wi2 = 0. Some additional constraints on the camera intrinsics
also lead to further linear equations. We summarize these constraints here:

1. If skew is zero then wiy = 0.

2. If skew is zero and aspect ratio is 1 (square-pixels constraint) then
w11 = w22.

3. If skew is zero and ug = 0, then w3 = 0. Similarly if vg = 0 then
w23 = 0.

If the pixels have aspect ratio other than 1, or the principal point is at a
different known point other than the origin, then a simple change of image
coordinates converts to one of the cases above.

Each of these constraints will give one linear equation per frame in the
entries of each w;. Equation (14.23) may be used to transfer these con-
straints to constraints on the image of the absolute conic only in the ref-
erence frame wy. Each constraint provides one linear equation in the 5
independent entries (up to scale) of wy (since w is symmetric). For each
image each condition gives one equation, and the set of all equations may
be written as Ea = 0, where a encodes the entries of wg, and each row of E
represents one equation. If more than 5 equations are available the problem
may be solved via least-squares by finding a that minimizes ||Ea|| subject
to [|a|| = 1.

In forming these equations, one should include equations for the reference
image. A (possibly inferior) alternative would be to parametrize w in terms
of only 5 entries, setting the (1,2) entry to zero. Then each image other
than the reference image gives one equation. The difference is that in this
latter case, the computed skew will be exactly zero in the reference image
but non-zero (because the equations will not be satisfied exactly) in all
other images. This approach would unreasonably single out the reference
image for special treatment. The same remarks apply in the square-pixels
and known-principal point cases as well.

The obvious advantage of the linear algorithm is that it is a simple
method that does not require an initial estimate, hence it will not have con-
vergence problems. It is also very fast, making it suitable for real time appli-
cations. However, it has the disadvantage of not incorporating some useful
constraints on the calibration parameters such as unknown but constant
parameters (skew, aspect ratio, principal point). An alternative method of
solving for such parameters would be to use the residual from the linear
algorithm as the cost function in a linear search over a range of feasible
values of the parameter to determine the value that best fits the data.

The self-calibration algorithms we have presented in this section are also
applicable in the case of cameras undergoing general motion to upgrade
the calibration from affine to euclidean space. Obtaining affine structure is
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equivalent to knowing the location of the plane at infinity. This in turn is
equivalent to determining the infinite homographies. Therefore, once these
are known the rest of the self-calibration problem is reduced to that of
self-calibrating a non-translating camera and the infinite homography con-
straint may be used to determine the calibration matrix for each frame.

Indeed these self-calibration methods may also be used to guide the
search for the plane at infinity. Given a choice for the location of the plane at
infinity, the residual given by the self-calibration algorithm may guide the
search over a range of feasible values for the plane at infinity. The result is
a stratified algorithm for self calibration, applicable to cameras undergoing
general motion with changing internal parameters, in which one proceeds
from a projective to an affine and then to a Euclidean reconstruction. This
algorithm is described in [100].

14.4 Experimental Results

14.4.1 Ezxperiments with Synthetic Data

Experiments were first carried out on synthetic data to evaluate the perfor-
mance of the linear and non-linear self-calibration algorithms using different
constraints on the internal parameters. The data were created to simulate a
camera with a zoom lens providing a total focal length range of 12.5 mm to
35 mm. A cloud of 1000 points was randomly generated within a confined
cubic space of 3 m side lying in front of the rotating camera at a distance
of 5 m. The points were projected onto each of the image planes arising
from the different orientations of the camera and the location of each image
point was then perturbed in a random direction by a distance governed by
a Gaussian distribution with zero mean and standard deviation o measured
in pixels. The size of the image planes was 384 x 288 pixels. The skew of the
image axes was taken to be zero, the aspect ratio of the image pixels equal
to one, and the principal point was located at the centre of the image. The
camera motion was such that the principal ray described a circular trajec-
tory of radius 8 = 5° measured from the positive Z axis, simulating the
motion of a pan-tilt unit. The focal length of the camera increased linearly
throughout the 30 frame sequence from a value of 800 pixels to 1400 pixels.

In Figure 14.4 we show the results of one run of the self-calibration algo-
rithms for a typical noise level of o = 0.5 pixel, comparing the performance
of the different algorithms using different constraints on the intrinsic pa-
rameters. The graphs compare the results of the computation of the focal
length, the principal point and the motion of the camera with the ground
truth data.

The algorithms were run on two different sequences, one where the radius
of motion of the camera was larger (§ = 5°) and the focal length of the
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FIGURE 14.4. Calibration results with synthetic data in the presence of image
noise of ¢ = 0.5 pixel , showing only one run of the non-linear and linear algo-
rithms using different constraints on the intrinsic parameters. Computed values
for the focal length (top), the location of the principal point (middle) and the
aspect ratio (bottom) for a sequence with (a) smaller focal length and motion of
5 degrees radius and (b) a sequence with a larger focal length and smaller motion
of 3.5 degrees radius.

camera was shorter and the other one where the radius was § = 3.5° and
the focal length was longer, a more ill-conditioned configuration.

More accurate results were obtained for both sequences when the prin-
cipal point remained fixed in the Levenberg Marquardt non-linear mini-
mization and when the principal point was known in the linear algorithm,
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while when it was allowed to vary the results were worse with both al-
gorithms. The focal length was overestimated and the motion was under-
estimated. This behaviour is due to a near-ambiguity that arises in the
simultaneous computation of the motion and focal length parameters. This
near-ambiguity is described in depth in [101].

Note that errors in the calibration and motion parameters were larger
in the sequence with longer focal length and smaller motion. In the case of
the shorter focal length and larger motion sequence the error in the focal
length does not exceed 4%, the error in the principal point is smaller than
50 pixels in the worse case and the error in the motion is smaller than 1°.

It is relevant to note here that motion is recovered only up to an overall
rotation transformation. However, the technique described in [102] was used
to determine the initial vergence of the camera in a frame aligned with the
pan-tilt axes of the unit so as to decompose the recovered general rotations
into the two parameter rotations described by pan-tilt units.

14.4.2 Experiments with Real Data

The image sequences used in our experiments were taken using a camera
with a zoom lens mounted on our Yorick stereo head/eye platform [250].
The camera was rotated using one of the two independent vergence axes to
pan the camera, and the common elevation axis to tilt it. The mechanics
of our head do not permit rotations about the Z axis. This situation arises
very often when using stationary cameras, since they tend to be mounted on
tripods without fewer than three degrees of freedom for rotation. This type
of motion exhibits a degeneracy (see [59]) and imposing only the skew zero
constraint fails to solve the self-calibration problem: additional constraints
must be used.

FIGURE 14.5. Mosaics constructed from the two bookshelf sequences during
which the camera panned and tilted while the focal length remained fixed (left)
and was varied (right).
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Two image sequences were taken. In the first sequence, the focal length
of the camera remained fixed, while the pan and the tilt of the camera
were varied to perform a circular trajectory. In the second sequence, the
focal length of the camera was set to increase linearly, using the controlled
zoom lens, while the camera performed a similar circular motion. The en-
coders of the head/eye platform provided ground truth values for the pan
and tilt angles of the camera which are accurate to 0.01 of a degree. The
servo control of the zoom lens provided ground truth values of the position
of the zoom lens for each frame in the image sequence. The camera was
then calibrated, using an accurately machined calibration grid and a clas-
sical calibration algorithm, to obtain ground truth values for the internal
parameters at each of the different positions of the zoom lens. Radial lens
distortion was modelled off-line by using a single parameter and the images
were appropriately warped to correct for this factor.

The homographies that relate corresponding points between views were
computed in two stages. First, the inter-image homographies were com-
puted from corresponding corners (detected and matched automatically).
Second, the homographies were refined by minimizing the global image
reprojection error using a bundle-adjustment technique [41]. This second
stage can be essential in order to obtain accurate calibration results. Fig-
ure 14.5 shows the mosaics of both image sequences. In both sequences
the aspect ratio was fixed at 1.0 and the skew at 0.0 in the self-calibration
process.

Note that the value of the focal length obtained from the linear algorithm
is more accurate than the LM algorithm run using the same calibration
assumptions (LM-var-pp). However, in both sequences, focal length and
motion estimation is largely improved by using the iterative non-linear
method fixing the principal point (LM-fixed-pp).

This might appear as a contradiction since the principal point was actu-
ally varying between views. However, this behaviour is related to the fact
that there exists an inherent near-ambiguity in the simultaneous compu-
tation of the focal length and the angle of rotation for a rotating camera.
This ambiguity becomes much more prominent when the principal point is
allowed to vary indiscriminately in the minimization process, since the prin-
cipal point is a poorly conditioned parameter which tends to fit to noise.
In the next section we will see how imposing a prior on the distribution of
this parameter using MAP estimation will improve results.

14.5 Optimal Estimation: Bundle-adjustment

The previous self-calibration algorithms are not optimal in the statistical
sense, since both the non-linear and linear algorithms minimize an algebraic
error. In this section we derive an optimal estimator for the calibration and
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the motion parameters for the case when point correspondences are used
as input data. Similar derivations may be obtained for the case where line
correspondences are used or for direct approaches.

14.5.1 Mazimum Likelihood Estimation (MLE)

Let us consider that the noise w on the measured image feature positions
X is additive and described by a Gaussian distribution with mean zero and
standard deviation o. The measured location X is thus related to the true
location by:

Xx=x+w=H(O)+w (14.24)

where x = H(0) describes the model we have for the true values of the
image points given an estimate of the model parameters 6. In our case, of
course, this is the projection equation.

The conditional density function of the measured point X given an esti-
mate 6 is given by

p&16) = (507 ) exp |55 (&~ HO) T -5O)| (429

2mo?

The Maximum Likelihood Estimator is then the value of @ which maximizes
p(X(0). _

Consider now a rotating camera. The projection of a 3D ray X; onto
each image plane is given by the projection equation

X,;j = EXJ = KiRiij. (1426)

where K; are the calibration matrices for each frame and R; describe the
rotation matrices. If we assume that our measurements of image feature
locations %X;; have Gaussian noise with mean zero and standard deviation
1 o, the joint density function of these measurements given an estimate 6
of the model is

p(f(|0) =1, m (#) exp l:—gi—2(§cij — KiRin)T(}Eij — KiRin)]
(14.27)
where n is the number of views and m is the number of points. The Maxi-
mum Likelihood estimator is therefore obtained by minimizing the sum of
all the exponents:

n m

MLE = arg min ZZ | %:; — KiRiX; || (14.28)
R e

LOf course it is a trivial extension to allow different o for each point
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The cost function is thus the sum of the squared distances of measured
feature locations to the true image points for all points across all views.
If the noise is gaussian, Maximum Likelihood estimation is optimal in the
sense that it attains the Cramer Rao lower bound exactly.

The minimum of this non-linear cost function is sought using a
Levenberg-Marquardt algorithm modified to take advantage of the sparse
block structure of the matrices involved in the process. This method is
generically termed bundle-adjustment in the computer vision and pho-
togrammetry communities.

An attractive feature of this method is that the parameterization of the
model is flexible. This permits to impose any constraints available both on
the internal parameters of the camera and on the rotation parameters. If
the rotations have only 2 degrees of freedom (as is the case with pan-tilt
mounts) this can be reflected in the model. Available constraints on the
internal parameters of the cameras such as zero skew, known aspect ratio
or fixed but unknown principal point may also be imposed.

Given the large number of model parameters it is not surprising that
the objective is highly non-convex and so it is crucial to provide an initial
estimate for the iteration close to the global minimum for the algorithm to
converge to the global minimum. In our implementation we have used the
output from the non-linear iterative method described in section 14.3.3.1
to initialize the minimization.

Our overall algorithm is as follows. First compute the inter-image ho-
mographies from corresponding points between views. Then obtain an ini-
tial estimate for matrices K; and R; using the linear method described in
section 14.3.3.2. Use this as the starting point for the non-linear method
described in section 14.3.3.1. Finally, refine the estimates of the camera
matrices K;, the rotation matrices R;, and the 3D rays fj using the MLE
minimization.

14.5.2 Using Priors on the Estimated Parameters: Mazimum
a Posteriori Estimation (MAP)

Maximum a posteriori estimation allows prior information about model pa-
rameters to be incorporated with observed data in a meaningful statistical
way. For instance, it is well known that the principal point varies between
views when a camera is zoomed, but this variation is small and is centred
around the image centre. Incorporating prior knowlegde is achieved using
Bayes rule which provides the posterior density of the parameters p(@|%x)
given the observed data and a prior model for the parameter vector p(8)
as the product

p(0]%) o p(%|6)p(6) (14.29)

Maximum a Posteriori estimation chooses the maximum of this distribution
as the estimate of the parameters. A Gaussian prior on the parameter vector
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may be expressed as
1 _
p(6) o exp (0 — o) P56 )| (14.30)

where g is the mean value and Py ! is the covariance matrix of the pa-
rameter vector 6. If we wish to maximize the posterior distribution (14.29)
we must minimize the sum of the exponents in (14.27) and (14.30). This is
achieved by minimizing the following cost function.

Crar =D |l %ij —KiRX; || +(0 — o) P51 (6 — o) (14.31)
i=1 j=1

This cost function is equivalent to (14.28) with an added term that penalizes
values of the parameters that are far from satisfying the prior model.

In our self-calibration algorithm we have imposed a prior on the location
of the principal point. As we can observe from our ground truth graphs for
the calibration of our zoom camera (see Figure 14.6), the location of the
principal point varies between views but not very significantly. It is located
close to the image centre and within a small radius distance.

The principal point is known to be a poorly constrained parameter which
tends to fit to noise. Thus, as we observed in our experiments, permitting
it to vary indiscriminately can have very deleterious effects in the compu-
tation of the other parameters. However, the use of prior knowledge about
the distribution of this parameter in the MAP estimate may reduce these
effects. The prior can be expressed as:

S o2 017" .,
Z(US—ﬁo)T[ T ] (u — ) (14.32)
=1 Y

where u} = (ug®,vo) is the estimate of the principal point location for
each frame, o, and o, are the uncertainties in the x and y direction of the
principal point and Uy is its mean value that we have taken to be at the
centre of the image. This prior penalizes values of the principal point that
are far away from the centre of the image.

14.5.3 Experimental Results
14.5.3.1 Real Images

Here we present the results of the bundle-adjustment refinement stage on
the bookshelf sequence shown in section 14.4.2. We show results using two
different starting points for the minimization: the output given by the non-
linear method imposing fixed principal point and allowing it to vary. Rota-
tion matrices were modelled as the two parameter rotations described by
pan-tilt units.
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Results are shown in figure 14.7 and prove the significance of choosing a
starting point for the bundle-adjustment minimization close enough to the
global minimum. When the algorithm was initialized using the output from
the non-linear algorithm allowing the principal point to vary (see Figure
14.7 (b)) the minimization started far from the true solution. Estimates
of the focal length and motion improved, but bundle-adjustment failed
to achieve convergence to the global minimum. These results show that
bundle-adjustment fails to resolve the near-ambiguities described in [101].
Indeed bundle-adjustment attempts to minimize image reprojection error,
however this does not prevent the process from converging to a local min-
imum where the ambiguity is still present. These near-ambiguities tend to
occur when the viewing conditions are ill-conditioned (large focal lengths
or small rotations) and are more severe when the self-calibration algorithm
attempts to solve for a varying principal point. The higher the dimension-
ality of the parameter space the more likely ambiguities are to appear. Best
results were obtained when a prior on the location of the principal point
was imposed using MAP estimation.

However, when the starting point was set at the output given by the non-
linear algorithm imposing the fixed principal point constraint (see Figure
14.7 (a)), bundle-adjustment started closer to the true solution. In this
case, the final estimates given by bundle-adjustment were very close to the
global minimum. Best results, particularly for the motion parameters, were
also achieved when imposing a prior on the location of the principal point.

Note that in the bundle-adjustment process itself, different constraints
may also be imposed on the intrinsic parameters. Our results show that
when initialized close to the true solution applying the fixed principal point
constraint or allowing it to vary did not make much difference to the re-
sult, while when initialized far away from the true solution imposing the
principal point to be constant throughout the sequence provided better re-
sults. However, best results are achieved in both cases when a prior on the
location of the principal point is imposed by using MAP estimation.

14.6 Discussion

In this chapter we have discussed the theory of self-calibration of rotating
cameras with varying internal parameters. We have described two self-
calibration algorithms (linear and non-linear) to solve for the varying in-
trinsic parameters of the camera given the inter-image homographies that
relate corresponding points between views. The algorithms are based on
the use of the infinite homography constraint which describes the mapping
of the image of the absolute conic (or its dual) between views. Both meth-
ods require some constraints to be imposed on the calibration parameters
of the camera.
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The first algorithm is iterative and requires an initial estimate, how-
ever we have experienced that the global minimum is achieved over a wide
range of starting points. The problem is parameterized explicitly in terms
of the calibration parameters of each camera, therefore it is a very flexible
algorithm in terms of the constraints that can be imposed on the intrin-
sics. Each calibration parameter may be assumed to be known, constant
throughout the sequence or free to vary. The linear algorithm is a fast and
simple method, suitable for real-time applications, but is more restrictive
in terms of the constraints that can be imposed on the internal parameters
of the camera. It can be used with the minimal assumption of zero camera
skew, but useful constraints such as a fixed principal point or aspect ratio
may not be imposed. A final bundle-adjustment algorithm where global im-
age reprojection error is minimized has also been described. If some prior
knowledge on the distribution of the parameters is known, this may be
imposed via a MAP estimate.

In the experimental results we have analysed the effect of imposing differ-
ent constraints on the intrinsic parameters of the camera. A relevant issue
we have addressed is that, in general, best results are obtained when the
principal point is assumed to be fixed throughout the sequence, even when
it is known to be varying in reality. This, perhaps contradictory, effect is
caused by the fact that there is an inherent ambiguity in the simultaneous
computation of the rotation parameters and the focal length of the cam-
era (described in [101]) which becomes more prominent when the principal
point, a poorly conditioned parameter, is allowed to vary indiscriminately.
Results improve when a MAP estimate is used to impose a prior on the
location of the principal point.

An important issue we have not addressed in this chapter is the effect
of radial distortion on the self-calibration process. Radial distortion can
have very negative effects on the self-calibration of a rotating and zooming
camera. A geometric interpretation of this effect is described in [279]. In [60]
we investigate the possibility of including some radial correction parameters
in the bundle-adjustment stage of the self-calibration process. However, in
these experiments bundle-adjustment did not succeed to converge to the
global minimum. Therefore, finding a reliable method to determine the
radial distortion parameters automatically when the intrinsic parameters
of the camera are varying is an important matter still under investigation.
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FIGURE 14.6. Ground truth and computed values for the focal length (top), the

location of the principal point (middle) and the motion of the camera (bottom)

for the fixed focal length (left (a)) and the variable focal length (right (b)) book-
shelf sequences. Results are shown for (i) the iterative Levenberg-Marquardt algo-
rithm imposing the square-pixels constraint (NON LIN VARYING PP), (ii) the
iterative Levenberg-Marquardt algorithm imposing the square-pixels and known
fixed principal point constraints (NON LIN FIXED PP), (iii) the linear algorithm
imposing the square-pixels constraint (LIN VARYING PP) and (iv) the linear

algorithm imposing the square-pixels and known principal point constraint (LIN
FIXED PP). For visualization purposes, the motion was represented by plotting
pan versus elevation angles.
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FIGURE 14.7. Ground truth and computed values of the focal length, the loca-
tion of the principal point and the motion of the camera for the variable focal
length bookshelf sequence using the bundle-adjustment refinement. Results of the
bundle-adjustment algorithm are shown using different starting points. On the
left column (a) we show results using the iterative Levenberg-Marquardt algo-
rithm imposing both the square-pixels and the fixed principal point constraints
(LM fixed pp) as starting point, whereas on the right (b) the starting point
was provided by the iterative Levenberg-Marquardt algorithm imposing only the
square-pixels constraint, allowing the principal point to vary (LM varying pp).
Results are given for (i) bundle-adjustment allowing the principal point to vary
(bundle varying pp), (ii) bundle-adjustment with fixed principal point (bundle
fixed pp) and (iii) maximum a posteriori estimation (MAP estimate).
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360 x 360 Mosaics: Regular and
Stereoscopic

S.K. Nayar and A.D. Karmarkar

15.1 Spherical Mosaics

A mosaic is constructed by stitching! together multiple images, where the
individual images correspond to different views of the scene captured from
approximately the same viewpoint. Several methods for image mosaicing
have been proposed (for examples, see [38, 178, 312, 49, 122, 146, 214, 231,
267, 241, 158, 181, 273]). These techniques use a conventional imaging lens
to capture the image sequence. Since such lenses have limited fields of view,
the computation of a complete spherical mosaic requires the capture and
processing of a large number of images. In addition, errors in the image
projection model and errors in the estimation of motion between images
makes it difficult to complete the sphere without undesirable seams in the
final mosaic. Further, in the case of a hand-held camera, it is hard for
the user to ensure that the complete sphere has been scanned during the
capture process.

An alternative approach is to use a wide-angle imaging system such as
a fish-eye lens (see [159, 298]) or a catadioptric imaging system (see [195],
[300] for surveys). In both cases, a hemispherical field of view can be cap-
tured within a single image. Hence, a small number of such images can
be stitched together to obtain a spherical mosaic?. However, this approach
typically results in inadequate resolution due to the inherent trade-off be-
tween field of view and image resolution; as the field of view increases, the
resolution decreases, causing the computed spherical image to be of lower
quality than in the case of a conventional imaging system.

This chapter presents two efficient approaches for capturing high resolu-
tion spherical mosaics. In the first approach, a wide-angle imaging system
is used to capture a sequence of 360° strips on the sphere by a single ro-

'In our definition of mosaicing, we will include both image based as well as
slit (a slice through the image) based techniques. In the case of slits, the slices
are not really stitched but rather concatenated together to form the mosaic.

2See [117] for results on the stitching of two fish-eye images to obtain a spher-
ical mosaic.
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tation of the capture device. For this, we suggest the use of a catadioptric
imaging system since such a system typically produces higher resolution in
the periphery of the hemispherical field of view than a fish-eye lens. The
unknown rotations between the strips are estimated and used to blend the
multiple strips into a single spherical mosaic. Our second approach seeks
to further enhance the resolution of the computed mosaic. This is done
by designing novel catadioptric sensors that capture a single 360° slice of
the scene®. Mirror shapes are derived that enable the projection of a thin
slice onto a large image area. This results in the capture of high resolution
slices despite the use of a low resolution (640x480 pixel) image detector.
Such a slice camera is rotated on a turntable and the captured slices are
concatenated to obtain a high resolution spherical mosaic. Though a large
number of images (slices) are needed to obtain a high resolution mosaic,
the processing of each image is minimal and is easily done in real time.

Recently, several investigators have explored the capture of stereoscopic
panoramas. Ishiguro et al. [135] were the first to use stereo panoramas for
computing structure. Then, Huang and Hung [114] used a rotating stereo
head to show that two panoramic images are sufficient to generate stereo
views for any direction within the panoramas. Subsequently, Peleg and
Ben-Ezra [213] showed that the rotation of a single camera provides all the
information needed to obtain a stereo panorama. More recently, Shum et
al. [256] extended these ideas to capture omnivergent stereo data, using
the rotation of a camera. Shum et al. also showed synthetic examples of
spherical stereo mosaics but did not present techniques for obtaining such
data in practice. We show that our strip and slice cameras can be used to
easily capture stereoscopic spherical mosaics by displacing the viewpoint of
the imaging system from the axis of rotation. We conclude with examples of
high resolution stereoscopic spherical mosaics, that enable a user to freely
pan and tilt while perceiving the depths of objects in the scene.

15.2 360° Strips

A spherical mosaic can be represented in several ways. Without loss of
generality, we will use the spherical panorama shown in Figure 15.1 as our
representation of choice. This representation is convenient as it is linear
in the polar angle € and the azimuth angle ¢. As shown in Figure 15.1, if
we use only half the strip (180°), a single 360° rotation along the azimuth
angle ¢ is sufficient to cover the entire sphere. If the strip is cylindrical,
it maps to a bow-shaped band in the spherical panorama. Alternatively, a
180° rotation of the sensor is sufficient if full 360° strips are used.

3In [209], a 180° slice is captured by using a fish-eye lens and a high resolution
line detector.
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FIGURE 15.1. A single rotation of a 360° camera results in strips on the sphere
that together cover the entire sphere. Half of a strip (180°) maps to a bow-shaped
band in the spherical panorama.

A 360° strip can be captured using a fish-eye lens with a field of view
slightly greater than a hemisphere, or a catadioptric sensor that uses a
curved mirror and an imaging lens. As shown in [12], parabolic, hyperbolic
and ellipsoidal mirrors will produce strips while maintaining a single view-
point. Catadioptric sensors have a clear advantage over fish-eye lenses here,
since they tend to have greater resolution in the periphery of the field of
view (and hence, within the strip). It was shown in [12] that if a conic
mirror with profile z(r) is used with a perspective lens located at z = c,
the resolution of the catadioptric system is:

2 2
ad _ _rtz dA (15.1)
dQ (c—2)2+7r2 dw

where dA is the area of a single pixel on the image detector, dw is the
solid angle subtended by the pixel through the imaging lens and df2 is the
solid angle subtended by the pixel after reflection by the curved mirror. In
the case of a parabolic system, the resolution perpendicular to the optical
axis (in the middle of the strip) is approximately 4 times the resolution
in the direction of the optical axis [195]. This increase in resolution (with
respect to a fish-eye lens) is of course only in the ¢ dimension of the mosaic,
as the maximum achievable resolution along 6 is determined by the number
of pixels on the image detector and is similar for all 360° imaging systems.

Typically, catadioptric systems tend to be larger than conventional op-
tics, since the mirror and the imaging lens need to be distant from each
other to minimize the blindspot of the sensor. However, since we are using
only a thin (peripheral) strip, the mirror and the lens can be in close prox-
imity to each other, allowing compact packaging of the system. In addition,
folded systems with two or more mirrors can be used to facilitate further
reduction in size while improving image quality, as described in [199).
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Let us consider the case where the sensor is freely rotated by a human and
not a controlled turntable. In this case, the rotations between consecutive
frames are unknown and need to be estimated, so that all captured strips
can be mapped to the coordinate frame of the spherical mosaic. To this
end, the rotation matrices Ry_; r between consecutive images k and k — 1
are computed using a set of corresponding features, that are found using
a feature tracking algorithm. We can assume that the frame of reference
of the mosaic is defined with respect to the initial orientation (k = 0) of
the sensor. Then, each strip is mapped to the mosaic by using the rotation
matrix:

Ry = R011R172....Rk_1,k (15.2)

When strips are mapped to the spherical panorama, they are expected to
overlap with previously accumulated data. Two steps are taken to ensure a
seamless mosaic. First, we note that the computed rotations between strips
are expected to include small errors. Therefore, the computed rotation for
a strip is only used as an initial estimate of the location of the strip with
respect to the mosaic. The Euler angles (ag, Bk, vx) corresponding to the
rotation matrix Ry are then varied within a small search range to find the
strip location on the mosaic that minimizes the sum-of-squared difference
in brightness between the strip and the mosaic. Once the rotation matrix
has been refined in this manner, a blending process is used to merge the
strip data with the mosaic. During blending, the brightness of a point in
the region of overlap between the mosaic and the strip is computed as a
weighted sum of its brightnesses in the mosaic and the strip. The weights
are proportional to the shortest distances of the point from the boundaries
of the mosaic and the strip.

Figure 15.2 shows the catadioptric imaging system we have used for strip
mosaicing. This system was described in [195] and includes a parabolic mir-
ror and a telecentric lens. This optics is attached to a Canon Optura video
camera. The imaging system is mounted on a tripod and rotated by hand,
and the captured video is processed using the above mosaicing algorithm.
Since the sensor was rotated by 360°, only half the strip (1800) was used
for the mosaic computation. In our experiment, a strip width of 30° was
used. The computed spherical mosaic (4000x2000 pixels in size) is shown
in Figure 15.3(a). Using one of several image rendering softwares, one can
create perspective images and freely navigate around the spher<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>